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Preface 


N. Kh. Harutyunyan (1922-1993) 


On November 23, 2022, we are celebrating the 110th anniversary of the birth of 
N. Kh. Harutyunyan, who was one of the founders of the Armenian school of 
mechanics. He was a prominent and distinguished scientist who has gained wide 
international recognition, one of the most energetic and skillful organizer of science 
and higher education in Armenia, a prominent political leader, academician of Arme- 
nian National Academy of Sciences. His name is connected with the formation and 
further progress of a number of scientific directions in mechanics of deformable solid 
bodies, among them theory of elasticity, creep, and contact mechanics. He formed 
several generations of scientists in both Armenia and other countries. 

N. Kh. Harutyunyan was born in 1912 in Yerevan (Russian Empire, now the 
capital of the Republic of Armenia). For many years, he lived with his grandfather— 
the famous historian Leo, whose huge scientific figure instilled in the young man 
respect for science. In 1930, he entered the Moscow Military Engineering Academy 
named after V. V. Kuybyshev. After graduating from it in 1936 and being qualified as 
engineer-hydroconstructor, he returned to Armenia. He started his professional career 
as a leading engineer of the construction company Sevan-Zangustroy. At the same 
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time, he taught at the Yerevan Polytechnic Institute. In 1937, N. Kh. Harutyunyan 
entered the postgraduate courses of the Leningrad Polytechnic Institute (now Peter 
the Great St. Petersburg Polytechnic University). Communication with the greatest 
scientists in mechanics like B. G. Galerkin, E. L. Nikolai, and A. I. Lurie played a 
decisive role in his future scientific development. N. Kh. Harutyunyan always had 
special love and respect toward the Leningrad school of mechanics, and his scientific 
contacts with this school have never been broken. After defending his first doctoral 
thesis (candidate of sciences) in 1941, he went to the front. His military service 
during the World War II was marked with the Orders of Patriotic War of I and II 
degree, the Order of the Red Star and medals. 

Demobilized from the army in 1945, N. Kh. Harutyunyan returned to Armenia 
and started again his scientific and pedagogical activities. In 1949 in Moscow, at the 
Institute of Mechanics of the USSR Academy of Sciences, he defended the doctoral 
thesis and was awarded the title of doctor of technical sciences. In 1950, he became 
the title of professor. In the same year, he was elected a full member of the Academy 
of Sciences of Armenia and a member of the Presidium of this academy. 

In 1952-55, his scientific activities continued at the Academy of Sciences, where 
he worked as the Academician-Secretary of the Department of Engineering Sciences. 
In 1955, N. Kh. Harutyunyan was appointed the head of the newly created laboratory 
of creep and strength at the Institute of Mathematics and Mechanics. In 1959, he 
was elected the vice-president of the Academy of Sciences. In parallel with his 
scientific work, he is engaged in pedagogical activities. In 1945-51, he taught at 
Yerevan Polytechnic Institute, in 1951, at Yerevan State University where he was 
the professor of the Chair of Theoretical Mechanics, and in 1958, he became the 
head of newly created Chair of Theory of Elasticity and Plasticity (now Chair of 
Continuum Mechanics) and leaded it till 1978. In 1961, N. Kh. Harutyunyan was 
appointed the rector of Yerevan State University. Thanks to his efforts, the chair of 
Biophysics, Nuclear Physics, Economic Cybernetics, and the Joint Computer Center 
of the Academy of Sciences and YSU were established. In 1962, he was awarded the 
honorary title of the Honored Scientist of the Armenian SSR. For many years, he was 
a member of the USSR National Committee on Theoretical and Applied Mechanics 
and its Presidium. He was appointed the editor-in-chief of the Journal Proceedings 
of the Armenian SSR Academy of Sciences, Mechanics and a member of the Editorial 
Board of Proceedings of the USSR Academy of Sciences, Mekhanika Tverdogo Tela 
(English translation Mechanics of Solids, now published by Springer). 
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From the left: S. P. Timoshenko, N. Kh. Harutyunyan, and Ya. G. Panovko at the 11th IUTAM- 
Congress in Munich (1964) 


N. Kh. Harutyunyan was actively involved in social-political and state activities. 
He was many times elected a deputy of the Supreme Soviet of the Republic and the 
Supreme Soviet of the USSR; in 1962-1975, he was the chairman of the Presidium 
of the Supreme Soviet of the Armenian SSR and deputy chairman of the Presidium 
of the Supreme Soviet of the USSR. In the Soviet Union and abroad, he adequately 
represented Armenia and its achievements in various fields of public life. 

N. Kh. Harutyunyan’s research activities developed mainly in two directions: 
the mathematical theory of elasticity and the theory of creep. His first works on 
elasticity theory were on torsion and bending of prismatic rods with polygonal cross 
section, where he proposed an effective method for solving these problems, based on 
reducing them to the solution of infinite systems of algebraic equations. The method 
was applied in numerous studies and became classical. It was included in monographs 
and textbooks. Scientific results, obtained in this direction, were generalized. Finally, 
they were summarized in the fundamental book: Torsion of Elastic Bodies (authors 
N. Kh. Harutyunyan and B. L. Abrahamyan), published in Moscow in 1963. N. Kh. 
Harutyunyan had performed extensive scientific-research work in the field of elastic 
contact and mixed boundary value problems and obtained exact solutions classes of 
these problems together with his students. He also developed the scientific approach 
to contact problems concerning the load transfer to elastic solid bodies by means of 
thin-walled stringers. 

N. Kh. Harutyunyan had made the greatest scientific contribution to the theory 
of creep. After analyzing the results of numerous experiments, N. Kh. Harutyunyan 
and G. N. Maslov concluded that in problems of strength and durability of engi- 
neering structures made, for example, of concrete, plastics, soils, glass-reinforced 
plastics, classical approaches did not work. In addition to the usual physical and 
mechanical properties of materials, one should also consider the properties due to 
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the creep phenomenon, such as aging and heredity. This fundamental idea was a new 
mathematical theory of creep of aging bodies, developed by N. Kh. Harutyunyan, 
which later entered the science as the Maslov-Arutyunyan creep theory. Considering 
this theory, the existing standards for the calculation of strength and longevity of 
numerous construction structures and their elements have been changed. The funda- 
mental results of N. Kh. Harutyunyan's theory of creep have been summed up in his 
fundamental monograph Some Problems of Creeping Theory, which was published 
in Moscow in 1952. It was translated and published in England, France, and China. 
Some chapters were published in Germany, Poland, and Romania. In the formulations 
of the linear and nonlinear theories of creep Haroutyunyan constructed contact and 
numerous other problems of theoretical and practical importance. In the nonlinear 
problems, he formulated the superposition principle of generalized displacements. 

In the last two decades of his scientific activity, N. Kh. Harutyunyan considerably 
generalized and developed his original theory of creep, having worked out the theory 
of creep of inhomogeneously aging bodies and created a new scientific direction: the 
mathematical theory of growing deformable bodies. The scientific results are summa- 
rized in numerous monographs and scientific papers. In 1975, N. Kh. Harutyunyan 
moved to Moscow and started to work at the Institute for Problems in Mechanics 
of the USSR Academy of Sciences as the head of the Department of Viscoelastic 
Body Mechanics. During the years of his stay in Moscow, his scientific and personal 
relations with Armenia did not weaken. He was also the head of the Department of 
Theory of Viscoelasticity at the Institute of Mechanics of the Armenian Academy of 
Sciences. 

N. Kh. Harutyunyan died on January 18, 1993, in Moscow and remained devoted 
to science until the end of his life. He left a huge scientific heritage, including seven 
fundamental monographs, around two hundred original works, a scientific school, 
numerous students, and followers in Armenia and abroad. His scientific ideas and 
results will undoubtedly serve as a basis for new ideas and creative achievements of 
young scientists and a wide range of researchers. 


Magdeburg, Germany Holm Altenbach 
Yerevan, Armenia Suren Manuk Mkhitaryan 
Yerevan, Armenia Vahram Hakobyan 
Yerevan, Armenia Avetik Varazdat Sahakyan 


August 2022 
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Chapter 1 A) 
On One Non-classical 3D Problem get 
for a Layered Package of Isotropic Plate 

and the Problem of Earthquakes 

Prediction 


Lenser A. Aghalovyan and Mher L. Aghalovyan 


Abstract The 3D problem of elasticity theory for a layered package of isotropic 
plates is solved. It is considered that the facial surface of the package is free, and 
values of displacements of points of the contact surface between second and third 
layers are known as measurement data by inclinometers or strainmeters placed there. 
The asymptotic solution of the problem is found, and the potential strain energy 
is determined. Based on regularly carried out measurements, the entire process of 
accumulation of critical potential energy of deformation is traced, leading to the 
global destruction—an earthquake. The estimation of the magnitude of the expected 
earthquake is given. Fleeting dynamic processes are studied. 


Keywords Laminated plates - 3D problems elasticity - Asymptotic method - 
Earthquake prediction 


1.1 Introduction 


Modern seismology the occurrence of strong earthquakes associates with the tec- 
tonics of Lithospheric plates of the planet Earth. It has been established that the 
planet Earth (Rg = 6378 km) is heterogeneous and layered. It consists of Earth's 
Crust, Upper and Lower Mantle, Outer and Inner Cores. The distinctive feature of 
these layers, in particular, is significantly different velocities of propagation Vp, Vs 
of longitudinal (primary) P and transverse (secondary, shear) S waves in them. For 
example, these waves propagate in the rod with velocities 
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Vp = E Vs = i: G= E (1.1) 

Pea Ae = aay f 
E ]—v G 

"=la Ynys id 


where E is the Young's modulus, G is the shear modulus, v is the Poisson's ratio 
and p is the density. 

The thickness of the Earth's Crust in the land is 20-70 km, and under the oceans— 
5-15 km. Earth's Crust is also layered with basic layers: 


e sedimentary (Vp = 2,0 = 5,0 km/s; hı = 10 + 25 km), 
e granite (Vp = 5,5 + 6, 0 km/s; h2 = 30 ~ 40 km) and 
e basaltic (Vp = 6,5 + 7, 4 km/s; h3 = 15 + 20 km). 


Within the Upper Mantle, at a depth of 100 + 250 km, there is a layer (Astheno- 
sphere), where the speed of Vs shear waves decreases significantly, but the speed Vp 
doesn't increase with depth (Vp ~ const, Vs ~ 0), i.e., there is a liquid-like incom- 
pressible layer. The incompressibility of the layer makes it possible to withstand very 
high pressures. Part of Upper Mantle to the border with the Asthenosphere, together 
with Earth's Crust, makes up Lithosphere. By the network of deep faults, Lithosphere 
is divided into several large blocks which are called plates. The great Lithospheric 
plates of the Earth are: Euroasian, Pacific Ocean, Indo-Australian, South-American, 
North-American, African, Anatolian, Arabian, etc. 

It has been established that earthquake sources are located in narrow zones of 
Earth's Crust (seismic zones), which are zones of tectonic interaction between adja- 
cent Lithospheric plates (9596 of earthquakes) [3, 5-7]. 

The process of earthquakes preparation includes two main stages of tectonic move- 
ments: slow (age-old) and fast (jump-like). Age-old movements may last decades; 
therefore, they are quasistatic. Over the years, in Lithospheric plates and individual 
blocks of Earth's Crust, deformations accumulate, which when having reached the 
critical value of the order 10~*, and according to the data of Rikitake [7]—the order 
4, 7 x 1075, leading to the global destruction (an earthquake). The main part of the 
accumulated huge potential energy of deformation is released in the form of volu- 
metric elastic longitudinal P and shear S waves, as well as Rayleigh's and Love's 
surface waves. Always Vp speed is greater than Vs speed. 

By fixing the time of arrival of these waves at the given point (seismic station): 
tp = L/Vp,ts = L/ Vs, where L—distance from the source of the earthquake to the 
seismic station, we find the distance L: 


and in the plate 


Vp V. 
L= Z'S 


= ——— At, At=ts-t 1.3 
Vp —Vs s — fp (1.3) 


In Eq. (1.3), At is the time of delay of the arrival of the wave S in relation to 
the arrival time of the wave P, in seconds. Often approximately considered that 
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Vp Vs/(Vp — Vs) © 10 km/s. For the territory of Armenia Vp Vs/(Vp — Vs) 72 7, 1 
km/s, and according to M. Okomoto data, for Japan Vp Vs/(Vp — Vs) © 8 km/s. 
The data of three seismic stations allow the establishment of the location of the 
earthquake source, as the area (point) of intersection of three spheres with radii 
Lı, L5, L3 and centers at these stations. This is what most of seismic stations are 
engaged, fixing an event that has already occurred. Fast movements are dynamic and 
arise as a result of Foreshock, Earthquake itself, and Aftershock. Thus, earthquakes 
are the result of accumulation over the years critical deformations, leading to the 
global destruction—an earthquake. This means, that for earthquakes prediction, it 
is necessary to determine the stress-strain states (SSS) of Lithospheric plates and 
blocks of Earth's Crust and follow to their changing during the time. 

In the middle of twentieth century, seismologists discovered that before an earth- 
quake, in the place of expected earthquake, noticeable deformations (displacements 
of points) of Earth's surface are occurred [5, 7]. At the same time, the natural problem 
(Rikitake's problem) arose—by knowing the structure of the terrain and its physical 
and mechanical parameters (layering, Young's and shear's modulus, density, etc.) to 
determine the SSS of the Lithospheric plate or the corresponding block of Earth's 
Crust and according to data of regularly carried out new measurements, monitor 
its changing over time. It has been proved by us, that the Rikitake's problem has 
the unique solution [1], which can be found by the asymptotic method of solving 
singularly perturbed differentiated equations [2]. 

In order to reduce the influence of changes of external anomalous, in particular, 
atmospheric factors, on data caused by the truly proceeding processes inside the 
layered package (Lithospheric plate, block of Earth's Crust), seismologists began 
to place measuring instruments—inclinometers, strainmeters, inside the package at 
some depth from the facial surface. In this paper, the asymptotic solution of 3D 
quasistatic problem has been found, when measuring instruments are placed on the 
surface of contact between the second and third layers. The found solution allows to 
carry out the wide range of special studies. 


1.2 Solution of 3D Quasistatic Problems 


Let Lithospheric plates and blocks of Earth's Crust consist of N isotropic layers with 
thickness ^; and occupied the domain 


z- {nyo Osx sa, O<y<b,0<7K<h, 
N 
h= Y hj, mina, b) = 1h 1]. 


j=l 


As it stated above, the process of the first stage of earthquake preparation is 
slow; therefore, it is quasistatic (age-old). For determining the stress-strain state of 
the layered package, it is necessary to determine in the domain Z the solution to 
equilibrium equations of elasticity theory: 
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e equilibrium relations for the isotropic body 


0c; 3O; 00;, 
ix i 2i p 2k 


Fj , > = 0, j — $ , 1.4 
rm By a; t Fis »2 J=X,Y,Z (1.4) 


e strain-displacement relations 


ðu 
a= BiiOxx — Bi2(Oyy + zz) + &110 (x, y, z) 
v 
Eyy = 95 = fiy, — Piz(0xx + 02;) + 0220 (x, y, z) 
dw 
Ez = ae = Duo; E Pi2(0xx F Oyy) + &330 (x, y, z) 
ðu n Qv 1 (1.5) 
Exy = — wm —O0x 
yay ax G^? 
Qu n dw 1 
£y; = —+— = — Ox 
az ax G 
Qv di ow 1 
£y; = LI ==, 
% az ay G 


where £j, is the components of strain tensor, u, v, w are the displacements, 0 = 
T (x, y, z) — To(x, y, z) is the temperature changes. In addition, 


B a. B oV G= E 
L= DUE ~ 20 4v) 


(1.6) 


For a layered package to all quantities are assigned an index n (number of a layer: 
n=1,2,..., N). Itis assumed that 


e the facial surface of the package is free 
a. o0 20. 0 (090209, c (reu eu (1.7) 


e the values of the displacements of points of the surface of contact between second 
and third layers are known, as data of the measuring instruments at t = f, 


u® (z = Ho, te) =u (z = Ho, te) = u+ (x, y), H = hib hoi (u, v, w) 
(1.8) 
e the conditions of full contact between all adjacent layers must also be satisfied 


es G = Hn) = oz — Ha), Gy 2. Ha huh bh (ag 
u™ (z = H,) = unto = An), (u, v, w), n= 1, 25 "vm (N = 1) ` 

For solving the set boundary value problem of the elasticity theory—seismology, 
let us move in Eqs. (1.4) and elasticity relations (1.5) to dimensionless coordinates 
and displacements: 
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xel yeh zehn U =u/l, Vevfl W=w/l (1.10) 
where 
N 
ha hj. 
j=l 


As aresult, we will obtain the system that is singularly perturbed related to a small 
parameter £ = h/l. The solution to this system consists of solutions of the external 
problem (79**) and the boundary layer (15). The solution to the external problem is 
sought in the form: 


out(n) _ Ls, Qs) eem 
Oiz =E 9j. , (x,y,z); s =0,N 


Yours) = gu os, (U, V, W) (1.11) 
where s — 0, N means, summation by umbral (repeating) index s over all integer 
values from zero to number of approximations S. 

By substituting (1.11) into mentioned above transformed system and by equaling 
in each equation the corresponding coefficients at £, for determining c; (ms) peus) 
vs), Ww") we will obtain system of differential equations: 


8g lsd dopo aa MS) 
0& an ac * 
FOO = heF™, Fe) = 0. s #0, (x, y, 2) 


aon 1) doin 1) do $5) 
m de - +F® =0 


us a 1) 
(n,s—1) n,$— (n,s) 

90, T d doy” E 90,7 i a pou = 0 
3E an ac 

awes-D aUe» B 1 oft s) 


a 1) i 25 ) 7 eu a 
pu oy l as) (1.12) 


zu = (oA 
an ac Go 
ay os-D QU @s—-D 


go = GP ab 
mo ( JE On ) 
GU) — 0) (ns) () 58) Bg y Malus) 
n,s n,s n,s n,s 
ae = Bir xx” — Bia Oyy -Ppoz + O11 8 
aVas—D 
: - Wg eb ss) H of s) — Bio! e s) ME akg») 
gw... 
F = Dol e. s) — Boa! (n, s) — Biot + age.» 


p cep 00 = 0, s #0 


In (1.12) any value of type Q^"? when m < 0. From system (1.12), it follows: 
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aUe» " G Qws-pD 


gy 8$) — = GV 
ae dE " 
n,s) (n,s— 

os) = on + go? W 

as 0c an T 

n (n,s) 
(nan) — (ns)pg() gia) (7.8) gn) y ggas] Pio OW 
ot? = As pt" vt? — BD) + op? — a spar] + 2 m 
A0 Ex P +B) ( P- 26,2) 
1 Bb. aw” 5) 
(n,s) — (n,s) (ny y hr s); a(n) (n) o C? (1) g(n,s) 
ry = KO L Di» (Bir — Bix) — o34 Biz 0 lx or 
n (n) (n,s) 

ot 5) — pps? ES — ij» oW 

zz 3 EX ac 

QU @s—D 
(n,s) (n) g(n,s 
bi - m f ec ) 
gy os-D 
(n,s) (n) a (n,s 
b, = y — 05 gs) 
pe? = l (0 (9 4H) — (BO — Boy wee) 
(1.13) 


By substituting the values of o(-9?, o (^9, o{"-*) into the first three equations of 
system (1.12), we will obtain equations for determining U "9, V9), W%™): 


277 (n,s) 
PUDE. cm 


(n) 
T = (n,5—1) . 
pi à i ET E 32 wa s—1) do” s—1) dof’ s 
" i ədd ðE an 
Go 92 Vs) "m 
ac? B 
s giis See Be A 
Re» 2. Fe) — Go xy yy 
2 2 090€ 0g an 
à (n) g) 
LAB AN ROS AD u — Bis 
a AM". (1.16) 
(n,s) re (n,s—1) 
ee en a dopecb gage 
» d 0g 0g an 


According to (1.14) 
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4 
gue.» 1 
= R® DEI pr s) 
J Go f ¿+ (&, n) 
ir ; (1.17) 
1 n,s n,s 

Ue ae f dé Ji ROO dE + CYC + CHOE, n) 

on-1 on-1 
by using (1.13) 
H aws-) 
cf? 2 I R®9d¢ ER Gog Wen om (1.18) 


Sn-1 


By satisfying the first condition (1.7), assuming £o = 0, we will obtain 


awiis-D 
c "NM ( 


> CO 0 (1.19) 
0E ), 0 


Using (1.18), (1.19) by sane the first condition of contact (1.9), we will con- 
secutively determined Ct? 


1 aweaths—D 
(n+1,s) __ (n, Hie — (n+l) f 2 
C, T Gat) E hp ( 0g ).] d 


where 


ta = H,/h, n=1,2,. ,H,— Dh 


Similarly, according to (1.15), (1.9) 


iq 
aye = 1 Rd co» 
ac m Go v Ü + 3 Œ, n) 
En- 
' t t (1.21) 
yas) — ae fa f RPM Ge oie eO E, n) 
Sn-1 čn-1 
co» a. (~~) => cf” = 0 
0n t-0 
(n+1,s—1) 
cone c 1 a@(¢ = i) - GD awer (1.22) 
Git) an -— 


n—1L2,...,N-1 
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According to (1.16) 


t 
1 
awo — S) (n,s) 
96 A) f RÇ dg + CI E, n) 
1 


Čn-1 
1 t 
WO) = J d J RGDA CP TOP) 
1 
[oen n m (1.23) 
A — 1l 12 


(et? + 82) (et? - 262) 


(ns) — pos? (n) aw’) (0 nns) (n,s) (ns) (n) 
07 = 03 + A; a = b; F Ry dé + C; (8, n)Ai 
čn-1 


By satisfying the last condition (1.7), we will obtain 


s 1 5 
cf) = — (of @ - 0) (1.24) 
Ai 
According to (1.9) 
" s 1 n.s n s 
cette) c mo (ce — BPI = &)). n=1,2,...N—1 (125 
1 


Thus, all 2 gu p" are determined. From conditions (1.8), (1.9), are deter- 
mined p. ne cw . 
According to (1.8), (1.17) 


bo Ü 
1 Ss S s 
UOC =h)= aa | di J ROP dE + CP h+ CP? =utO (1.20) 
ü ü 


with 
+ 


u 
ut® = T5 ut) =0, s #0 


and 
[e] C 


s S s 1 sS 
CP) = ut — ceg — G8 fe l RO” de 
ü ü 
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By satisfying the condition 

UCO = g) = UCG = 4i) 
we will find Cj? 


ü 


č 
s s s s 1 s 
QU = (C° ac, nq or = as f & f Rias (1.27) 
0 0 


From the condition US) (¢ = &) = ut, we will determine 
CP = ut — CPD (1.28) 


From conditions U "9 (¢ = ¢,) = U+! (t = ¢,) determined the other C^". We 
will have 
go = Ue» (4 = ES _ Qr (1.29) 


All C DL C E are determined similarly. Formulas for them can be obtained from 
the above mentioned by cyclic permutation (C1, C5, U; C3, C4, V). Satisfying con- 
ditions (1.8), (1.9) relatively to W, we will obtain 


[6 [4 
1 
C2) a yt — C2, — fas f rere 


AP 
(3,5) +(s) (3,5) +(0) : Ri TG) 
CE =w —CE%D, w —w'/l, p E s 40 (1.30) 
S S s s 1 s 
1 0 0 


co = WD (ge =t,)— pr. 


The above mentioned formulas make it possible to calculate the SSS of an arbitrary 
layer of the package and monitor its change over time based on the regularly carried 
out new measurements of displacements of points of the surface of contact between 
second and third layers. 

If functions ut, vt, w*, included in conditions (1.8), and also 0 are algebraic 
polynomials, the iterative process of determining unknowns breaks at a certain 
approximation. As a result, we obtain a mathematically exact solution in the external 
problem. 

On the base of found solution, it is possible to calculate the accumulated potential 
energy of deformation (W) according to the well-known formula of elasticity theory 
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1 
W = 7 [Casu + OyyEyy F OzzEzz + OxyExy + OxzExz + Oyz£yz)d V (1.31) 
V 


and trace its change over time. When this energy reaches the critical value, global 
destruction—an earthquake—will occur. There is the formula that relates the poten- 
tial energy of deformation and the magnitude (M) of the expected earthquake [4, 5]. 


lg W = 11.8 + 1.5M (1.32) 
The critical deformation energy is We, = 10!'5 J and corresponds to M = 0. 
When W > W,,, the process becomes dynamic and fast (Foreshocks, Earthquakes, 


Aftershocks) and having value of W by formula (1.32), it is possible to predict the 
magnitude of the expected earthquake. 


1.3 Investigation of Fast Dynamic Processes 


For investigating associated with an earthquake fast processes, it is necessary to solve 
in the domain Z equations of the motion of the elasticity theory: 
9o(9 ðo — aa 92,0) 
— =F = , 
ax 8y | Oz.” gp 


(x, y,z),n=1,2,...,N (1.33) 


at elasticity relations (1.5) (usually without taking into account the temperature) and 
full contact conditions (1.9) between adjacent layers. We consider, that measurement 
data is again have taken from the contact surface between second and third layers. 
The case when data have taken from the contact surface between arbitrarily chosen 
adjacent layers is considering in a similar way and does not cause any difficulties. 
Boundary conditions of the problem are 


e at the facial surface z = 0 of the package from plates is free 
61 (5,350. £) e 0, J=X,y,Z (1.34) 


e values of displacements of points of the contact surface between second and third 
layers are known 


u(x, y, t9 t) = uO (x, y, t, t) = ut (x, y)expGQt), (x,y,z) — (135) 


Q is the vibration frequency of the contact surface of these adjacent layers. 
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The solution of the formulated problem will be sought in the form 


o s y, 6, Dess y,C)eexpGUQ9t) o,B—x,y,z i, j = 1,2,3,. 
uy. = = ii (x, y, z) expiQr), Gr yz) 
(1.36) 
In the equations of motion and elasticity relations, we again pass to dimensionless 
coordinates £, 7, £ and displacements 


—(n) zn) La) 
yo =, yo — w= An (1.37) 


As aresult, we will obtain a new system of singularly perturbed differential equations. 
The solution to the external problem (7°) is sought in the form 


Yimou — = sul. ,8) , (U, V, W), o paron = g i5 e 4 s =0,5 (1.38) 


By substituting (1.38) into the transformed equations of motion and elasticity rela- 
tions, we will obtain the following system to determine a SUMS) Yous wos), 


9o eec 1) 9o RE 1) 9c 89 
+ —B— + 2% ,U% =0 


Fr : a 7 ve ; 
Ja dos n,s— dos n,s 

E T + E F Qo ve =0 
az e do int 1) dos r s) 

13 2 (ns) — 

+ Qor W”? = 0 

ae E i 

QUT Moy (ns) — Ms (n) — (n) 5 8) 
11 711 12 %22 12 733 
,sS—1 

AMET - pig (n,s) +EP og (ns) — My E s) (1.39) 

an 12 €: 
a= B pot (ns) (m ost s) 4 Bras (n,s) 


9We-D JUC) 1 as 


a at GB 
awes-D avs) 1 T 


+ = 0. 
an ac Go 3 
aVas—D " QU @s—D 1 E 5) 


ae 3y gv» 


Q, = hQ, Q^? = 0whenm < 0.From system (1.39), all stresses can be expressed 
in terms of displacements: 


12 L. A. Aghalovyan and M. L. Aghalovyan 


nee 1 n gwes) . : aU os-D , gy asl 
ge» = |o? + (et 2) +p 


no 7x0 |^? 3c H 12 m 12 Fn 
n,s n,s—l n,s—l 

509 = 1 | pmo? 4 pin out +( (n) w) ili 

22 A® 12 ac 12 0g 11 12 an 

(n,s) 1 mo NOM eg. ag VOD 

dag = KO Gi P) m + Pp m + Pp m 

A9 = (pP + B12) (et? — 261) (1.40) 

(n,s) (n,s—1) 
oh) = Go aU aw 


gy os) gw qes-D 
p = G” + 


t an 
GV us—-)) gyes- 
a 


(ns) __ (n) 
=G 
ES ( m m 


By substituting the values of of}, 034°”, 044” in the first three equations of 


(1.39), we will obtain equations for determining the displacements: 


gZ Y S) " 
(n,s) __ x 
Go Tm x Zp, U n,s) = RY” s) 


n,— (n,s—1) (n,5—1) (1.41) 
ROS = GO ewes) — dori 900,5 
* d&0C ðE 01 
32 (n,s) " 
Go m i Q2, V 99 = ge» 
9? ws) 9g Ms) ao 5-0 (1.42) 
Re) = Go 12 22 
" anat 0g an 
(n) (n) 42 ur (n,s) 
— 9^ W 
cv az T Qo, W^? = RY” 
"T 1 () Zu e. 5-D 92 y (s-D jae” deg) (1.43) 
R n,S = n + J 
AUS | PEE. andae | 0E an 
The solution to Eq. (1.41) is 
nos ns ] Pn n,s Pn sins) 
U = Cy, E, m sin QW] Taye + Cou E, m) cos Qa as FUTT (1.44) 


Solutions of Eqs. (1.42), (1.43) can be obtained from (1.44) by cyclic permutation 
(u, v, w; G™, G™, AT. where 


(n) i — BD 
n) _ Pi 
SI Aw 
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According to (1.40), (1.44) we will have 


of) = SGO p (CE cos Q, | P" t — CLE, m sin Q, aa Ato 


Go 
T awes-D ag” 
p = G”( + ) 
JE ac 
(1.45) 
By satisfying condition (1.34) for c (P, using (1.36), (1.45), we obtain 
1 

ci) = ——___oG E, n 0) > Ct)? =0 (1.46) 


on 
lu V/ GO p 13x 


Satisfaction of conditions of full contact between the first and second layers and 
condition (1.35) for the second layer passes to the algebraic system 


CL, | GO p, + CO ha Gp; — CO? bs GO = di) 


1,5 2,5 2,5 5 
CD)» = Cb; Cb = (1.47) 
2, 2,5 
Cu" bs + Ca) bs = dy) 


where 
b, =sinQ, an —— (1, by = cos Qy an — (1, b3 = sin Qa n —— 
b4 = cos Q, co — (1, bs = sin Qg co — (5, bg = cos Q, co — (2 
di) = Ci bi GO +06 (5, n. £1) (1.48) 
s y? s) s —(.s) 
d$ =U" E, n, ti) - Ch bi-U E, n, ti) 


s s pg s) 
d$) = yt — (5, n, 2) 


and U* O = y*/1, U*9 20, s £0. 
From the algebraic system (1.47), by Cramer's formula, unknowns a , 


ce, C? are determined: 


5) 5) 58) 
Cu” =, C = 2, C = (1.49) 
with im 
bi / GO py ba / GO p -bzy GO) py din 
ô= by —b; —b, , d® Sg? 
(0) bs be 


(s) 
d; u 
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8; is obtained from à by replacing the j-th column with the column d '?. By this way, 
all data for the first and second layers is determined. Satisfaction of ie condition 
(1.35) for the third layer and condition of contact relatively to stresses e 3 28 cS im 


leads to the system: 


CEH, + CL bs = Ut — FE, y &) = aO 


lu 


S S 1 S S S 
Ci bs — Ci by = —— (o E, m. &) -08 E, n, en) = de? 
GO p3 


(1.50) 
b; = sin Q,, > — 05 
bg = cos Q NER 
from where the unknowns of the third layer are determined: 
Cf? = bd + bed, C2 = bed — bra? (1.51) 


For layers with numbers n > 3 from conditions of full contact between adjacent 
layers (n + 1) and (n) sequentially, knowing data of layer n, unknowns of layer 
(n + 1) are determined: 


Ct = Bindi + Band sin 

Ciu = bandiin — Pind sin 

bin — = sin, | As, 

bon = cos Q, a bn on 
dj = UE, t) UT 7 (6, n, t) 

des = galt FE, nba) — o? Gm 6] 


n=3,4,...(N—1) 


Ina similar way, remaining conditions (1.34), (1.35) are satisfied. The correspond- 
ing data can be obtained from the above mentioned by cyclic permutation 


(U,, Uy, Uz; u,v, w; G, G, Ai; 13, 23, 33) 


If functions U*, V*, Wt are algebraic polynomials, mathematically exact solu- 
tion of the external problem corresponds them. In all considered problems, the solu- 
tion of the boundary layer is localized near the side surface. All quantities decrease 
exponentially with removing from the side surface. Taking into account, that tangen- 
tial dimensions of the packet are much greater than its thickness, and the boundary 
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layer is usually neglected. If necessary, the corresponding solution can be determined 
by the method described in [2]. 


1.4 Conclusions 


Earthquakes are the result of the accumulation over the years of enormous potential 
energy of deformation, which with reaching the critical value, causes to the global 
destruction—an earthquake. Seismologists established that before an earthquake, in 
a seismically dangerous zone, there is a significant deformation (displacement of 
points) of the Earth's Crust. The problem arose by data of displacements of points 
of this surface to determine the stress-strain state (SSS) of the corresponding block 
of the Earth's Crust (Rikitake problem) and based on regular measurements of dis- 
placements to track SSS change over the time. In this work, regarding that structure 
of Earth's Crust block is known (layering, Young's, Shear, Poisson's coefficients, 
density of layers, etc.), based on the data of measuring instruments (inclinometers, 
strainmeters, etc.), which are located at a certain depth from the surface of Earth's 
Crust, based on equations and relations of elasticity theory, is determined the SSS 
of the layered package from isotropic layers. The potential energy of deformation is 
determined, and the magnitude of the expected earthquake is estimated. Fast-flowing 
dynamic processes are studied (Foreshocks, Earthquakes, Aftershocks). 
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Chapter 2 A) 
Diffraction of Plane Waves in an Elastic E 


Half-Plane Enhanced Along Its 
Boundary by a Semi-infinite Stringer 


Karo L. Aghayan and Rafik A. Baghdasaryan 


Abstract A dynamic contact problem is considered on the propagation and diffrac- 
tion of plane elastic waves incident from infinity onto the boundary of an elastic half- 
plane reinforced by a semi-infinite stringer of small thickness. Questions related to 
the dynamic mutual influence of an elastic half-plane with a stringer of semi-infinite 
length rigidly welded to its boundary are investigated. Due to the smallness of the 
stringer thickness, the model of a one-dimensional elastic continuum is taken as a 
physical model for it [1, 2]. Based on the adopted model, with the help of the gener- 
alized Fourier transform, the problem is reduced to a Riemann-type boundary value 
problem in the theory of analytic functions on the real axis and, further, a closed 
solution of the problem is constructed using the Wiener-Hopf method. Analytical 
expressions are obtained that represent the distribution of wave components in all 
parts of the half-plane. 


Keywords Surface wave - Reflection - Diffraction * Contact stresses + Wave field - 
Stringer 


2.1 Introduction 


Research in the field of the dynamic theory of elasticity related to the processes of 
oscillations, diffraction and propagation of various types of waves in massive bodies 
with stress concentrators are among the topical problems of the dynamics of the 
contact interaction of elastic bodies. In particular, this also applies to the problems of 
propagation and reflection of elastic and surface waves of the Rayleigh, Love, etc., 
type in an elastic plane with stress concentrators of the type stamp, crack, stringer 
(overlay, inclusion), strip, beam, etc. 
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There are quite a lot of works on the study of plane contact and mixed boundary 
value problems (in static and dynamic statement) for a plane, half-plane and strip 
reinforced with elastic fasteners in the form of stringers. Let us briefly dwell on some 
of them, which are related directly to the problem considered here. 

Of the static contact problems for a half-plane or plane, we note only the works 
[1-3], in which for the first time the model of a one-dimensional elastic continuum 
was adopted and substantiated as a physical model of the stringer. In turn, these works 
served as a kind of stimulus for the subsequent appearance of many new fundamental 
works in the field of contact problems. 

Of the dynamic contact problems closest to the problem considered here, we note 
the works [4-8] and the works cited in them. In these papers, in the formulation 
of a plane deformation, stationary dynamic contact problems are considered for 
elastic space, layer and half-space. The elements in contact with massive bodies 
here are mainly stamps and thin layers, under various types of loading and boundary 
conditions. 

The number of dynamic contact problems for an elastic plane or half-plane with 
elastic stringers is small. Of these, we point out the works [9-11]. Note that [9] is the 
first work in this direction and, as its author notes, it was put forward by Academician 
N. Kh. Harutyunyan. 

In [9], two dynamic contact problems are considered on the transfer of a concen- 
trated force harmonically varying in time to a semi-infinite elastic half-plane through 
an elastic infinite and semi-infinite overlay glued to its boundary. The work was done 
at a high mathematical level. A closed solution in the form of Fourier integrals is 
obtained. 

The problem proposed here is related to the problems from [9]. In [9, 10], the 
question of the transfer of a concentrated force from a stringer to the boundary of 
a half-plane is considered, where the stringer plays the role of a damper, which 
weakens the influence of the concentrated force. In the problem considered here, as 
in [11], questions related to the general change in the wave field due to the mutual 
influence of the stringer with the boundary of the half-plane are investigated. 


2.2 Statement of the Problem 


An elastic half-plane with elastic characteristics (A, u, p) in the Cartesian coordinate 
system Oxz occupies the region 2 (—oo < x < oo, z < 0). The axis Oz is directed 
along the outer normal to the boundary of the half-plane. Along its boundary z = 0 
the half-plane is reinforced with a semi-infinite stringer with a sufficiently small 
constant thickness /s and with elastic parameters Es, vs, os. The half-plane and the 
stringer are connected along the boundary z = 0 of the half-plane and are in full 
contact. With respect to the stringer, it is assumed that due to the smallness of the 
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thickness hs, the bending stiffness is negligible. Then, the pressure of the stringer 
on the half-plane can be neglected and it can be assumed that only tangential contact 
stresses arise under the stringer. This allows, as in [1, 2], to take the model of a 
one-dimensional elastic continuum as the physical model of the stringer. 

Let us study, the two-dimensional wave motion in the indicated composite half- 
plane, when a plane transverse SV wave falls on its boundary from infinity, described 
by the potential 


Voo(x, z, t) = Wolx, et” x,zeQ- (2.1) 


Wo(x, z) = Bo ET, £ —k,cosp, n= ksing, 


where Wo(x, z) is a amplitude, 8(0 < B < 2/2) is the angle of falling of shear wave, 
k2 = w/c is a wavenumber, c2 = y/u /p is a phase velocity transverse wave, u and 
p are shear module and density, c is a oscillation frequency and f is a time. 

Under these assumptions, it is required to determine the distribution of the wave 
components of the diffracted field in the half-plane and the contact stresses arising 
under the stringer. 


2.3 Influence Function 


Consider the following auxiliary plane strain problem for the above-mentioned elastic 
region Q7. 

On the boundary of the elastic half-plane acts the following given load 
=0 (-oo«x«oo) (2.2) 


o; (x, Z, Ola 


T æ, z, t| o = To), (—00 < x < o0) (2.3) 


and from infinity, a transverse wave falls on the boundaries of the half-plane, given 


by formula (2.1). 
Using amplitudes g(x, z) and v (x, z) of the wave potentials 


P(x, 2,1) =, 2)e 5 Vu z t) = vO, 2e 
the solution to this problem can be formulated in the form of the following system 


of boundary value problems [12], with respect to the potentials g(x, z) and v (x, z) 
(here and below, the harmonic factor et is omitted): 


A^q(x, z) + kip x, z)=0 x, J) EQ (2.4) 
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AW(x, z) +B W(x, 2) =0 (x, z) €Q7 (2.5) 
o,(x,0) 20; T(x, 0) = to(x), |x| « oo (2.6) 
W(x, z) = W(x, z) — Boe'6**"? (27) 


Here, A = 2 + a is a Laplace operator, kı = 2 = w,/p/(d + 2p) is the 
wavenumber, c; is the phase velocity of longitudinal wave, X, u are Lame parameters 
and p is the density. 

Applying to (2.4)-(2.7) the Fourier transform, we obtain the following system of 
two ordinary differential equations with respect to @(o, z) and V (o, z): 


d^g(os, z) = 
Uum T A (o)e(, z) — 0 Q.8) 
X 
d^W(o, z) = 
—dB C y»(o )W(o, z) — 0 (2.9) 
z 
with boundary conditions 
d a dy 
P eng? g-2iog ^. Y =0 (le| < oo) (2.10) 
dz? AcT2u A+ 2 dz tg 
due. dg 1 
aa o? +2io 5 — ——To(o) (lo| < oo) (2.11) 
dz? dx - m 


Here 


yilo) = o2—ki; plo) = fo? -k5 (2.12) 


P(o, z) = W(o, z) + 2x Boe "(a + E) (2.13) 
and ó(x) is the Dirac delta-function. 
Note that the boundary conditions (2.10), (2.11) correspond to conditions (2.6), 


(2.7) as a consequence of Hooke's law and the dependences of elastic displacements 
U, (x, z) and U;(x, z) on the potentials g(x, z) and v (x, z) 


Uem co oy Ug dr 4x (2.14) 


The general solution to (2.8) and (2.9) is represented as 
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(c, z) = Ai(o)e"* + As(o)e "* 


Wo, z) = Bi(o)e** + Bo(a)e Y** (2.15) 


where Aj, A», B1, B2 are unknown constants. 

In solution (2.15), yı (o ) and y2 (o) given by formula (2.12) are multivalued func- 
tions. Any linear combination of expressions (2.15) corresponding to different values 
of multivalued functions y; (c) and y2(o) will be a solution to system of Eqs. (2.8) 
and (2.9). 

This ambiguity in the choice of solutions can be eliminated by matching the form 
of expressions g(o, z) and (c, z) with the corresponding physical requirements 
of the stated problem. In other words, the diffracted waves must be exponentially 
decreasing along z (nonuniform waves) or moving away from the boundary (uniform 
waves). 

The points o = +k; and o. = +k) are the branch points of the functions y; (a) 
and y2 (a) in the complex plane a = o + ir. 

An unambiguous analytical branch of these functions can be chosen if cuts are 
made in the complex plane in the form of straight lines connecting points kı, k2 and 
—k,, —k with a point at infinity, respectively, in the upper and lower half-planes. 
In the plane cut in this way, one can choose single-valued analytic branches of the 
functions y; (œ) and y2 (o) such that yı (o), y2(o) — |a| when o — o0 [13]. Based 
on these considerations, in (2.15) one should set Ay = B2 = 0. In addition, to ensure 
the above two requirements, it follows that when |o | > kı (|o | > k2) the values of 
the function y; (72) must be positive, i.e. 


y-Jo6?-k5 w= Jo?-&, 


and when |o| < k; (j = 1, 2) 


yı = iki —0?; yo = —i,/k5 — o? (2.16) 


The remaining two constants included in (2.15), taking into account (2.13), are 
determined from the boundary conditions (2.10) and (2.11) as follows: 


&n(&? — n°) _ Payor _ 


Ai(c) = 81 Bo T Slo +E) — i S Tolo) (2.17) 
2. n2)? aga à. 2. 2 

Bi(o) = —2 By Eu) cS AS &( +8) — 22 — Eas) (2.18) 
RE) UR) 


where R(o) is the Rayleigh function 
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R() = (20? — B} — 4e? (0? — kj) (0? — Kå) (2.19) 


Substituting the values A;, Bı from (2.17), (2.18) into (2.15), taking into account 
Az = B» = 0, after the inverse transformation, we obtain the final expressions for 
the wave potentials g(x, z) and W(x, z) which solve the problem for given Bo and 
TO (x ). 

Without dwelling on the details here, we note that in (2.17) and (2.18), the first 
components are responsible for the reflected waves, and the second for the surface 
waves with the wavenumber og (R(og) = 0). 

We also note that when using formulas (2.17)-(2.19), one should keep in mind 
(2.16) and the well-known Snell relation kı cos B. = kz cos 9, where 2 is the angle 
of the reflected longitudinal wave. 

Let us define the expression for the Fourier image of the horizontal displacements 
of the boundary points of the half-plane U, (c, 0). After applying to (2.14) Fourier 
transformation we will have 


U.(c,z) = —iog(c. z) — OD (2.20) 
Now, taking into account (2.15), (2.17) and (2.18), from (2.20) we obtain 
k2 og? — k2 
U, (c, 0) = 2zi Bon H (E, n)5(o + €) - ————_7H(), (2.21) 
uR(o) 
[E 2 3E? + 2) 4 4g? k? — £? 
H(,n) = am 2 P 1 2.22) 


R(E) 


Note that when to(x) = ó(x), the U, (c, 0) represents the Green's function for 
the boundary value problem (2.8)-(2.11). 


2.4 Solution of the Contact Problem 


We will solve the problem by the method of generalized Fourier transform and will 
use the following notations [18] 


ZÈ oo 2x ER ] œ+ ; 
Fra) =x), Fos f fae des fH) = = f f (me da 


(2.23) 


where 6(x) is the Heaviside function. 
Then, taking into account (2.23), (2.21) can be represented as 
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U. (0,0) + U, (a, 0) = 2zi BonH (E, n)5(o + £) 


ko? — k? m 

———————t5(0) -—o0«0 «oo (2.24) 

A R(o) 

where y: (o) is the transformant of the tangential contact stress £s (x) arising under 
the semi-infinite stringer. 

Now consider the movement of the stringer, separating it from the edge of the 
half-plane. Let us denote by ts; (x) the amplitude of tangential contact stresses arising 
on the line of contact of the stringer with the boundary of the half-plane. Applying 
the d' Alembert principle to an infinitely small element of the stringer, taking into 
account the above model of a uniaxial stress state for it and Hooke's law, for the 
amplitude of horizontal displacements Us(x), we obtain a differential equation [9, 
11] 


gU 
n + @Us(x) — Astg(X) =0, (0 « x « oo) (2.25) 
[0] Es 1— v? 
q = , és = y? As = E h s 
Cs os(1 v2) shs 


Here, q is a wavenumber, cs is a phase velocity of wave in stringer (rod) and Es, vs, ps 
are shear module, Poisson’s ratio and density of the stringer material. 

On the other hand, for the second differential of the function U "1 (x) = 0(x)Us(x) 
we have 


277+ 2 
PUS (x) d dso 20, onres; (226) 
X 


dia = Us (x) + 60) 5 
Here, we took into account the well-known relations 


d(x) = 0'(x), FE) = f(0)8(x) Cf(0) z 0) 
and the condition 


dU. 
o(9(0) = Es— =0 (2.27) 
dx x=+0 


which represents the absence of the normal stress o {® (x) in the end x = +0 of the 
stringer. 
Combining (2.25) with (2.26), we get 


dts (x) 


w ~ Us (0)8'(x) + O(x)[Asts(x) — q?UsG)] (2.28) 
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or after applying the generalized transformation (2.23) 
(c? — q?)U$ (c) + Ast (o) — iUs(0)o = 0 (2.29) 
where Us(0) is an unknown constant. 
The contact condition between stringer and half-plane after Fourier transform has 
the following form: 


U,(c,0) — U;(c), (—o0 « o < oo) (2.30) 


Satisfying condition (2.30) with the help of (2.24) and (2.29), we arrive at the 
following functional equation for the unknowns U. (c, 0) and p (o): 


(c? — q?)U, (6,0) — x J/ o? — KF (o)t] (o) 
= 2ni BonH (E, n)(o* — q*)8(o +E) —iUs(0)o (—oo«o <œ) (2.31) 


where 


2(k3 — k?) R.(o) 


Fic) = (2.32) 

R(c)J c? — kå 
R,(o) = u.R(o) — (o? - q°) y 0? — kå (2.33) 
x =B(2u(B—R)) . m = wAsks? (2.34) 


and R(o) is given by (2.19). 

Thus, the solution of the problem has been reduced to the Riemann boundary value 
problem of the theory of analytic functions on the real axis (2.31) for the unknown 
functions U , (c, 0) and T$ (c). 

Using notation 


= oc? — 02 = 
— oR, 


we represent Eq. (2.31) in the form 


= (c? = oR) — 
(c — QU, (6,0) — xy o? — KB c Ne T K(o)T{(o) 
= —27i Bon(E + q)H(5, n)d(o + E) iUs() ——. (~œ < ø < co) 
(2.36) 
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Here, oa and og, are roots of the equations R(o) = 0 u R.(o) = 0, respectively, 
where R(o) and R.(o) are given by formulas (2.19), (2.33). 

Rayleigh function R(o) has two real roots [12, 14]: o = tor. It turns out that 
R.(o) also has two roots: o = tor,. With this [7, 9], ifor > q, then ør, € (ko, oR); 
if or < q, then or, € (og, q) and if or = q, then obviously, or, = om. 

We construct the solution of the functional Eq. (2.36) by the factorization method 
[13] developed in [15, 16]. In this case, when solving (2.36) and factorization K (o), 
it is assumed that the real axis bypasses the negative roots © = —og,0 = —OR, 
of the functions R(o), R.(o) and the point o = —q from above, and positive roots 
o = or, 0 = Og, and the point o = q from below. 


Accordingly, for the function y; (o) from (2.9), it is assumed that , / c? — ki >0 


for |o| > kj, Jo? k? = —i Jk? c?, i.e. in (2.26) it is assumed that the real 


axis bypasses the branch points ø; = —k; of the function y;(@) = ,/a? — k from 
above, and the points c; = k;—from below. 
We factorize the function K (c), presenting it in the form 


K(o) = Ki(o)- K (o) (2.37) 


where K, (œ) is regular and does not have zeros for Ima > 0, K. (œ) is regular 
and does not have zeros for Ima < 0, a=o+ it. With this, K+(@) — 1 when 
|a| > oo in own regularity regions, and K+ (c) are defined by formulas 


K,(c) = exp(L(0)), K (o) = exp(L (o) (2.38) 
(jae) 200 cde TP Go t. p E. do pad 


2mi os — (a +i0) Ini ^s — (o — i0) 

The function L, (œ) (L_(@)) as an analytic continuation of L4 (c) (L_(o)) is 
bounded and regular at Ima > 0 (Imo < 0) and has no zeros there. 

Bearing in mind the well-known representation [18] 


à(c) : l : : DE à(c) (2.40) 
= 5 = a g e . 
" 2zi|c —i0 o+i0 oc ti0 o í m 


L, (c) can be calculated by formula 


dt 
Oo 


= l -— ] œ% _ 
EA) = RS f eet 
E — 
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Using (2.37) and (2.40), we can now represent the functional equation in the form 


o — q — Pilo) 
oj oe s0) 
1 1 
= 16+ DHE n| —Á ru n] 
. o 
Mir mem Y (—00 <0 < oo) (2.41) 


Palo) = /xVo £k; Kao); P.G)-iP.(- (2.42) 


E OR 


Solving, according to the usual procedure [13], Eq. (2.42), for T: (c), we obtain 
the following representation 


iné + q)H (5, m) o+q qUs(0) 
P+) Piolo +E +i  P.(q)P.(o) 


tł (a) = —Bo (2.43) 


The unknown constant Us (0) is determined from the equilibrium condition of the 
semi-infinite stringer 


8 


J t (dx = 0 => T} (0) = 0 (2.44) 


© 


As a result, for Ti (0), finally, we get 


4 wm ic _ 2.4 
Ts (0) M GD E HI) Po (o) n 


where 


n(q? — €?) HE, n) 


— (2.46) 
P(E) 5 


M, n) = 


In (2.17) and (2.18), replacing To (o) by Ti (a) from (2.45), then substituting the 
result into (2.15), and applying the inverse transformation, we obtain the following 
representations for g(x, z) and w(x, z): 


E us n(&? — n°) NICE ES 


uie RE) 
" 2 g icto 
Bo o^jo =k; 
- TM. n) li do (2.47) 
nu e (6 EF iO)R()P. (o) 
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2 242 2 h2 
= —4 k — £2 
(£? — n°) — 4n? jki — E pu 


W(x, z) = Boe’ EH? — Bo 


R(E) 
i Bo ME ) ij o g iot? E 4 Q 48) 
— : — o 
2ng N o FERF 


2.5 Determination of the Radiated Wave Field 


Let us first turn to contact stresses. From relation (2.45), after the inverse transfor- 
mation (2.23), for the amplitude of the contact stresses we obtain 


By s _ 9 (c og) eX do x>0 
te (x) — J 2x og Ke (velo (c 4-&-Hio) (o -0m, ) " : (2.49) 
0, x«0 


By = M, m/x 


Here, the real axis bypasses the points —or, —or,, —k», —ki, —é from above, and 
the points £, k1, k2, or,, og—trom below. 

To study the integral from (2.49), as usual, we pass into a complex plane a = 
o c it, cut in a certain way, a detailed description of which is given in [13, 16]. 

Since x > 0, we close the integration contour in the lower half-plane. Bearing in 
mind the peculiarities of the analytic continuation of the integrand from (2.49) into 
the upper and lower half-planes of the cut plane, the amplitude of the contact stress 
from (2.49) can be represented as 


ee a | 
tf) =~ [Me + Me (on, Je] + T(x) — 0.50 
ros uuu e um cr 
UC NN 7^ — Xen, — e) 7T o 2 (& — iv)(on, — iT) 
Q.51) 
Ms o (o +R) e Md o (c eee — k5 (2.52) 
K (o) A/a + ko K(o)Jo? — 


It follows from (2.50) and (2.51) that the contact stress on the contact line consists 
of the following components: (a) component with wavenumber é = Kk; cos £ due to 
the incident wave; (b) diffracted wave with wavenumber or, due to a localized surface 
wave; (c) a diffracted wave with a wavenumber k2, due to the presence of an end 
point x — 4-0 of a semi-infinite stringer. 


28 K. L. Aghayan and R. A. Baghdasaryan 


For the diffracted part of Ts(x) from (2.51), we obtain an asymptotic formula 
Ts(x) = A (ete) + O (x-3))when X > +00 (2.53) 
JX 


Bearing in mind that K} (o) — 1 when |o| — oo; from (2.49), we obtain the 
following asymptotics for 2d (x) at x — +0: 


Bi oo 1 Bub deg 
+ 0 
Era p 1 mU a e 
Ts @) Qn En Vo + al = 
B5 3/2 
x (1+ (x: )) (2.54) 


From the last expression, we see that the contact stress ti (x) at the end point of 
the stringer has a traditional root singularity. 

Similarly, from (2.47), (2.48), we obtain the following formulas for the wave 
potentials: 

in the region QZ (x < 0, z < 0) 


+ o (c?) Je" 


g(x, z) E NODE VER) ES NO Aa ee ES 10 z) (2.55) 


i i - 2. £2. 2.3 = 
w(x, z) = Boe’ xt m ape A/ 5—& z) ais NO a a etus + i x, z) 


(2.56) 
where 
NO peu — m) yor — 480 n(a? — £?) (203 — Ko? 
d RE) i M EP (E) an + ko Ky (or) 
2. 4,22. ae? 2. ES 2) 
T C EG —m) — 4b ny ki — E Wes 2NC 
* R(E) " — R'(or)(or + on,)(on + £) 
(2.57) 
in the region Q7} (x > 0, z < 0): 
e, 2) o N (De VEP) y yog) 
+ NOV "i, "Hein 3) 100 z) (2.58) 


" i(Ext+nz) _ (D jl oR, — A oR, —k3Z 
W(x, Z) = Boe Ny e ( ) 
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- Neo E-Es) pen. 2) (2.59) 
2 2. #2 _ 2 2 p u 
NO yos yk? i (or — &) NO = NO OR oR, — ki (or oR,) 
£ JXK +) ° JXK(-or,) R(or,) (E — on.) 
NÊ = NÊ G - Ki)en (On n) (2.60) 


K .(—0n.) OR, — ky 


With the help of formulas (2.55)-(2.60) and (2.14), it is not difficult to obtain 
the distributions of the elastic displacement amplitudes U, (x, z) and U; (x, z) in the 
regions QZ and Qt, thereby, to characterize the total wave field in the half-plane. 
However, this can also be done based on (2.55)- (2.60). 

The functions pou z) and n: (x, z) included in formulas (2.55)-(2.59), simi- 
larly to Ts(x) from (2.50), are represented as regular integrals over the edges of 
the corresponding cuts [14—16], which makes it possible, when considering the near 
field, to calculate the diffracted field directly. When considering the far field, one 
should study these integrals in detail and obtain asymptotic formulas corresponding 
to the problem posed, representing the distribution of diffracted damped body waves, 
which was not carried out here. 

The wave field in the region QZ, as follows from (2.55) and (2.56), consists 
of incident and reflected waves, as well as diffracted damped body waves and a 
diffracted surface wave localized near the surface (x < 0, z = —0). This surface 
wave propagates with a velocity c/og in the direction opposite to the axis Ox and 
decays at z — —oo as o (ex ae), Obviously, the diffracted surface and body 
waves are due to the presence of a semi-infinite stringer. 

The uniform distribution of the wave field is also obtained in the region Q7, only 
with wave parameters that differ from the case x < 0. Thus, a localized surface wave 
propagating with a velocity c/o, in the direction of the axis Ox decays atz —^ —oo 


as O(ev i-e). 


2.6 Numerical Analysis 


In the problem under consideration, the mutual influence of a half-plane and a semi- 
infinite stringer is of particular interest, which is reflected mainly in the features of 
surface wave propagation. Let us carry out a numerical analysis of the dependence of 
the propagation velocity of a surface wave on the elastic characteristics of a half-plane 
and a semi-infinite stringer. Note that the roots of the wave function R.(o) (2.60), in 
contrast to the roots of the Rayleigh function R(o) (2.19), depend on the frequency 
æ, i.e. the surface wave propagates along the line of contact with the dispersion. 
The figures show plots of the dependence of the square of the ratio of the phase 
velocity of a surface wave c to the phase velocity c2 of a transverse wave in the 
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half-plane, marked by ¢ = c?/ c on the product khs, where k is the wavenumber of 
the surface wave. As variable parameters are taken: Poisson's ratio of the half-plane 


v, the ratio of the velocity of elastic waves in the pod Cs = Fay to c5, 
my z "JE included in Eq. (2.33). 

Figure 2.1 shows the curves when v = 0.3, A, = 2, and the parameter 0s takes 
the values 05 = 0.5; 0.65; 0.8; 1.0; 5.0. 

Figure 2.2 shows the curves when 05 — 0.5, A, — 2, and the Poisson's ratio takes 
the values v — 0.16; 0.25; 0.33; 0.42. 

Figure 2.3 shows the curves when v — 0.3; 05 — 0.5, and the combined parameter 
A, takes the values A, = 0.1; 0.5; 1.0; 2.0; 5.0. 


marked by 0, = $ and combined parameter A, = 


0, =5.0 


0.5 1.0 L5 2.0 2.5 3.0 


Fig. 2.2 Dependence £ on khs for various values of Poisson's ratio v 
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0.7} 


0.6} 


4, — 5.0 


0.5 1.0 15 2.0 25 skis 


Fig. 2.3 Dependence ¢ on khg for various values of parameter A, 


2.7 Conclusion 


Questions related to the propagation and diffraction of plane elastic waves incident at 
a certain angle from infinity onto the boundary of an elastic half-plane reinforced with 
a stringer of semi-infinite length are investigated. A closed solution of the problem is 
obtained in the form of analytical expressions for the wave field in the half-plane and 
contact stresses under the stringer. The presence of a semi-infinite stringer leads to 
a significant change in the wave field in the composite half-plane, both qualitatively 
and quantitatively. It is shown that in the case of equality of the projection of the 
velocity of propagation of the incident wave & and the velocity of propagation of the 
wave in the stringer q, the contact shear stresses vanish. 

In both quarter-planes Q}, in addition to the incident and reflected waves, 
diffracted surface and body waves arise, propagating at different speeds, in different 
directions and having different orders of decrease at infinity. 

As shown by numerical calculations, depending on the relative position of the 
wave numbers og and q, the wavenumber op, changes at different rates. In this 
case, the wave parameters strongly depend on the mechanical characteristics of the 
stringer. 
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Chapter 3 A) 
Analysis of Equivalence Conditions ENS 
of Model of an Inhomogeneous Elastic 
Half-Space and Model 

of an Inhomogeneous Elastic Layer 

on the Elastic Foundation 


Sergei M. Aizikovich, Polina A. Lapina, and Sergei S. Volkov 


Abstract The paper considers contact problems on the shear of the surface of an 
elastic inhomogeneous by depth half-space, and on the shear of the surface of an 
elastic inhomogeneous by depth layer, rigidly coupled with a more rigid elastic 
foundation. The solution of integral equations, to which the contact problems are 
reduced, is constructed analytically by asymptotic methods for an inhomogeneous 
half-space and by a numerical-analytical method for an inhomogeneous layer on 
an elastic foundation. Using the explicit form of the kernel transforms of integral 
equations for these problems, the closeness of their solutions is studied. It is shown 
that for the laws of inhomogeneity, the kernel transforms of integral equations of 
which are close, there is a region of values of geometrical parameters, for which the 
distributions of contact stresses are also close. 


Keywords Contact problem - Inhomogeneous material - Exponential shear 
modulus 


3.1 Introduction 


Inhomogeneous materials of various structure and composition have numerous appli- 
cations: building materials [1], soils, semiconductors in microelectronics [2—4], 
various coatings, and implants in biomechanics [5, 6]. When calculating the stress— 
strain state for inhomogeneous materials, it is necessary to take into account the 
change in the properties of such materials by depth of the product [7-11]. Often, 


S. M. Aizikovich (BX) - P. A. Lapina - S. S. Volkov 

Research and Education Center «Materials», Don State Technical University, 1 Gagarin Sq, 
Rostov-on-Don 344000, Russian Federation 

e-mail: saizikovich ? gmail.com 


P. A. Lapina 
e-mail: polina azarova86 @ mail.ru 


S. S. Volkov 
e-mail: fenix rsu @ mail.ru 


© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 33 
H. Altenbach et al. (eds.), Solid Mechanics, Theory of Elasticity and Creep, 
Advanced Structured Materials 185, https://doi.org/10.1007/978-3-031-18564-9 3 


34 S. M. Aizikovich et al. 


additional assumptions are made about the changing of the elastic properties of 
materials, which in some cases makes it possible to obtain analytical solutions to the 
corresponding differential equations. The works [12—19] consider materials which 
elastic properties change exponentially. In [20], the hyperbolic law of change in 
elastic properties is considered, in [21—23]—a power law, in [24, 25]—a linear law, 
and in [26—30]—an arbitrary change in elastic properties material by depth. The 
exponential law of inhomogeneity quite well reflects the change in the properties 
of some real inhomogeneous materials that may arise because of a technological or 
natural process [14]. 

The choice of an adequate mathematical model in the calculation of the stress— 
strain state of inhomogeneous media and the analysis of the efficacy of methods for 
constructing solutions is a topical issue of modern mechanics. 

The present paper proposes an approach to the analysis of the equivalence of 
solutions for various models of inhomogeneous media, which is illustrated by the 
example of solving contact problems on the shear of the surface of an elastic inhomo- 
geneous by depth half-space and the shear of the surface of an elastic inhomogeneous 
by depth layer rigidly linked to a more rigid base. 

Using the values of the kernel transforms of the integral equations for the two 
proposed models of an inhomogeneous by depth half-space, the closeness of the solu- 
tions of the corresponding contact problems is investigated. A comparison of solu- 
tions to problems constructed approximately analytically using asymptotic methods 
is implemented in order to determine the areas of problem parameters for which the 
solutions are close to each other. 


3.20 Statement of the Contact Problem on the Shear 
of the Surface of an Inhomogeneous Half-Space 


Let us consider the problem of a shear of the surface of an inhomogeneous half- 
space by a strip punch with a flat base without friction. The equation of the theory 
of elasticity in stresses in the case of anti-plane deformation has the form 


900; | 00; 


Ox dy 


=0, (3.1) 


where stresses o., (x, y), Ozy(x, y) are expressed in terms of deformations w(x, y) 
in the form 


dw Ow 
Ox = UY); Oy = UY). (3.2) 
Ox dy 


where u(y) is the shear modulus of inhomogeneous by the coordinate y medium. 
The mixed boundary conditions of the formulated contact problem of pure shear 
of the surface of an inhomogeneous half-space by a strip punch have the form 
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w(x,0)=e |x| <a (3.3) 
Oy. (X, 0) = | —p(x) |x| < a (3.4) 
f 0 a < |x| < oo 


where ¢ is the value, to which the punch is shifted, a is the half-width of the contact 
area, and (x) is the contact stresses under the punch to be determined. 


At infinity at yx? + y? — oo for w(x, y) and suey, the following conditions 
are required: 
: ðw 
lim w,—? =0. (3.5) 
x?-+y?—>00 ax 


3.3 Models of an Inhomogeneous Half-Space 


In the present paper, we compared solutions for two models of an inhomogeneous 
medium. Figure 3.1a, b shows diagrams of two models of an inhomogeneous half- 
space. Model (a) was used in [17-19], and model (b) was used in [31]. 

The model (a) and an analytical approach to the solution were proposed in the 
works [17-19], where the contact problem of shear of the half-space surface with 
an exponential shear modulus by a strip infinite punch with a flat shape of the base 
was considered. The problem of determining the parameters of the exponential shear 
modulus from contact stresses and displacements of the free surface was also inves- 
tigated there. In the works cited, the shear modulus of inhomogeneous half-space 
varied by depth y according to the law 


pi) = woe”, 0 « y « oo, (3.6) 


where uo is the value of the shear modulus on the surface of the half-space, and d is 
the parameter characterizing the rate of change of the shear modulus by depth. 


a O| a ; | : 
uv)-te^ L(y) =e?” 
d>0 H| |. d^0 
T i= 32dH 
vy yy VIO) Loe 
(a) (b) 


Fig. 3.1 Models of an inhomogeneous half-space 
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The construction of a solution for model (b) of an inhomogeneous half-space was 
carried out based on a numerical-analytical approach developed in [31-37]. The 
proposed method made it possible to construct solutions to contact problems based 
on the numerical calculation of the kernel transforms of integral equations and their 
subsequent approximations by analytical expressions. In this case, the model of an 
inhomogeneous half-space was used, which consisted of an inhomogeneous layer 
lying with adhesion on an elastic homogeneous half-space, i.e., the shear modulus 
of such a half-space varied according to an arbitrary law up to a certain depth H, and 
after that it stabilized and became constant. In the present work, it is assumed that 
the shear modulus of the inhomogeneous layer varies according to the exponential 
law 


woe", 0€ y <H 


3.7 
poe P, H < y < oo nd 


u(y) = | 


where H is the thickness of the surface inhomogeneous layer. 


3.4 Integral Equations of Contact Problems and Solution 
Methods 


To construct a solution of the problem (3.1)-(3.5), the integral Fourier transformation 
is used. The solution of the problem is reduced to the solution of an integral equation 
of the Fourier convolution type of the first kind with a difference kernel with respect 
to the unknown contact stresses g(é). 

In the case of model (a), we write the integral equation in the form [17-19] 


a 


[owes | K (a)e "9 da = 2n u (0)e, |x| <a, (3.8) 


-1 
Kæ) = (a pagi a?) (3.9) 
The kernel of the integral equation has the following asymptotic properties: 


K (o) = |a|! + O(a^?) at |æ] > oo, (3.10) 


K (a) = K(0) + O(a”) at |a| > 0, (3.11) 


After the transition in the integral equation Eq. (3.8) to dimensionless coordi- 
nates, we denote the dimensionless parameter of the problem A, = i To construct 
effective analytical solutions of the integral Eq. (3.8), asymptotic methods are used. 
For small values of the dimensionless parameter A, € (0, Ao), the solution of the 
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integral equation is constructed as the zero term of the Neumann series based on 
the Wiener-Hopf method [38] using the simplest kernel approximations of K (o). 
When constructing a solution of the integral equation in the case of large values of 
the parameter A, € (Ao, oo), as in [39], expansions into power series of parameter 
A, are used and the solution is written as a double functional series in powers of A,. 
In the case of model (b), we write the integral equation according to [31] for 
unknown contact stresses in the form 
a oo 
1 io(E— 
J p(é)dé J ame Yda = 27 u(0)e, |x| <a (3.12) 
— 00 


—a 


Having made the transition in the integral equation Eq. (3.12) to dimensionless 
coordinates, we denote the dimensionless geometric parameter of the problem A» = 
a The kernel transform of the integral equation is constructed analytically [3 1-37]. 

The function L(o) from the integral Eq. (3.12) has the following asymptotic 
properties: 


L(a) = 1 + O(a ^?) at |a| — oo, (3.13) 


L(a) = L(0) + O(a’) at |a| > 0, (3.14) 


The numerically constructed kernel transform of the integral equation is approx- 
imated by the following product 


N 


L(a) = LÄ (@) = I] 


i=1 


a? + A? : 
E B? (B; — B,)(A; — Aj) Z0 where i Zk (3.15) 
a i 


An approximate analytical solution of the integral equation is constructed, based 
on the proposed approximation. This solution is effective over the entire range of 
values of the dimensionless geometrical parameter A». 


3.5 Numerical Analysis 


Figures 3.2 and 3.3 show the kernel transforms of integral equations for two models of 
an inhomogeneous by depth half-space for different values of the parameters d and H. 
For model (a), the kernel transforms K (o) are constructed analytically, and the graphs 
show the functions |a| K (o). For model (b), numerically constructed transforms L (œ) 
are shown. The figures also schematically show the laws of inhomogeneity. 
Reduced contact stresses are constructed in the area of problem parameters (d, 
H), at which the relative difference of the kernel transforms |o| K (œ) and L(o) of 
integral Eqs. (3.8) and (3.12), constructed analytically and numerically-analytically, 
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d=0.5 Y d-05 Y  q-05 
H-1 H-2 


Fig. 3.2 Kernel transforms of integral equations |a|K (a) at d = 0.5 for model a and L(o) at d = 
0.5, H — 1 and H — 2 for model b and laws of inhomogeneity 


M, 20u, I00y. Ho 5 Ho JOu 50y, 
dt C a à Ho 0 1 Hs 0 5 | cca 


| 
| 
\ 


— @ y d=! y d=l ) d-1 
— o a 1 H=1 H=2 


Fig. 3.3 Kernel transforms of integral equations |o| K (œ) at d = 1 for model a and L (œ) atd = 1, 
H = 1 and H = 2 for model b and laws of inhomogeneity 


respectively, does not exceed a few percent. Figures 3.4 and 3.5 show the reduced 
contact shear stresses calculated for the same parameters d and H, as in Figs. 3.2 
and 3.3. In the case of model (a) in the Fig. 3.4, the solution is built in the form 
of a double functional series in powers of the dimensionless parameter A, = 2, 
that corresponds to the case of large values of the parameter A, € (Ao, oo). In the 
case of model (a) in the Fig. 3.5, the solution is constructed by the Wiener-Hopf 
method at A; = 1, that corresponds to the case of small values of the dimensionless 
parameter A, € (0, Ao). In the case of model (b) in the Figs. 3.4 and 3.5, the solution 
is constructed by the bilateral asymptotic method [31, 32] at 4? = 1 and Az = 2 and 
the simplest approximation of the kernel transform of the form (3.15) at N — 1 is 
used. 

Numerical results show that the contact stresses constructed on the basis of two 
approaches in the domain of the problem parameters, in which the kernel transforms 
of the integral equations coincide with an accuracy of 5—7%, also give an error not 
exceeding 5-746. 
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Fig. 3.4 Reduced contact aug € P(x) 
stresses at d — 0.5 for model 
(a) and at d = 0.5, H = 1 
and H = 2 for model (b) 


Fig. 3.5 Reduced contact aug € IP^!g(x) 
stresses at d — 1 for model 


(a) and at d = 1, H = 1 and 0.7 4 d-1.0 
H — 2 for model (b) 1 
0.6 1 


0.5 1 


0.4 
0.3 4 
T T T T T 1x 
0.0 0.2 0.4 0.6 0.8 1.0 
— (a) 
— (b) H-1 
— (b) H-2 


3.6 Conclusion 


Using the example of contact problems on the shear of the surface of an elastic 
half-space inhomogeneous by depth and the shear of the surface of an elastic layer 
inhomogeneous by depth, lying with adhesion on an elastic homogeneous half-space, 
a comparative analysis of solutions is carried out. The values of the characteristic 
parameters of the problems are determined for which the contact stresses for these 
two models of inhomogeneous media are close to each other. 
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Chapter 4 A) 
Docking of Inhomogeneous Surfaces m 
of Piezoelectric Layers in a Composite 
Waveguide as a Harvesters of Wave 

Energy 


Ara S. Avetisyan and Andranik A. Kamalyan 


Abstract A piezoelectric waveguide, consisting of two layers rigidly connected to 
each other along non-smooth surfaces, is modeled as a three-layer sandwich with an 
internal periodically inhomogeneous thin layer. Taking into account the periodicity 
of the inhomogeneity of the simulated waveguide, in order to study the propagation 
of normal waves in it, according to the Lyapunov—Floquet theory, the boundary value 
problem of electro elasticity is solved by the width of the formed periodic cell. The 
systems of quasi-static equations of electroacoustics are solved in the rectangular- 
shaped virtual cuts formed in two main homogeneous piezoelectric layers. In the 
newly formed rectangles of the inner inhomogeneous thin layer, hypothetical solu- 
tions are constructed, taking into account the hypothetical inhomogeneity of the 
material both over the thickness of this layer and its periodicity along the waveguide. 
In the case of particular longitudinal inhomogeneities of the inner layer, the propa- 
gation of a high-frequency electroacoustic signal of antiplane deformation, when the 
length of the short-wavelength signal is comparable to the linear dimensions of the 
surface roughness, is studied. The regions of permissible lengths of a propagating 
wave in a periodic structure are determined. A dispersion equation is obtained for the 
propagation of a normal electroacoustic signal in a composite waveguide. A strong 
localization of wave energy near an inhomogeneous junction of piezoelectric layers 
is revealed. It is shown that the seam along the surface roughness of the layers can 
become a harvester for a wave energy in a composite waveguide. 
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4.1 Introduction 


An important problem in modern technical problems is the harvesting of energy (or 
part of the energy) of a dynamic process. In many ways, the possibility of energy 
harvesting is determined by the composition of its carriers and the nature of the 
assembly element. An interesting example of wave energy propagation is a relatively 
simple dynamic process: the propagation of an electroactive elastic shear wave, type 
SH, ina layered piezoelectric waveguide. A two-component wave transfers the energy 
of an elastic wave and the energy of an electric field oscillation that accompanies it. 
In the case of propagation of a high-frequency (short-wavelength) wave signal in a 
composite waveguide, wave energy can be localized near the interfaces of the layers. 

In 1911, Love showed that, in contrast to elastic waves of plane deformation, the 
localization of the wave energy of elastic pure shear waves (SH waves) is possible 
in the near-surface zone of an elastic half-space at the junction with a layer of softer 
material [1] (Fig. 4.1). This showed that the localization of the wave energy of elastic 
shear waves of the SH type can be a consequence of discontinuities in the physical 
and mechanical characteristics (properties) of the material at the interface between 
the media, or a consequence of near-surface inhomogeneities of the material. In 1968 
Bleustein [2], and in 1969, Gulyaev [3] confirmed the assumption about the exis- 
tence of localization of the wave energy of an electroactive elastic wave (SH type) 
near a mechanically free smooth surface of a piezoelectric medium of a certain sym- 
metry, under different boundary conditions on the accompanying electric field [4]. 
However, as shown in [5], the formulation of the electroelastic problem of antiplane 
deformation in an anisotropic piezoelectric material is possible only in certain sagit- 
tal planes of piezoelectric media. This means that the existence of Gulyaev-Bleustein 
waves is not possible in all piezoelectric homogeneous bodies. Electroelastic waves 
of SH polarization exist in the corresponding layered Love schemes, with a piezo- 
electric substrate [6-10]. Depending on the ratio of the physical and mechanical 
characteristics of the materials of the piezoelectric substrate and the thin layer, in 
some of these schemes, along with the multimode Love wave, there is a single-mode 
Gulyaev-Bluestein wave. 

Thermomechanical technological processing of the surface of a solid deformable 
element practically does not ensure the ideal smoothness of this surface. To ensure the 


Fig. 4.1 Structural diagram Love Wave 
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required smoothness on the outer surfaces in the composite waveguide, the residual 
geometric inhomogeneities of the layers (roughness) are poured with a softer material 
and smoothed out. Smoothness on the internal surfaces of the adhesion of layers in a 
composite waveguide is provided by thermal pressing of the layers one into another, 
or by ultrasonic welding of non-smooth surfaces. 

In both cases, thermal diffusion occurs and inhomogeneous thin layers appear on 
the surfaces of the main layers. Depending on the ratio of the physical and mechanical 
characteristics of the materials, the emerging layers can become energy collectors of 
the high-frequency wave propagating along the composite waveguide. 

Without violating the generality of reasoning, we will consider the case of only 
the roughness of the inner surfaces at the junction of the piezoelectric layers. The 
roughness of the outer surfaces is neglected. 


4.2 Modeling of a Two-Layer Piezoelectric Waveguide, 
Taking into Account the Roughness of the Surfaces 
of the Constituent Layers 


Let two homogeneous 6mm class piezoelectric layers of hexagonal symmetry, 
with thicknesses, respectively, Hı and H2, and with surface periodic irregulari- 
ties hi4 (x) = Aic (x + di) and hos (x) = Ii (x + d2), respectively, are pressed, pro- 
viding perfect adhesion between them. Then, if Rj+ = max |hi+ (x)| and Ro. = 
max |/5..(x)| are considered, as the maximum deviations of the roughness of 
these surface irregularities, then an inhomogeneous thin layer with a thickness of 
lhi- | + HF. œ| € Ri- + Roy = 2Roisappear between the main layers (Fig. 4.2). 

Considering thermal diffusion, it can be assumed that the material of the newly 
formed surface layer will be inhomogeneous. Then, the physical and mechani- 
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Fig. 4.2 Layered waveguide of two pressed piezoelectric layers with non-smooth surfaces.eps 
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cal characteristics of the formed inhomogeneous piezoelectric layer will change 
along the thickness of the formed layer yo(x, y) = Ypi CO [yp160/ yc]? CRIMEN. 
taking on the virtually selected surfaces of the layery = Ro and y = —Ro the val- 


ues of the materials of the cues mate homogeneous piezoelectric layers 


1) (pl) (pl) 2) 2) 
ui € c8", ppi, e2? Len and ypa Clee ppn, es 28), 12] 


cQ (x, y) = ch x, Role? (x, Ro) / cd? (x, —Ro)] To, 
pox, y) = opi Œ, Ro)Lopi Gc. Ro)/Pp2(x, —Ro)] E 


(4.1) 


eis Œ, y) = a i5 Gs Roei Œ Roe (x, -y)] m (42) 


eM, y) = el" (x, Ro) [e P (x, Ro) e (x, —Ro)] ™ 


The interlayer formed between the main layers will also be periodically inhomo- 
geneous along the waveguide. The physical and mechanical characteristics of the 
material of the formed interlayer will change along the waveguide. In particular, in 
(4.1) and (4.2) for the material characteristics can be represented 


ci C) = cu fiO), pi) = pfi 2, (4.3) 
(pl) D (pl) 1) : 
e (x) = eis fi (X), e% (x) = ERAK 


in (m— Dd — dı < x < (m — Dd 


CHG) = CHRO, P) = p-f GO. (44) 
eU? (y) = e? f(x), e P (x) = eO - f(x) 


in (m — l)d «x < md — dj, 

where fı (x) = expla; (x — (m — 1)d] and f(x) = exp[a2(x — (m — 1)d] are the 
functions of the longitudinal inhomogeneity in each given section m € Nt of the 
cell of the formed interlayer [13]. 

Inhomogeneous both in thickness and length, a piezoelectric layer with transverse 
cells (m — 1)d — dj < x < (m — 1)d) U (m — D)d < x < md — dı}, is modeled as 
a multi-cell three-layer waveguide, with a thin, periodically inhomogeneous piezo- 
electric layer {|x| « oo; |y| « Ro; |z| < co} between two homogeneous piezoelec- 
tric layers 

{|x| < œ; —H» — Ro < |y| € —Ro; |z| < oo) 


and 
{|x| < 00; Ro < |y| < Hı — Ro; |z| < ov}. 
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4.3 Formulation of a Mathematical Boundary Value 
Problem in a Three-Layer Sandwich with a Thin 
Inhomogeneous Filling 


In the problem of electroactive antiplane deformation, in the main layers 
{lx| < 00; Ro < lyl < Hi — Ro; |z| < 00} 


and 
{|x| < oo; — H2 — Ro < ly| € —Ro; |z| < oo] 


of the layered waveguide “piezoelectric-1” and “piezoelectric-2” from piezoelec- 
tric materials of class 6mm of hexagonal symmetry, not zero mechanical stresses 
a 0 (x, y, f) and o. (x, y, t), but also the components of the electric displacement 


vector D®™ (x. y, t) and DU? (x, y, f) are written in the known form 


) 

o% m) (x, y. t) — = ca Wam He? y, t) + es Qnm x X, y, t), (4 5) 
ot^ Soon y, t) = a Wam Q6 y. t)+ el) Pnm 05 y, t), 
pom (x, y, t) = el? Wied y, t) ni E Gian x2, y, t), (4 6) 

DO” (x, y, 1) = ef} Wam yX, Y, t) — 811 nm. (X Y, t). 

In formed rectangles of these homogeneous piezoelectric layers, numbered n = 
{1; 2}, respectively, the well-known quasi-static equations of electroactive antiplane 
deformation will be solved 


Wnm,xx (X, y) F Wnm,yy X, y) = -o? (oc) Wn (X, y), 


E (4.7) 
Pnm,xx QG Y) + Pam, yy X, Y) = QUE ) [Visas Qs Y) + Wum yy (X, »] 


In the ays of Eq. (4.7), a = = e 1+ x2) is the reduced shear stiffness, and 


= [e ]/ (ce et?) is the coefficient of electromechanical coupling of a homoge- 


neous piezoelectric medium under the number “n” 

Ina virtually isolated inhomogeneous erie layer {|x| < oo; |y| < Ro; |z| < 
oo}, the adhesion of two piezoelectrics, non-zero components of the mechanical stress 
tensor and the electric displacement vector in the problem of electroactive antiplane 
deformation, are also written in the form (4.5) and (4.6), but with variable coefficients 
(4.1) and (4.2) 


0 
a 09 (x, y, t) = CP x, y)wom Qo Y, t) — e (x, Y) gon. cs y, f), 


(4.8) 
oO” (x, y, 1) = cid Gc y)Won.y Œ, Y. f) — eia Qc Y) Pom.y Gc Y. Bs 
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Du y, t) = eis (x, y)Wog,x Qt. y. £) + EO (x, y) pom x (x, y, D, 


m (4.9) 
DO” (x, y, t) = ets Qc y)Wom yx. Y, £) teda Yom y (X. Y, t). 


Taking into account the periodic inhomogeneity of the formed interlayer, the 
desired values wo(x, y, t) and go(x, y, t) in this interlayer will be further repre- 
sented in the form of Bloch-Floquet waves fo(x + s, y, t) = w(@)fo(, y, t), where 
u(w) = explisk(w)] the coefficient of periodicity of the Floquet waves is. Then, the 
system of equations of electroactive antiplane deformation in the interlayer can be 
conveniently written as 


-0y Qt y) = chp (x, Y)Won, sen y) + eL Qc, Y) gom. x cs Y) 

"cid «Gc. Y)Wos c Qc, Y) + e n Y)Pom x Qc. Y) + ? po, y)wo(x, y), (4.10) 
-DOM (x, y) = e (x, y)wom, 05) — ED Qc, y) gon xc Gs Y) 

reto (x, Y)Wom,x X, y) — AES Y)90m,x (X. y) 


The conditions of conjugation of electromechanical fields on virtually drawn 
surfaces y = —Ry and y = Ro, respectively, will be written in the form 


cQ ws, y(x, —Ro) +6 T ) 92. (x, — Ro) 
= c x, un. (x, —Ro) + e (x, — Ro)qo,, (x, —Ro) 


(4.11) 
ew» yx, —Ro) — ED pry (x, —Ro) 
0 
= e13 (X, Ro) Wo; (x, —Ro) — £11 (x, — Ro) o, (x, —Ro) 
W2(x, —Ro) = wo(x, —Ro); — €25(x, —Ro) = qo(x, —Ro) (4.12) 
n Wi, »( Ro) +" i: 91 Me2 Ro) " 
= chy Gc, Ro)wo,, Gr, Ro) + eis Gc. Ro)o,y(&, Ro) (4.13) 
wi yx, Ro) = egi yx, Ro) 
0 0 
= ejs (x, Ro)wo,, Gr, Ro) — ef Gc. Ro). Gr, Ro) 
wi(x, Ro) = wot, Ro); — «1G Ro) = Go(x, Ro). (4.14) 
On the external surfaces y = H; and y = —H»; of a piezoelectric layered waveguide, 


we consider the case of mechanically free and electrically open smooth surfaces in 
which the localization of wave energy is not possible [11, 12]. These conditions 
correspond to the case of strong dielectric piezoelectrics, for which ab" > £o. In 
this case, the surface conditions take on a rather simple form 


Wy ou =O eno», =O (4.15) 
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way y). y =9 ^ e0.»|2 4-0. (4.16) 


4.4 Solution of the Mathematical Boundary Problem 


According to the Lyapunov—Floquet theory, the propagation of normal waves requires 
consideration of the electro elasticity equations along the width of the specified cell. 
Taking into account the homogeneous surface conditions (4.15) and (4.16) on the 
mechanically free and electrically open surfaces of the waveguide, in each interlayer 
m € (1; 2) of a periodic cell 


[in — Dd — dı < x < (m — Dd) U ((m — Dd < x < md — dj}, 


the short-wavelength solutions of the systems of quasi-static equations (4.7) in the 
form of normal waves can be written in the well-known form 


Winx, y, t) = Wis (Ro) exp[—o 15, (v) Cy = Ro)] exp[i(Km(@)x agi at), 
Dim(Ro) 


1 — ons (eO Je) (4.17) 
des [e expl @im — DK, (o) — Ro)] 
exp[ ^o ks (o) (y = Ro)] 


Pim, y, t) = 


expli(Kn(@)x — ct)], 


W2m (x, y, t) = Wan(—Ro) exp[—O2mkm(@) (y + Ro)] expli(k(@)x = ot), 
O5, (—Ro) 


1— Om (en fen) ; (4.18) 
1 — azm (eis /E1P) eXpI(L = e2m)km(@)(y + Ro)] 
exp[oo, Kk, w) * Ro)] 


Q2m, ys t) = 


exp[i(kn(@)x — ct)]. 


The wave formation parameters 1,(@, km(@)) and ao, (c, Km (@)) in the main piezo- 
electric layers of the waveguide are defined as 


Onm(@, km(@)) = y1 S [Cuo/ ks (o)p. 


Wigs (Ro), Wan(—Ro), Pim(Ro) and $5,,(—Ro) amplitudes of electroacoustic shear 
waves on virtually vibrated surfaces of a thin inhomogeneous layer of the waveg- 
uide. Based on the surface conditions (4.12) and (4.14), and taking into account the 
thinness of the formed internal inhomogeneous layer compared to the thicknesses of 
the main layers of the waveguide 2Ro «& min(Hij; H2}, for elastic shear wo, (x, y, t) 
and the electric potential qo, (x, y, t) of high-frequency electroacoustic waves in the 
inhomogeneous layer, we can hypothetically represent in the form [11, 12]. 
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i mKm I R 
Won, y, f) = | S M^ — Deis C-Ro) — Wam(—Ro)] + D 
- exp [i(km(@)x — ot)], 

(4.19) 

| sinl, (y — Ro) ] 
Pom(x, y, t) = | sin[ 20 nRokm(@)] [Pim Ro) Don ( Ro)] EE tw-R)] 
- exp [i (kmn (@)x — ot)]. 
(4.20) 


By choosing the representations of solutions (4.19) and (4.20), the surface conditions 
(4.12) and (4.14) are satisfied automatically, and the wave formation functions 


sin[Xomkm (œ) (y = Ro)] /sin[2oomRokm (v)] 


and 
sin[k, (c) (y — Ro)]/sin[2Rok, (o)] 


describe the amplitude changes in the sought-for components of the wave field over 
the thickness of the virtual inhomogeneous interlayer. The wave formation coefficient 
of an electroactive elastic shear wave in them is defined as 


ay (o, fs (0)) = o, Os Ks 0) — 1, 


in which the phase velocity averaged over the thickness in an inhomogeneous layer 
will be represented as nos (c, kin(@)) = w/ (Corkm(@)). The averaged over the thick- 
ness velocity of a bulk shear wave Cor(Cyi, Cp2) = const in an inhomogeneous thin 
piezoelectric layer is defined as 


Ro (0) (0) 2 
Ci, (Cpi, Cp2) = 5 f 44 6) | + [eis (€)] Ja 


R (E) (0) (0) 
za po » . C44 (&)&5 (&) (4.21) 
C - Ge Ch - Spe 


nC -InC5| |InCÀ -In Č% | 
In the case of propagation of a long-wave electroacoustic wave signal, when 
2Rok(w) « 1, the internal inhomogeneous layer does not affect the propagation of a 
normal wave. In the case of propagation of a short-wave (high-frequency) signal of an 
electroacoustic wave, when 2Rok,,(@) >> 1, by substituting solutions (4.17)-(4.20) 
into surface conditions (4.11) and (4.13), a defining system of algebraic equations is 
obtained. 
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cQ XomCtg[2¢0mRokm(@)] Wim(—Ro) 
cQ? [om — ctomtg[20¢0mRokin(@)]] Wom(—Ro) 
+e(2 ctg[2Rokin(@)]®im(—Ro) —13 [1 — 025) 
—ctg[2Rokm(@)]| 85; (—Ro) = 0, 
eC ao, ctg[2oto, Rok, (0)] Wi C- Ro) 
+e [æm — etonctg[2eto, Rok, ()]] W2m(—Ro) 
—e ctg[2Rok, (0) v, (—Ro) + £? [(1 — o5) 
+ctg[2Rokm(@)]] 2, (—Ro) = 0, 
cd [oim + dom Sec[20to Roks (0)]] Wim(—Ro) 
—c dom - sec[20y Rok, (0)] Was, (—Ro) 


+e? [sec[2Rok, (c)] — 1] ®im(Ro) — ef} sec[2Rokn(@)]®2m(—Ro) = 0, 


Td [o 1 + O0m sec[2o,, Rok, (v)]] Wis (—Ro) 
—e(2 atom sec[20rp, Rok, ()] W2m(—Ro) (4.22) 
et) [sec[2Rok(w)] — 1] ®im(Ro) + £f sec[2Rok, (@)]®2m(—Ro) = 0. 


To determine the wave numbers in the periodic interlayers of a three-layer waveguide, 
the dispersion equations are derived from this [14] 


1) 2 
ce o1(o0) + cf "or (c) 


2 
jean ATTORE CHO 
(4.23) 


tg[2Rooi (w)ki (w)] = cQ ooi (@) 


(pl) 2) 
ch anlo) + e an (w) 


2 
1 2 0 
cf COA a9 (e) — (cios ()) 


(4.24) 
The system of dispersion relations (4.23) and (4.24) itself represents the disper- 
sion equation of wave formation through the thickness of composite waveguide. 
Their joint solution provides synchronized values of wave numbers kı (w) and k2 (œ) 
in components of waveguide. The dispersion curves of localized shear microme- 
ter waves A ~ 107 m at the junction of pairs of piezoelectrics PZT-4 with Cad- 
mium Sulfide and PZT-5 with Zinc Oxide, for micrometer height Ro = 1076 m and 
micrometer widths of protrusions and cavities of surface protrusions dı = 107 m 
and d; = 5 x 107 m (Fig. 4.3). 
High frequency shear Love and Gulyaev-Bleustein types waves for which 
min(ci;; Ca} € w/k(@) < max{cy;; c») already will propagate in the composite 


tg[2Roo2(w)k2(w)] = c oro» (c) | 
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Fig.4.3 The dispersion curves of localized shear micrometer waves A. ~ 1076 m at the junction of 
pairs of piezoelectrics PZT-4 with Cadmium Sulfide and PZT-5 with Zinc Oxide, for micrometer 
height Ro = 1076 m and micrometer widths of protrusions and cavities of surface protrusions 
dı = 1076 mand d? 25x 107 m 


waveguide of the same materials outside of frequency bands 
0 < o < Gc/Ro) - [eue (cf, — c3 )] 


(see Fig. 4.4). In this case, the forbidden (or allowed) frequency zones of localized 
Love and Gulyaev-Bleustein type waves are also determined from the dispersion 
equation 


cos[Lkr(w) | 


212 212 
= cosak; (w)] cos[bk2(w)] G5k; (w) + Gk, (o) 


2G kj (@)G2k2(@) 


sin[ak; (@)] sin[bko (0)] 


(4.25) 
already taking into account the frequency in the definition area 


e > (t/Ro) - [cucz/(c, — c$] 


(see Fig. 4.3). 
Synchronization of shear wave propagation in general assumes the same allowed 
wave number, determined from (4.25) 


k(w) = 2 arccos | l ! 
. | [Goko(@) + Giki (9)? cos[diki (0) + i en | : 


—[Grko(@) — Gia (9) cos[diki (w) — doko(o)] 
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Fig. 4.4 Forbidden and/or allowed frequency zones for shear localized slow waves (Love type 
waves) in composite waveguide piezoelectrics PZT-4 with Cadmium Sulfide and PZT-5 with Zinc 
Oxide 


Considering the received relations as an area of definition for the allowed lengths of 
the wave signal in the periodic structure, from (4.26) we get 


[G»o (o) + Gia (Y. 
4Gıkı (w) - Gok2(@) 
cos[diki (e) + dkx(w)|— (4.27) 
[Gok2(w) — Gili (0) 
[Gok2(w) + Gila (w)? 


A(o) = 27 (di + d;)arccos ! 


cos[d;ki (w) — daka (@)]— 


It follows from more visual graphs of high-frequency propagation (Fig. 4.5), that 
forbidden frequency zones do not form in this task, in which wave numbers k(@) do 
not exist. In this case, the dispersion lines have clearly outlined envelopes at top and 
bottom. It is also obvious, that the different stiffness of the materials of half-spaces 
lead to frequency shear of the dispersion curves between each other. 

It is interesting, that in all these cases the nature of changes of phase speeds 
are the same in the virtually selected layers (Fig.4.5), while the phase speed in 
the cavity layer dı < x < dı + dy is less than the phase speed in the protrusion 
layer 0 < x < dı. Based on the fineness of the isolated inner inhomogeneous layer 
{|x| < 00; |y| € Ro; |z| < oo}, taking into account the boundary conditions (4.11), 
(4.13) and the electro elasticity equations (4.10), it can be replaced by the action of 
equivalent electromechanical loads on the surfaces y = +Ro of the main layers. The 
difference in mechanical surface shear stresses on the surfaces y = FRo of the seen 
layer can be represented as 
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Fig. 4.5 Dispersion curves of localized shear nanometer waves 4(@) ~ 107° m at the junction of 
pairs of piezoelectrics PZT-4 with Zinc Oxide and PZT-5 with Cadmium Sulfide, for micrometer 
height Ro — 107 m and micrometer widths of protrusions and cavities of surface protrusions 
dı = 10 5 mand d? 25x 107 m 
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The difference of the normal electrical displacement to surfaces y = Ro of the seen 
layer can be represented as 
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=À DO™ (Ro) 


1 1 2 2 
| e Wi y (x, Ro) — 81191, G. Ro) — ed Wa. Gr. —Ro) + e$ 92,0. —Ro) 


2Ro [W2(—Ro) — Wi (Ro)] k2 


E D [eof Rocte (2aok,.Ro) — 2[e P je? ook Ro csc(2aok, Ro) + In [e fe?) | 
LUCES 


DM fee”) (400% 2 Ro? +21n MID 1) 
G5 (—Ro) — Pı (Ro) 0D 


| 4.29 
Wo(—Ro) — Wi (Ro)! e 
[2i Rocte QI, Ro) — 2fe?? je?) k_eRo csc(2k, Ro) + 1n [e8 0? | 
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In both intervals of longitudinal inhomogeneity 0 < x < dı and dı € x < dı 4- d», 
the wave number of the propagating wave is determined from (4.26). 


4.5 Conclusion 


As a wave energy harvester, a model of a two-layer piezoelectric waveguide is pro- 
posed, taking into account the roughness of the joining surfaces of the layers. The 
docking of two different piezoelectric salts leads to the formation of an internal, thin, 
inhomogeneous layer both in thickness and along the interlayer. The longitudinal 
periodic inhomogeneity of the formed interlayer transforms the electroacoustic sig- 
nal into waves of the Floquet type. The inhomogeneity of the formed interlayer in 
thickness leads to the appearance of differential mechanical stresses and electrical 
displacement on the surfaces of the seen interlayer. Localization of high-frequency 
electroacoustic shear waves occurs in the formed inhomogeneous interlayer and 
near it. It is shown that if in a layered waveguide with an internal millimeter inhomo- 
geneous layer, millimeter electroacoustic waves have a periodic structure (Floquet 
type waves) and there are forbidden frequency zones, then in the case of a nanometer 
wave signal, there are no forbidden frequency zones. In this case, the wave energy is 
strongly localized near the inhomogeneous interlayer for all frequencies of the wave 
ultrasonic signal. 
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Chapter 5 A) 
About One Approach in Prevention get 
of the Emerging Dangerous Phenomena 

Caused by the Existence of Defect 

in Continuous Media 


Vladimir A. Babeshko, Ilya S. Telyatnikov, Alla V. Pavlova, 
and Maksim N. Kolesnikov 


Abstract We consider the case of the formation for a defect of the vertical crack type, 
including a new type, arising in the coating of the deformable material. New models 
of pre-landslide phenomena, when the landslide-prone environment is enclosed in 
a thin-walled coating, a sarcophagus, which acquires a vertical crack, lead us to 
similar problems. Also, such problems arise in the following cases: underground 
structures such as mines with a set of parallel tunnels, in bearing pairs in mechanical 
engineering, in problems of seismology. One of the approaches consists in a possible, 
controlled impact on such structures, preventing large-scale destructive processes, 
with significant material damage and human casualties. It consists in vibration action 
at certain frequencies, up to high, close to shock ones, as well as the selection of 
areas for the application of such action, in relation to the defect. This approach aims 
to defuse the emerging dangerous phenomena, preventing the development of the 
process to a critical point which can cause tremendous damage. This study aims 
to further the development of the theory for cracks of a new type. The research is 
based on factorization approaches, the block element method and functional analysis 
methods. Depending on the goals set, the possibilities of different study approaches 
for the problems under consideration are discussed. 


Keywords Block element method - Kirchhoff plate - Vertical crack - 
Eigenfunction method - Factorization 
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5.1 Introduction 


The problem of studying the behavior of deformable bodies in the presence of 
defects such as cracks has been studied by many authors [1—36]. Most of the work 
considers the defects in the form of Griffith cracks. Cases of cracks in multilayer 
deformable media with crack planes parallel to the boundary of the multilayer media 
are described. Analytical, numerical-analytical and fully numerical approaches can 
be noted, which turn out to be effective for certain boundary problems. For example, 
in problems associated with cracks, boundaries of which go to infinity, and analyt- 
ical methods prove themselves more effective than the others. And vice versa, in 
problems with flat limited cracks, numerical methods turn out to be more effective. 
Problem statements for media with Griffith cracks are quite diverse depending on the 
method of applying external influences to crack faces. The conditions of the cracks 
destruction and approaches to studying the directions of crack development after 
their destruction at the tip also vary widely. Along with cracks in a homogeneous 
medium, we also considered cracks at the layer boundaries in a multilayer medium. 

Each of the studied problems has its own specifics, aimed primarily at identifying 
the conditions for the defects influence on the strength properties of the structure and 
finding ways to reduce the vulnerability of the latter during crack propagation, or to 
avoid its destruction. 

Along with Griffith cracks, we have found cracks of a new type [37], which 
complement Griffith cracks. Griffith cracks have a smooth boundary. At the crack tip, 
the boundary represents the rounding of an elliptic curve. The destruction of a crack 
consists in breaking this boundary. A crack of a new type has a piece-wise-smooth 
boundary. They are formed in the coated medium, occupying a position perpendicular 
to its boundary. At the tip, the crack boundary is described by the cavity boundary in 
the form of a half-strip. The mechanism of its destruction consists in the formation 
of singular contact stresses with the complete convergence of the crack edges. 

Cracks of a new type appear in models of pre-landslide phenomena, when a 
landslide structure is enclosed in a thin-walled coating—a sarcophagus [38]. The 
destruction of the latter occurs due to the formation of through defects in it, perpen- 
dicular to the boundary and representing cracks of a new type. Similar problems for 
the cases of non-converged crack edges of this type also arise in the problem of sta- 
bility for the underground structures, such as mines with a set of parallel adits. Here, 
the problem arises in the assessment of the underground structure mechanical state 
and its changes associated with stresses redistribution due to the constant extraction 
of ore from adits. In addition, the issues caused by the influence of the slow move- 
ment of lithospheric plates, which, after a long time, cause noticeable displacements 
in the underground structure, have not been studied [39]. 

Cracks of a new type can occur in the bearing pairs, important products used 
in mechanical engineering. Relevant for these products is the problem of structural 
stability and degree of performance in the event of microcracks formation, including 
cracks of a new type [40]. 
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In seismology [41], it was found that when the ends of lithospheric plates moving 
along the Konrad boundary approach each other, cracks of a new type, representing 
tectonic faults, are also formed. This fact made it possible to reveal a new type of 
earthquakes, called "starting," which occur at the moment of complete convergence 
of the lithospheric plate edges before the start of interaction. A comparison between 
the theoretical calculated displacements of the Earth's surface at the epicenters of 
starting earthquakes shows a qualitative concurrence with the displacements of real 
earthquakes in these areas [41 ]. 

The issue of controlling a new type of cracks is poorly studied. One of the 
approaches developed in this article is to use the geometric properties of the new type 
cracks, namely, their location perpendicular to the boundary. An available means of 
influencing the latter is the possibility of the surface waves excitation caused by 
sources of various types. These include both vibroseismic and explosive. Both those 
sources are ultimately associated with certain frequencies of signal excitation by 
surface sources. 

In this work, we study the excitation of waves caused by a surface harmonic source 
in a coating with a defect in the form of a new type crack. 


5.2 Formulation of the Problem 


A block structure is considered, consisting of two-dimensional horizontally arranged 
plates of different types in the form of half-planes, contacting each other along 
a rectilinear boundary. The block structure is located on the surface of a three- 
dimensional linearly deformable substrate. The considered block structures are under 
vertical harmonic external action. The case of static actions was considered in [41], 
and it led to the discovery of a new type of earthquakes, called the starting ones. 
The present study is based on the method developed in the aforementioned work. 
We consider that the coatings are half-planes with parallel boundaries, located on a 
linearly deformable foundation at a distance 20 from each other. Plates are modeled 
with Kirchhoff plates. We consider that the space between plates of different types 
is free from external influences, and forces directed vertically act on the ends of the 
plates. In the local coordinate system xıx2x3 with the origin in the plane xı Ox», 
coinciding with the middle plane of the plate. The axis Ox; is directed upward along 
the normal to the plate, the axis Ox, is directed tangentially to the fault boundary, 
and the axis Ox;—along the normal to its boundary. The area |xij| < oo, x2 < —0, 
occupied by the left plate, is denoted by the index A, and the area |xi| < oo, x2 > 0, 
occupied by the right plate—by the index r. The area between the plates |xi| < oo, 
—0 < x» < 0, is denoted by the index 0. 

The Kirchhoff equation for the fragments b of the coating, b = à, r, occupying 
areas (2; with boundaries 99, relative to the displacements of the middle surface of 
the plates u, = (up, up, uap) exp (—iwt) under vertical harmonic (with frequency 
w) effects t = (0, 0, 155) exp (—iwt) from above and g, = (0, 0, g3,} exp (—iwt)— 
from below, after the exclusion of the time parameter, has the form 
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R, (8x1, 0x2) uy — Ep (ty — gj) = (V* — £5) uas + Esp (tp — 830) =0, (5.1) 


where 
E, = diag (—&55, —€p5, €ps] . 


5 12 (1 — 7) H* 12 (1 — vj) H* 
£45 = W Pp —————————, Esh = ———— _, 
4b Pb Eh? 5b Erh? 
y4 9^ at 9^ 


= +2 + : 
xl 0x20x2 ax} 


Here, for plates, we use the designations o,—density, E,—Young’s modulus, 
Vp —Poisson's ratio, ^; —plate thickness. 
At the same time, at the boundaries of the plates, we can set the bending moments 


92u; 87 u3p D, Dp 
M, = -D ;- +v , Da = =, Dn = =, 
b «( ax T vp ax? bl = 79 b2 = gn 


Eh; EENI ; ; ‘ 
where D, = —~*“+ are the rigidities of the plates, H is the dimensional parameter 
12(1—v;) 


of the substrate, for example, the layer thickness; cutting forces 


Pury dup 
+(2-y 
àx3 ‘ B) ðx?ðx 


Qs = -Dr ( ) = fa (0€2) ; 


displacements—u3, = f, (0€25), rotation angles of the median plane around the 
axis x1, in the coordinate system x; Ox2— 


1 Ou3p 
H 0X2 


= f» (€). 


By applying the two-dimensional Fourier transform in horizontal coordinates to 
system (5.1), we obtain 


: . 2 
Rp (—ia, —io5) Us; = [c + o2) — e | Uy, br, 
Usp (01, 2) = Fousp (x1, x2) , | Gap (0,062) = Fog3p (x1, x2) , 


T3p (01, 0/2) = Fotap (x1, x2). 


From here on, F = F (o, o?) and F, = F; (o) are the two-dimensional and 
one-dimensional Fourier transform operators, respectively. 
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The relationship between boundary stresses and displacements on the surface of 
an elastic medium under the plates has the form 


2 
us Q3) = s D> [| ken hos = &) Ba Eis fa) didis 


n=1 Q, 


(x1, X2) € mn, m = l, 3, (5.2) 
where 
4. 0-»H 
& =———. 
H 


Here, index 1 corresponds to A, 2—r, 3—0, SO 831 = 31. 832 = 83r, 


Qı = Qy = (G1, x2) : al < 00; x2 < —0}, 
Q2 = Q, = {(x1, X2) : |x1] < 00; x2 = OF, 
Q3 = Qe = {(x1, x2) : lxi] < œ, —0 < x2 < 0}. 


Relations (5.2) can be represented as 


2 

1 ] 

U3 (x1, x2, 0) = 472E6 ; NI K (0, 05, 0) G3, (o, 02) exp (—i(«, x))do da, 
n-lg o 


u 


= HAv) (à, X) = yx, + @2X2, 


£6 


K (01,05,0) = O(A), A= Ja? ai > oo. 


Here, K (o1, a2, x3) is an analytic function of two complex variables œg, k = 1, 2, 
in particular, meromorphic; numerous examples are given in [42, 43]. 

Using of the block element method leads to the introduction of external forms wp. 
By applying the approach of [41] in the variant of the harmonic oscillations presence, 
the functional equations of the boundary value problem can be represented in the 


form 
2 
R, (—ia1, —io2) Usp = Lo To — 27 Us 
=— / Mp — £5pSsp (01, 002) | , (3.3) 
9a, 


S35 (03, 2) = Fy (04,02) (fa — 35). b — Ar. 


62 V. A. Babeshko et al. 


The solution representation for each plate has the form 


1 


(o? -- a2)? — £y 


J Wp — Esp S3p (01, 02) 


dQ, 


-1 
u3p = —F, (ay, a2) 


The external forms participating in representation (5.3) have the form 


OETA 
0X2 


wp = ei» [ilamo — QD“! — (a5 + veo) 
+ia [os + (2 = Vp) o1] "| os. 


Taking into account the adopted notation, we can represent the pseudo-differential 
equations for the left plate 


) 0U34 


Fj! (&t) {- / aay DM, = DQ — (o, + na? üxs 


IQ), 


+ ia (o3, + (2-4) az) ws] exp (iaix1) dx; — £553; (ar,a) =0, 


&t EIQ; 


_ ; E _ du3 
Fy (ér) |- f as DM, - Dp Qu — (o5. + vaa?) E 
IQ, 


+ id» CHS TQ-v) az) ua | exp (iœ1X1) dx; — £553; (1a )] = 0, 


&t € AQ). 
Similarly for the right plate 
—1 fer . —1 -1 2 2) OUr 
Fi (£)|- iœ Da M. — Da Qa — (o2), + wo) Ox 
AQ), 


+ ioo Cone + (2— v) ot) ua | exp (io1x1) dx; — EsrS3r (ori, zz = 0, 


& € 0Q,; 
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Qus, 
i) S J [ien =D Q= (o25.. ud wo) is + 


AQ) 


+ ian (a3), + (2 — v) a7) 5 exp (1X1) dx, — £53, (o, zu = 0, 


Ef € 0Q,. 
- / 2 2 
æ- = ~y Ay — V E4, Qn- = AI F A £44, 


A214 = ijo; — V Ear, A+ = iy a + A845 


The problem posed for 0 = 0 is dynamically reduced by the block element method 
to the Wiener-Hopf functional Eq. [41], presented in the following form 


-2 
[es (ato = 2 + eg Ki (a, a» |o" (o1, 2) 


=. - Z 
- [es (a? +03 — es) ^ e! Kile, om] G7 (e. 02) 
2 E 
zs (oi E o5 nd £4,) [Aki + Beko + €5-T (a1, a) | 
-2 
+ (a; +a? — £4) [Arkin + Bika + £51 T" (œ, œ2)], 0 =0. 


This functional equation describes a crack of the new type [37], which, in seis- 
mological problems, is a tectonic fault. A detailed study of them made it possible to 
reveal the occurrence of starting earthquakes under multidirectional effects on the 
crack edges [41]. 

The block element method makes it possible to analytically reveal important 
qualitative properties of solutions to boundary value problems. Another approach, 
based on the method of eigenfunctions, makes it possible to detail the wave processes 
arising in a block structure with the subsequent possibility of their application to affect 
the edges of a defect. Below is a short summary of it. 


5.3 Eigenfunction Method in the Plane Problem of Vertical 
Vibrations for a Plate with a New Type Crack 


We consider the boundary value problem described above in a flat formulation for 
a block structure with 6 = 0. Vertical harmonic influences affect the previously 
described block structure. An elastic layer is considered as a deformable substrate. 
Omitting the details, we represent the equations of plate vibration (5.1) after sepa- 
rating the time factor in the form 
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R4 (0x2) ux (x2) — E+, 58+ (x2) = Dt (x2), Ex. > 0, (5.4) 


94 
Ry (8x3) = && 


Zr" E 4, ba (x2) = —€x ste (X2). 


Concentrated load t (x?) = Aó (x2 E x9), x? > 0 is the point of its application, 


intensity A > 0; t_ (x2) = 0. The nonzero component of the displacement vector is 
+3 (x2). Here, the index “+” corresponds to the right plate, generally denoted by 
the index r, index “—” corresponds to the left one, denoted in the previous section 
by the index A. 

Displacements at the upper boundary of the elastic layer (5.2) are now written in 
the form 


= 


oo 


u (x2) = &g! I k (& — x2) 8 (x2) d&, 


—00 
where u (x2) and g (x2) are the displacement and stress amplitudes, respectively, 
1 ; 
k (x2) = p K (a2) exp (—ia2X) da». 


Green's function K (o5) = K3,3 (a5, 0). 
The functional relation for the integral characteristics of displacements and contact 
pressures between the foundation and the coating has the form 


U (a2) = K (œ) G (a2), a» €09, (5.5) 


where 
U (œ) = Fiu (x2), G (0/2) = F1 (02) g x2). 


The ideal connection of slabs and foundation involves: u+ (x2) = u (x2), g+ (x2) = 
g (x2), x2 > 0. Taking into account (5.5) in the Fourier transforms, this can be 
written 


U (a2) = U+ (a2) + U- (02), G (o1) = Gy (02) + G- (a5), o2 E0. (5.6) 


The papers [44, 45] describe a solution method related to the transformation of the 
differential operator for the problem. The eigenfunction method gives the following 
representation of general solutions (5.4) that satisfy the boundedness condition in 
given planes and correspond to the limiting absorption principle [41]. 


U+ (x2) = Axl exp (F4 x2) + A 2 exp (Æiq+x2) 
+ FY! @2) [Rz! (@2) (e+,5G4 (œ2) + Ba (@2))], x2 > 0, 


5 About One Approach in Prevention of the Emerging Dangerous Phenomena ... 65 


where A+;, j = 1,2 are arbitrary constants; q 
equations 


€ R, q+ > 0 are the roots of the 


— 


R4 (a2) = 0; Ry (a2) = E443 (a2 mi q+) (ao = iq+) (a2 + qx) (a2 + iq+ ; 
B, (a5) = exp (iœ2x9) ; B_(a)=0. 


In the Fourier transforms, these relations take the form 


+iA+) 
Ux (2) = 


0) + iq4 


poa [Rz (ax) [e 
a2 T q+ 
When choosing o sufficiently close to the real axis, G.,. (o2) will be regular in the 


area o» € O4, and G_ (a@2)—in the area o» € O? . The last terms on the right-hand 
side can be represented 


5G (02) + B. 


(a2)]} 


U EC. 


[RE (œ) [e+,5G+ (œ) + Bs (a2)]}, 
= Ri" (o2) [e+,5G+ (02) + Bs (02)] — (Ri (œ) [ex,sGs (œ) + Bs (0)]}; - 
wherein 
[Rz (o0) [e+ 5G+ (02) + Bs (0)]]; 
ups 1 E SGa (Equi)  iexsGs(tigs) | Bi (+94) " iBs (iq J 
E 4Aqi E+,3 0 F q+ 0» F iq+ 0» F qt 0 F iq+ f 
where By, (q+) = exp (iq+x9), By (ig) = exp (—q+x9), B- (—4q-) = 0, 
B_ (—iq-—) = 0, values G+ (q+) are subject to determination. Then we can write 
+iA+ı +iA+2 E 
U+ (02) = — + + Ry! (a2) [65 G^- (02) + Bs (a2)] 
œz Łiq+ œ +q+ 
" 1 E Gs (q+)  ies+G+(+iq+) , Bs (4q+) + iB, (+ig J 
443 E43 0» F q+ o» F iq+ 0o» F q+ a2 F iq+ ' 
(5.7) 
Q ED. 


From (5.7), it is possible to express the integral characteristics of the contact stresses 
between the plates and the foundation 


G4 (a) = £3 | R (@2) U+ (a2) — £3} B+ (o) 
+iR+ +R+ 
Axl sts i A32; i 
E5 + (02 iq) ies + (a2 + q+) 
R+ (a2) [= G+ (q+) , ies + G+ (+ig+) : B+ (+q+) , iB ma 
Hi 65. +443 864,3 ag F4 o» F iq+ OD F q4 0 F iq+ 
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From (5.5)-(5.7) by a series of transformations, we obtain a system of func- 
tional equations with respect to U+ (o2), which is solved using the Wiener-Hopf 
method [46]. As a result of the expression for the Fourier transforms U+ (o) of the 
desired surface displacements 


Us = (NZ) |t». Qo], + [D- Qo.-], 


e Y (Aes 0.0145 + 4s (0-9, 12) 


+ G+ (q+) {D+ Oi}, + G+ Ga.) [D.05,] 


o 


+G- (-4-.) |D- Q1 .]; + G- (—iq_) {D- of. It]. (5.8) 


o o 


In (5.8), NY (a) is the result of factorization with respect to the contour o in the 
form of a product N (a2) = NF (a2) N? (a2) of the function 


N (œ) = Ny! (02) Na (05) N1 (02) = Ny (œ) Ry (œ); 


N2 (o2) = N2 (a2) R- (a2); Ny (02) = £3} K (a2) — Ri (02): 


No (a2) = eg! K (o2) — RT! (œ); Da = &&« (NT) | NL K; 


iR. iR, 
Oi = pa Q2, mE ; 
TEM Oy + q+ 
R Bs (tq)  iBs (4ig+) 
Qo4 = B4 X — | q+) | igs) ]. 
4qitr3 | 2 F q+ 0? F iq+ 

B ES eX E 0j =+ R+ E 
E- 4qis 3 02 F qt LI 4Aqis 302 Fiqa 


The factorization of the function N (o) is carried out approximately; for this 
purpose, an approximating function N^ (o5) and N (a2) © NOT (a2) nA (02) is 
constructed. In [45], where a method for solving problems concerning an elastic 
layer with a composite coating consisting of extended plates, based on the transfor- 
mation of the differential operator for a boundary value problem, is presented, the 
approximation of functions subject to factorization is described in detail. 

Like K (o5) and Ni (a2), N2 (œ2) are even functions with a finite number of 
simple real poles and zeros. Their poles are the real poles of the function K (œ2) + 
Dj. j = l, Mp, as well as +q,—for the function N, (az) and +q_-—for the function 
N2 (a@2). The number of poles K (œ2) and their value determine the number and 
speed of propagation for surface waves in an elastic foundation. Let us introduce 
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the notation ZW; € Rk, j = 1, NM for positive zeros N; (a2), k = 1, 2. Further we 
consider functions of the form 


Ng (02) = Hs (02) Ne (œ), k= 1,2, 


=1 
Ig, (@2) = ze 2 x , 1-0, LER. 
M. p 
(a3 + I?) (o? = 41) IT (a3 — p) 
J= 


Here, zz; > 0, j = 1, ME are real zeros of Ng. The obtained Nur (a2), k = 1,2 do 
not have zeros and poles on the real axis and behave at infinity in the same way as 
Nx (a2), k = 1,2, Ni, r (02) ~ O (o5). 

Approximating the functions 


Jot i I 
— — —Nyg(o»), b>l, l;€R, k=1,2 
Mk 


with Bernstein polynomials of degree N4 [43] 


where kg = lim aN, (o5), we can find 
0— 00 


N; (05) © Nf (a2) = Ty, (o2) Nfr (00) , 


Nip (@2) © Nin (a2) = Nip (02) R4/- (a) , 


k=1,2, mea. 


Then, the function N^ (o5) is approximately constructed and factorized. After fac- 
torization, it takes the form 


N^ (o5) = NÎ” (a3) N^? (a), 


68 V. A. Babeshko et al. 


NI (œ) & NÍ” (a2) = 


„yñ . M: Ma á 
(a x ily” (œ x ig_) [I (o2 zi) Tl (o; tz j) 
(0 [K8,£—3 j=l j=l 5 
Kg Ea a M M, , 
(a +i)" (a2 +ig+) (a T Zj) JI (o TIS J 
j=l j=l 


Approximation for functions K (o?) and N; (o) with given accuracy in the form of 
easily factorizable functions K^ (a2) and N r (o2) allows us to analytically find the 
originals from the Fourier transforms of relations (5.8). Approximate values of the 
Fourier transforms for the desired displacements U. E (05) © U+ (a5), 05 € o, 


70 (vt^) totos. + {D4Q0_}~ 


2 
+D (44; 10/4]; + 4-050; ];) 


j=l 


+G+ (44) [DE Q1]; + G+ Ga.) {DE 02.], 


, 


+G- (-4-) [D* 01 .], + G- (142 [D^ 02 .] 


LJ 


o 


where 


5.4 Numerical Implementation Results 


As a result of the numerical implementation of the developed algorithms for various 
boundary conditions at the junction of plates, we carried out calculations with varying 
properties of the coating and the elastic substrate. 

All the results further are presented in a dimensionless form, where the linear 
dimensions are related to the characteristic size, and the density is related to the 
density value of the right coating plate. Dimensionless frequency is given by the 


formula © = ch, ui where w is the dimensional frequency. In the numerical 
examples for plates, dimensionless parameters are fixed: p} = p- = 1, wi = 1, 
v} = v_ = 0.125. For the elastic material of foundation p = 1. The vertical load is 


applied at the xo — 5. 
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Fig. 5.1 Displacement of the surface of the system on condition of free displacement of the plates 
at the junction (v = 0.25, u = 1.58) 


2 
If the edges of the plates on the fault move freely, the bending moments — D+ vu 
2 
3 2 
and transverse shear forces —D 2 Mt De = I in this area are equal to zero: 
X 12(1—v4) 
dus Pus 
7 = 0, " = 0. 
9x5 |,,-0 0x [=o 


Figures 5.1 and 5.2 show graphs of real (line with markers) and imaginary (solid line) 
parts of surface displacement amplitudes under the condition of free displacement 
of the fault edges at a frequency œ = 2. Figure 5.1 corresponds to the values for the 
substrate h = 2, v = 0.25, u = 1.58. A variant of a softer foundation is illustrated 
in Fig. 5.2, here v = 0.125, u = 0.67 at the same dimensionless layer thickness. 
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Fig. 5.2 Displacement of the surface of the system on condition of free displacement of the plates 
at the junction (v = 0.125, u = 0.67) 


We also considered the condition for “viscous contact" of the plates in the con- 
jugation area, while the cutting force on the plate boundary is proportional to the 
difference in the velocities for the edges of the plates, and the condition of zero 
bending moments is also satisfied 


a? us 3 "t 
E = 0; V D+ : -7 
0X5 


= —kiw [u+ (X2) — Ut (x2)] S 


x2=0 


Figures 5.3 and 5.4 correspond to these boundary conditions, and Fig.5.3 shows 
the results for a more rigid foundation (v = 0.25, u = 1.58), Fig. 5.4—for a softer 
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(c) 


Fig.5.3 Displacement of the surface of the system for “viscous” contact of the plates at the junction 
(v = 0.25, u = 1.58) 


one (v = 0.125, u = 0.67), in both cases k = 0.5. In all Figs.5.1, 5.2, 5.3 and 
5.4, graph (a) corresponds to the case of a more rigid right plate (u— = 0.2), graph 
(b)—to plates with the same properties, graph (c)—to the case of a more rigid left 
plate (u- = 5). 

The presented results of model calculations demonstrate the dependence of the 
system surface oscillations on the properties of the coating plates and foundation. 
For a more rigid foundation, the amplitude of displacements after passing through 
the fault is the smaller, the more rigid the left plate is. The wave fields for plates of 
different rigidity differ significantly, and the difference between the amplitudes of 
the wave fields on the right and left is the greater, the more contrast the properties 
of the plates. A softer foundation changes the pattern of displacements, violating the 
periodic nature of the graph and the dependence of the amplitudes on the hardness 
of the coating. It should also be noted that with a decrease in the vibration frequency, 
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(b) 


Fig. 5.4 Displacement of the surface of the system for “viscous” contact of the plates at the junction 
(v = 0.125, u = 0.67) 


the displacement amplitudes of the left plate decrease in comparison with the right 
one, and the effect of the plate properties becomes less pronounced (Fig.5.5). In 
Fig.5.5, option (a) corresponds to the case of a more rigid right plate (u- = 0.2), 
graph (b) corresponds to the case of a more rigid left plate (uj... = 5)for the frequency 
œw = 0.95. The numerical results of the implementation for the method of solving 
the scalar problem based on the transformation of its differential operator [44, 45] 
match aforementioned results. 
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-10 -5 0] be 7 5 n. i x2 15 


(b) 


Fig. 5.5 Displacement of the surface of the system on condition of free displacement of the plates 
at the junction (w = 0.95) 


5.5 Conclusion 


We have outlined two approaches that make it possible to study both the qualitative 
features of the dynamic behavior of a block structure with a vertical defect in the 
form of the new type crack, and quantitative ones, which allows us to assess the 
degree of a harmonic source influence on the defect. 

We have developed and implemented an analytic-numerical factorization method 
for solving boundary value problems of steady vibrations for an elastic medium with 
a coating in the form of extended plates, which allows us to investigate the nature of 
the harmonic signal propagation in the described structure for plates of different types 
as well as for plates of the same type under various contact conditions and substrate 
properties. The approach used in the work can be applied to problems of engineering 
practice and other important areas where objects with coatings are used. Here, the 
method can serve the purpose of evaluating a resource with an emerging defect. 
In other tasks, seismology and geophysics, it can serve the purposes of predicting 
imminent dangerous natural phenomena. 
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Chapter 6 A) 
Stress-Strain State of a Magnetoelastic get 
Ferromagnetic Plane with a Crack Under 

the Action of a Magnetic Field 


Gevorg Y. Baghdasaryan 


Abstract This work is devoted to investigation of the stress-strain state of an elastic 
ferromagnetic plane with a crack under the action of an external magnetic field. The 
main characteristics of the stress-strain state and the magnetic field induced in the 
medium are determined. Their features near the crack are investigated depending on 
the medium properties and on the intensity of the external magnetic field. The condi- 
tions for the occurrence of concentrations of magnetoelastic stresses and compo- 
nents of the induced magnetic field at the ends of the crack are obtained. It is shown 
that the occurrence of concentration in ferromagnetic bodies with cracks substan- 
tially depends on the sign of the magnetostriction constant. It is established that 
in a magnetically soft ferromagnet with a crack, concentrations of magnetoelastic 
quantities arise only in those cases when the relative magnetic permeability of the 
material is sufficiently large. Formulas that determine the intensity factors for both 
magnetoelastic stresses and for the components of the induced magnetic fields are 
derived. 


Keywords Magnetostriction * Crack - Crack intensity factor - Concentration 


6.1 Introduction 


The problem of the stress-strain state of an elastic magnetostrictive plane with a 
straight crack is considered. The only source that causes elastic deformations and 
an induced magnetic field in a medium is an external magnetic field. The study 
was carried out based on linear equations and boundary conditions for the magne- 
toelasticity of a ferromagnetic body [1], obtained using the main provisions of the 
nonlinear theory of magnetoelastic interactions in these mediums [2-5]. The main 
characteristics of the stress—strain state and induced magnetic field in the medium are 
determined. Their features near the crack are studied depending on the orientation 
of the external magnetic field, the magnitude of the magnetostrictive constants of 
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the medium and the intensity of the given magnetic field. It has been established 
that if the external magnetic field is directed obliquely to the plane of the crack, 
then in addition to the plane problem of determining the stress-strain state of a 
magnetoelastic system with a crack [6—8], there also arises the problem of a longi- 
tudinal shear crack (antiplane problem). Note that if the magnetic field is perpen- 
dicular to the plane of the crack, then the antiplane problem does not arise [6-8]. 
The conditions for the appearance of concentrations of magnetoelastic stresses and 
components of the induced magnetic field at the ends of a crack are obtained. It is 
shown that: (a) the occurrence of concentration in magnetostrictive bodies with a 
crack depends significantly on the sign of the magnetostriction constants; (b) if the 
material of the medium does not have magnetostrictive properties, then concentra- 
tions of magnetoelastic quantities appear in a magnetically soft ferromagnet with 
a crack only in cases where the relative magnetic permeability of the material is 
sufficiently large; (c) shear stresses of magnetoelastic origin take maximum values 
of about forty-five degrees of the magnetic field inclination angle. Formulas are also 
obtained that determine the intensity factors both for magnetoelastic stresses and for 
the components of induced magnetic fields. Similar problems on the concentrations 
of elastic stresses and the induced magnetic field near a crack, when the material 
of the body does not have magnetostrictive properties, are considered in [6-8]. The 
results revealed in this article have numerous applications in various fields, such 
as fracture mechanics, geophysics, optics, acoustics and can become a means of 
detecting defects in magnetoactive bodies using magnetic fields. 


6.2 Statement of the Problem 


Itis known that when a ferromagnetic body is placed in a magnetic field, the material 
is magnetized, which leads both to a change in the magnetic field intensity throughout 
the space and to the appearance of body and surface forces. Under the action of 
these forces, deformations arise in the medium, which excite an additional (induced) 
magnetic field. Based on this, the characteristics of the magnetic field are presented 
in the form 


where Ho, Bo and Mo, respectively, are the vectors of intensity, magnetic induction 
and magnetization of the magnetic field of an undeformed body and h, b and m 
are additions to the indicated quantities due to the deformation of the medium. In 
vacuum, the vectors B and H are related by the relation BO = uo Hi, where [lo 
is the absolute magnetic constant (uo = 4x - 1077N/ m) and the index e hereinafter 
means belonging to the external (surrounding the body) medium, the electromagnetic 
properties of which are equivalent to those of vacuum. 
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The characteristics of the magnetic field of an undeformed body are determined 
from the solution of the following problem of magnetostatics: 


rot Hy — 0, divBo =0, Bo = uour Ho; 
n d (Ho = Hy?) = 0, n x (f = Hg?) =0 for (xi, X2, X3) € So; 


HO 5. H for || > oo; (6.2.1) 


where 7 is the unit vector of the outer normal to the undeformed surface of the So 
body, 7 is the radius vector, x; are the Cartesian coordinates of the considered point, 
IA; is the relative magnetic permeability of the medium and H is the intensity of 
the given magnetic field at infinity in the absence of a ferromagnetic body. 

The stress-strain state of the medium and the magnetic field induced in it are deter- 
mined from the equations and boundary conditions of magnetoelasticity of magne- 
tostrictive ferromagnetic bodies. Based on the main provisions of the theory of small 
perturbations, it is assumed that both the deformations and the magnetic quantities 
due to them are small (¢;; < 1, DES « l, \b/ Bo « l, RM « 1, where 
£;; are the components of the linear strain tensor). On this basis, the equations and 
boundary conditions are linearized. As a result, at | M, ji, jl « |m;|, the following 


linear equations and boundary conditions of magnetoelasticity are obtained, given 
in [1, 3]: 


e System of differential equations of the deformable state 


tik,k + Ho( Mox Hoi, + Morhi,x + mi Hoi) = 0, 
Eijkħk, j; — 0, bjj — 0, U = non,h), (6.2.2) 


where fj; is the tensor of magnetoelastic stresses and u, is the relative magnetic 
permeability of the medium; 


* Equations of state 


tij = i. + Cijuy,a + 25oBija Mommy + no(Hojmi + Hom;), m; = Xhi, 
(6.2.3) 


where 


_ 1 
i = uox ! Moi Moj + 5 toBija Mox Mor; 


e Boundary conditions at the interfaces of two media 


ein {Mj L = ne] — Mm [ How = HG wi] = 0, 
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nj L = s = ny | Boi = BE uni, 


nif tig — 4 | = [n?- Tu |r. (6.2.4) 


In (6.2.2)-(6.2.4), Cijzı and Bjjx; are the tensors of elastic constants and magne- 
tostrictive coefficients, respectively, u are the components of the displacement vector 
of points in the medium, ¢;;, is the Levy-Civita symbol, the x = u, — 1 magnetic 
susceptibility of the material of the medium and qe and 7;; the Maxwell stress 
tensors in vacuum and in a magnetostrictive medium, respectively. Over repeated 
indices, summation is assumed, and the notation fx means 0f /0x,. 

We note that in deriving the last three conditions from (6.2.4), we used the Maxwell 
stress tensor T;; 


om no HO HO + HORO 4. HO nf) 
1 
(6) pr CO (e) j, C) 
= 1obu(5 j Hi +H; h; h 
Tki = Hokr (Hoi Hox + Hoih + Hoxhi) 


1 
= bs (5 Hoo + nh). (6.2.5) 


In what follows, only isotropic media are considered. For such media, the tensor 
Cijx has the following well-known representation: 


Ciju = Abijôki + (ied ji + 948jk). (6.2.6) 


and the tensor B;;;; according to [3, 9-12] is represented as [13] 


1 
Biju = e»óijóy + 5 (1 — e) (Bóji + 5:15 jx), (6.2.7) 


Here à and n are the Lamé parameters, e; and e; are the magnetostriction coefficients 
of the material of the medium. 


6.3 Solution of the Problem in the Case of a Constant 
Transverse Magnetic Field 


Based on the above equations and boundary conditions, the formulation of the plane 
problem of the concentration of elastic stresses and the induced magnetic field near a 
crack caused by an external transverse magnetic field is formulated below. The rect- 
angular Cartesian coordinate system is (x1, x2, x3) chosen so that the cross-section 
of the crack (the edges of which are free from external mechanical loads) is in 
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Fig. 6.1 A crack of finite 
dimensions in a 
magnetostrictive body 


the plane (xi, 0, x2) and occupies an area [—a, a] on the coordinate axis Ox;. The 
medium is placed in a constant magnetic field Bo (0, Bo, 0) (which is the only 
source of external influences) and is under conditions of plane deformation in the 
plane (x1, 0, x2) (Fig. 6.1). 

Note that for the case under consideration problem (6.2.1) has the following 
solution: 


BO = Bo, Bo = BO, 

Hy = BP is’, Ho = Bolon) s (6.3.1) 
where i are the unit vectors of the coordinate axes. In (6.3.1) and in what follows, 
the index e means belonging to the crack region. 


By virtue of (6.2.3) and (6.3.1), from (6.2.2) for the problem under consideration, 
the following equations of magnetoelasticity of the deformed state are obtained: 


1 9 (du, duo 2x Bo 0h 
Au, + S =U, 
1 — 2v 0x; \ Ox; 0X» Uru 0X2 
1 8 f8 a 2x Bo ðh 
Auz + Se A eS ss (6.3.2) 
1—2v0x2\ 0x, — 0x2 Hru 0X2 
A&=0, Ad” = 
8o aoo 
hy = A® = (6.3.3) 


OXK , s OXk i 


where A is the two-dimensional Laplace operator, v is the Poisson ratio and s is the 
coefficient characterizing the properties of the magnetostriction of the material of 
the medium 


e +e 


s=1+x "RE 


® and © are the potentials of induced magnetic fields. 
Similarly, from (6.2.3) and (6.2.4), considering the symmetry of the problem, the 
following boundary conditions on the plane are obtained x? = 0: 
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x Bo 
Hor 
pu ho Q3, 0) = AP (x1, 0), 

di^ (xı, 0) e 0, 


hy (x1, 0) = h (x1, 0) + u2,1(x1, 0), 


for |xi| < a 


x' T Bà 
15(x1, 0) = — + Boh2(x1, 0) 
Ur L2Hohr 


®(xı,0)=0, u5(x1,0) 20 for |x,;| >a 


t12(x1,0) =0 for |xj| < co 


(6.3.4) 


(6.3.5) 
(6.3.6) 


In addition to conditions (6.3.4)-(6.3.6), the conditions at infinity must also be 
satisfied, according to which lim}, = O(i = 1, 2). Thus, if the magnetic field is 
perpendicular to the plane of the crack, then the problem of determining the stress— 
strain state of the medium is flat and is represented by Eqs. (6.3.2)-(6.3.4) and 


conditions (6.3.4)-(6.3.6). 


6.4 Solution of the Problem 


Solutions of Eqs. (6.3.4) and (6.3.5) satisfying the conditions at infinity, where x2 > 0 


can be represented as 


T f [faw E DTE) Jets 
T a 
0 


2(1 — 2v)x B . 
+s —— — —— Boca(a)e *"? } sin axıda, 


2 
un = — 
T 


oo 
f [c1 (œ) + xoc (o) ]e "? cos axıda, 
0 


oo 
2 EE 
o = — | c3(a)e ?? cosoxido, 
m 


0 
oo 


2 
Qoe- = f deste cos ox, dor, 
0 


(6.4.1) 


(6.4.2) 


where c; (a) (i = 1, 2, 3) and E (œ) are unknown functions, which are determined 


by satisfying the boundary conditions (6.3.4)-(6.3.6). 
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Substituting (6.4.1) and (6.4.2) into (6.2.3) and (6.2.5), we determine the magne- 
toelastic stresses tj; and Maxwell stresses 7;;. In particular, for normal stresses t22 
and 75», we obtain the following expressions: 


oo 
4 B 
e «j [so XE Ee oe des — 21 -2% 
T Mr 
0 
ee x Be 
—vx (ei + €2)Jacs}e cos ax, do + 30 T Xe) 
2uoH; 
2x 41 2f 
B 
T» = xt Bo : [ «5c cos o.x1do |. (6.4.3) 
Ur 2uoh, T 


Let us pass to the definition of unknown functions c;(@)(i = 1, 2, 3) and cf? (a) 
by satisfying the boundary conditions (6.3.4)-(6.3.6). The boundary condition (2.13) 
leads to the following relation between the unknown functions: 


acı (o) = 2(1 — v)eo(o) 
Box 
2Uur 


(3 — 4v - 2xI(1 — ve, — ver]}acs(a). (6.4.4) 


Using (6.4.4), itis easy to show that the representations (6.4.1) satisfy the boundary 
conditions (6.3.4) and (6.3.5) (except for the second condition from (2.11)), if the 
unknown functions cj (o) and c3(@) are solutions of the following system of dual 
integral equations: 


oo 
f eit) cos ax, do = 0, Ixi| >a 
7 d= ) 
m(l—v —x+xe 2 
æcı (œ) cosax\jda = B 
J i ! 4uouu? sa (6.4.5) 
9 oo |x| <a 
B ; 
+ ABAC f wcs (a) covers da: 
Mir J 
oo 
f c3 (0) cos oxi da. = 0, l| >a 
a (6.4.6) 
[af es(a) — 2^ cv) | sinax,da = 0, |xi| <a 
0 


where 


filer, e2) = 2v — 14 2(1 — v)x + 2x[ei — v(e1 — e2)]. 
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The solution of the system of dual integral Eqs. (6.4.5)-(6.4.6), following [6, 14], 
can be represented as 


a 


C1 (a) = [ een. 


0 


aite f PODLA, (64.7) 
0 


where Jo(o£) is the Bessel function of the real argument and g(&) and v (&) are the 
new unknown functions. 

By (6.4.7), the first equation in (6.4.5) and (6.4.6) is identically satisfied for any 
integrable functions (£) and vy (£), and the second equations from (6.4.5) and (6.4.6) 
give the following system of integral equations for g(€) and y (&): 


& f [v - det | rs = 0. "—- 

i 6.4.8) 
d x Bo fi | di BB ( 
ds l Ee VE- e) E Senf Inl <a 


where 


fa-mz(l—v)x-2- xen). 


It follows from (6.4.8) that the unknowns ¢ and v are solutions of the following 
system of linear algebraic equations: 


B 
we) - Ž 9) — 0, 
HoHr 
B ; Bj 
x Bo filer oN wee) e(E) = X Bo hi (6.4.9) 
2Uhr 4 LoL; 


Substituting g(€) and w(&), which are solutions of system (6.4.9) into repre- 
sentations (3.7), for the unknowns c\(@) and c3(@), we obtain the following 
expressions: 


ci(à) = aAa Ji (ad), 


c(a) = aAsa! J (aq), (6.4.10) 


where 
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| XB$ fiie) 
2uou A 
Bo x?Bi fi(ew) 


Ay = 
2LoM, Moh A 
2 B2 
A = 2p? — 9 pe, e), (6.4.11) 
[n 


Jı (aa) is the Bessel function of areal argument, and formulas (6.4.10) are obtained 
under the assumption that the determinant A of system (6.4.9) is nonzero. 

On the basis of (6.4.4) and (6.4.10) from (6.4.1) and (6.4.2), we find the displace- 
ments u; (i = 1, 2) and the potential of the induced magnetic field ®. Substituting 
the found expressions for u; and ® into (6.2.3) and (6.2.5), we determine the magne- 
toelastic stresses 1;; and the induced magnetic field h in the medium. In particular, 
using (6.4.1), (6.4.3) and (6.4.10), for hi, t22, T»; and u» for x» = 0, we obtain the 
following expressions: 


for|xi| >a 


,for|xi| < a 


0, 
nes {an x 
m fax 


2A >): for xil > a 
ho (x1, 0) = 34 tope i-e | (6.4.12) 
T |—1, for |xi| < a 
x Bj 
tn = 2 (2+ xe) 
2uoH; 
2 
a 


2p2 
ae fı X Bb — 201 vail 


+ 
1- 2 2 
p PANES x? — ZE + "E 


for |xi| >a 


(2x + DB; 
HH 
2uou 
2(2 1)B 2A 
Cx + De Ae forlxil >a (6.4.13) 
Tuy CEDER EET] 
2A; 2 
u3(4,0) = — a? — xf, for|lxil «a (6.4.14) 
m 


Formulas (6.4.12) and (6.4.13) show that the presence of cracks in magnetostrictive 
ferromagnetic deformable bodies (which are only under the action of an external 
stationary magnetic field) leads to the appearance of a concentration of both magne- 
toelastic stresses and stresses of the magnetic field induced in the body. These results 
were also found in the case of magnetically soft ferromagnetic bodies in [6, 9]. 
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6.5 Coefficients of Intensity of Magnetoelastic Stresses 
and Induced Magnetic Field 


Using (6.4.12) and (6.4.13), itis easy to find the following expressions for the intensity 
factors of magnetoelastic stresses and the stress components of the magnetic field 
induced in the body: 


e For total magnetoelastic stresses t5 = ty + Ty 


K, = lim 201 —a)f&|, = [xor d) HOI EE ie (6.5.1) 


x1—a4-0 
where 
xbe 2 
Ri =2x+ 7 al — v + (5 + 6v)x — 2x/[ei — v(ei — e2)])}, 
B2 
A = 2p? — (xb filer, e2), b? = —9; 
HoH 


e For the components of the induced magnetic field 


Ka = lim | 261 =a) hal s 
Xia 


Bo SuSE 
Lol 


r 


=[x(e) — 1) + 21 (1 — v) a. (6.5.2) 


Bearing in mind that equal in magnitude and oppositely directed normal forces 
act on the crack faces, it is assumed that concentrations of magnetoelastic stresses 
and components of the induced magnetic field appear at the ends of the crack, if 
u5(x1, 0) > Oat |xı| < a. Because of this, it follows from (6.4.11) and (6.4.14) that 
the normal displacement of the crack edge x? = 0* will be positive if 


fale): (A)! «0. (6.5.3) 


Consequently, inequality (6.5.3) is the condition for the occurrence of concentra- 
tions of the quantities indicated above at the ends of the crack. 

In the case of magnetically soft ferromagnetic materials that do not have 
magnetostrictive properties (e; — e» — 0), condition (6.5.3) has the form 


z(1— v)(x — 2) 
<0 
2u? — (xb)? [2v — 1+ 2(1 — v)x] 


(6.5.4) 


Considering that Bo < B,(where B, is the saturation induction and B, < 2T), it 
is easy to check that inequality (6.5.4) in the case of soft magnetic materials will be 
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satisfied if u, > 10^. Those only for such magnetically soft materials, which have 
the indicated relatively high relative magnetic permeability, will concentrations of 
magnetoelastic stresses and components of the magnetic field intensity appear at the 
ends of the crack. 

Let us return to condition (6.5.3), when the materials of the media have a magne- 
tostrictive property. Bearing in mind that, according to [11, 13, 15], e2 ~ —0.5e, 
and for the main magnetostrictive materials, we note |e;| > 20 from the expressions 
for fi(ei, e2) and f5(ei) that the sign of the quantity fı(e1, e») coincides with the 
sign of the constant e;, while the converse assertion is true for f2(e;). In a similar 
way, it is shown that the determinant A at Bo < B, is positive, regardless of the 
signs of the magnetostrictive parameters e;, in contrast to the case of magnetically 
soft ferromagnets. Considering the above, we conclude that in the cases of basic 
magnetostrictive materials: 


(a) Ife; < 0, then condition (6.5.3) is violated and consequently, for such materials 
at the ends of the crack, there is no stress concentration (both magnetoelastic 
and induced magnetic field). 

(b) Ife; > 0, then (6.5.3) holds and consequently, there is a stress concentration at 
the end of a crack in a magnetostrictive material with the indicated property. 


6.6 Occurrence of Concentrations of Magnetoelastic 
Stresses Due to Longitudinal Shear Due 
to the Orientation of the External Magnetic Field 


Let in an infinite elastic ferromagnetic space be a rectilinear tunneling crack with a 
width 2a, the edges of which are free from external mechanical loads. The rectangular 
system of Cartesian coordinates is chosen so that the cross-section of the crack is 
in the plane x, 0x» and occupies an area (—a, a) on the coordinate plane 0x,. The 
space, the material of which is isotropic, homogeneous and magnetically soft, is 
placed in a constant magnetic field Hs (0, Bo», Bo3) with a magnetic induction vector 
Bo (0, Bo cos o, Bo sing), where q the angle between the magnetic field and the axis 
Ox2, Bi = Bj, Bà. The specified magnetic field is the only source of external 
influences. 
For the considered case, problem (6.2.1) has the following solution: 


BO = Borin + Bois, Bo = Bolo + Ur Boais, 
Al? = uz BO, Ho = (Hour)! Bo, (6.6.1) 


where the index “e” means belonging to the crack area and i; are the unit vectors of 
the coordinate axes. Assuming that no required quantities depend on the coordinate 
x3. From (6.2.2), by (6.2.3) and (6.4.1) for Bijz, we obtain the following equations 
for the magnetoelasticity of the deformed state: 


e Relatively u4 (x1, x», t) and u»(x1, x5, t) 
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1 
Au; + —_6,;+F =0, (= 1,2) 
1—2v 


Ad=0, AQ? 20 (6.6.2) 

e Relatively u3(xi, x2, t) 
Aus — 0 (6.6.3) 
whereas before, ®© and ® are the potentials of the induced magnetic field in the 


crack region and in the medium, respectively, A is the two-dimensional Laplace 
operator, 


2x B 
0-—uyictus», F= a O hin, 
Uhr 
; 7 à 
p= Oy, BP = OO, f= Ur (6.6.4) 
OXk 


Similarly, from (6.6.2) to (6.6.4), the following boundary conditions are obtained 
on the coordinate axis 0x; in the plane x. = 0: 


Au: =0, ®=0 for |x;| >a 
2x Bo = 
tio + Hol a =0 for |xi| < oo 
ae T 02 
ty = © (za + By) for xil <a (6.6.5) 
ıı- Qo = Dh y for |xi| < a 


Or 
29 =0, eU = u,a for |x| «a 


and the following conditions regarding u3(x1, x», t) 


uz; =0 for |x,;| >a 
(6.6.6) 


Bo 
iiy 258 ( Be +m) for xil <a 


A \ Holy 


In addition to conditions (6.6.5) and (6.6.6), the conditions at infinity must also 
be satisfied, according to which all the required quantities due to the deformation of 
the medium must tend to zero at |F| — oo. 

From (6.6.2)-(6.6.6), due to (6.2.5), it is seen that: 


(a) Problem (6.6.2), (6.6.5) (a plane problem for determining u; and u?) is separated 
from problem (6.6.3)-(6.6.6) (an antiplane problem for determining u3); 

(b) To solve the antiplane problem, it is necessary to have a boundary value for the 
component h of the magnetic field induced in the medium, which arises as a 
result of plane deformation; 

(c) the existence of an antiplane problem is possible only under the condition Bg - 
Bos Æ 0 with respect to the components of the unperturbed magnetic field. 
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The plane problem (6.2.2), (6.2.5) was solved in the previous subsection, and 
for the quantity of interest to us h2 on the crack faces at Bjjx; = O (soft magnetic 
material), the following value was obtained: 


1 — v(x - 2x? B 
ho(x1,0) = n = CE ue A 2 (6.6.7) 
2u2 + box[1 — 2v — 2(1 — v)x] Hokr 


Bo 


where b ES , Which coincides with the indicated value obtained in [6]. 
The solution of Eq. (6.2.3), taking into account the condition at infinity, can be 
represented as (x2 > 0) 


oo 


ua(X1X2) = f A(a) exp(—|a|x2) exp(—iax,)da (6.6.8) 


—oo0 


The unknown function A(@) entering (6.6.8) is determined by satisfying the 
boundary conditions (6.2.6). For this purpose, we introduce a new unknown function 
Q(x1) as follows: 


QQ1) = 43,1041, 0) for|xi| <a (6.6.9) 


Satisfying the boundary conditions (6.2.6) at Bj jx. = 0 (soft magnetic material), 
it can be shown [16] that g(x) is the solution of the following singular integral 
equation: 


a 


1 d 
=f o ca (6.6.10) 
T x—s 
satisfying the condition 
1 a 
= | «x =0 (6.6.11) 
T 
where 
X p Bs qo X0 
A= Boo Bj, —h 
MM. — Ho Hr 


Integral Eq. (6.6.10) in the class of unbounded functions has the following solution 
that satisfies condition (6.4.11) [16] 


90 G. Y. Baghdasaryan 


(1) = -A— (6.6.12) 


a? — x? 


Based on (6.6.12) from (6.6.9), we determine the displacement u3. Substituting 
the found expression for u3 in (6.6.2), we determine the magnetoelastic stresses S23 
in the medium. In particular, for $55 at x2 = 0, we obtain the expressions 


S53 (x, 0) So for |x| < 1 
BE =. pe : (6.6.13) 
u So — [x — 2 BAY? | oes for [x] > 1 
where 
2u, — 1 Bn Bo zr S ee 
(22 CORO i poete By hy” = 
Mir — Lo u a 


Based on formulas (6.6.13), numerical calculations were made, the results of 
which are given in Tables 6.1 and 6.2. Table 6.1 gives the values 10? 553 /j1 at various 
points x; > a at Bor = Bos = 1. 

Table 6.1 is for the following ferromagnetic materials: 


e Alfer alloy (v = 0.3; u = 6.3-10!°N/m?; u, = 30), 
e F-107 ferrite (v = 0.3; u = 6.8- 10!°N/m?: Hr = 110) and 
e Technical iron (v = 0.28; w= 1.1- 10! N/m?; Ur = 2.5- 10°). 


3 

Table 6.1 Values 10 525/4.— 1935,,74 | Alfer alloy |F-107 ferrite — | Technical iron 
at various points x; >a at Bg? § ———2——} 
-Bo = 1 12 0.2208 0.2061 0.1260 

13 0.2019 0.1889 0.1154 

14 0.1913 0.1792 0.1095 

16 0.1798 0.1688 0.1030 

17 0.1763 0.1657 0.1011 

18 0.1737 0.1633 0.9968 


Table 6.2 Dependence 5 

105554/1. on the intensity of 10 $5/u 

the external magnetic fieldin — 12 0.5103 2.038 8.103 

the case of technical iron at 13 0.4660 1.862 7.414 

Boz= Boe Bo 1.4 0.4413 1.763 7.029 
1.6 0.4145 1.657 6.611 
1.7 0.4064 1.625 6.485 
1.8 0.4003 1.601 6.389 
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The dependence 10? $55/14 on the intensity of the external magnetic field in the 
case of technical iron at Bo? = Bo3 = Bo is given in Table 6.2. 

Formulas (6.6.13) and the above calculations show that: (a) the problem of a 
longitudinal shear crack arises due to the fact that Boz - Bos 4 O and (b) there is such 
a value of the Box for Bo; 


Boo _ 2u; 1 
HoH X wr(X-—2)0—v) +20 —v)x -1 


that at Bo? = Box, the shear stress intensity factor vanishes, (c) with an increase in 
the intensity of the external magnetic field, the stress $23 increases monotonically 
and (d) the magnitude of the stresses $23 on the crack faces B? (Mou) | « lcan be 
replaced with accuracy by the expression 


(e) 2 
Bo B, B 
202203 = 0 sin 20 
Ho 2o 


S23 = Sow © 


from which it can be seen that the influence of the magnetic field is strongest near 
g=r/4. 
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Chapter 7 A) 
The Effect of Longitudinal Oscillations get 
Resonance on Stability and Domains 

of Attraction in the Generalized Kapitsa 
Problem 


Alexander K. Belyaev, Oksana R. Polyakova, and Tatyana P. Tovstik 


Abstract We study the effect of stabilization of a pendulum with internal degree 
of freedom in the upper inverted equilibrium position subject to vertical vibration 
of the support. A small amplitude parameter of support vibration is introduced. The 
method of two-scale expansions is used to obtain the averaged motion equation 
of the pendulum. Stability conditions for the upper equilibrium position are found 
depending on the parameters of the elastic element of the pendulum. Critical values 
of the pendulum deflection angle are obtained, which control the boundary of the 
stable oscillation zone. 


Keywords Kapitsa's pendulum - Stability * Attraction basin * Two-scale 
asymptotic expansion * Solid body with internal degree of freedom * Resonance 


7.1 Introduction 


Stabilization effect of the upper vertical position of a pendulum with vibrating support 
is studied. Stephenson [1] first described this effect. Later, Kapitsa [2] gave theoret- 
ical and experimental evidences for this effect. Chelomei [3] considered a similar 
problem, with a weight sliding along a rod. For recent studies on this problem and 
various generalizations thereof, see [4—7]. It is also worth mentioning the paper [8] 
describing experiments with a working model of a three-link pendulum [8]. The 
Kapitsa effect occurs with sufficiently strong vibrations of the support. Another 
condition for stabilization of the pendulum in the classical Kapitsa problem is the 
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small oscillation amplitude requirement of the support with respect to the length of 
the pendulum itself. 

The present paper is concerned with the study of the behavior of a compressible 
Kapitsa pendulum as a function of the natural frequency of longitudinal vibrations 
of the elastic element of the pendulum. Stability analysis of the upper equilibrium 
position is carried out, and the domain of attraction of the stable solution is found. An 
averaged equation describing the pendulum motion is established, and its solution is 
studied. The error of the averaged solution of the nonlinear problem is estimated. A 
stability condition for the upper vertical position of a pendulum is obtained with due 
account of its compressibility. 


7.2 Model of a Compressed Pendulum. Complete 
Nonlinear System of Equations 


Let us consider the generalized Kapitsa pendulum implemented as follows (Fig. 7.1). 
A body of point mass m is attached via a weightless spring of rigidness c to the 
pendulum hinged support vibrating in the vertical direction. Both the rod and the point 
mass of the pendulum are located in a tube that prevents the spring from bending. 
The tube mass is m, = km, where the coefficient x assumes arbitrary values in the 
interval «x € (0, oo). The mass is distributed uniformly over the length / of the tube, 
and the tube thickness is neglected. The pendulum is subjected to a gravitational 
force. Let lo be the spring length in the unstressed state, and let / be its length in the 
upper equilibrium position, / = lọ — mg/c. The string length / will be considered 
as a reference value, and the actual length of the string will be denoted by / + s(t), 
where s(t) < I. The deformation 6 of the string is ô = l + s(t) — lo = s(t) — mg/c. 


(a) (b) 


(d) 


OW X 
O 


asin(ot*p) | 


Fig. 7.1 Model of a compressible Kapitsa pendulum. a Equilibrium position of a compressed 
spring. b Kapitsa pendulum. c Forces acting on the weight. d Forces acting on the tube 


7 The Effect of Longitudinal Oscillations Resonance on Stability ... 95 


Note that the real length of the tube exceeds /, but we will neglect the mass of the 
small part of the tube above the level /. 

Assume that the pendulum support vibrates in the vertical direction according to 
the law yo(t) = asin(wt + 8) with constant values of the amplitude, frequency, and 
the initial phase a, c, p, respectively. 

Let us write down the motion equations separately for the weight and the tube, 
as subject to the external forces shown in Fig. 7.1. Here, X, Y are the forces acting 
on the tube from the hinge side, N is the interaction force between the weight and 
the tube (this force is orthogonal to the pendulum axis), and F — —có is the force 
acting along the deformed weightless spring. As the unknown variables, we take 
S(t), which is the small (relative to /) defection of the weight along the pendulum 
axis, and g(t), which is the angle of rotation of the pendulum from the upper vertical 
position, in the counter-clockwise sense—and this quantity is not small in general. 
So, we have 


2 
mig + s()sing(t)) = F(t)sing(t) — N(t)cosq(t), F(t) = —cs(t) + mg, 
2 
maga sin(wt + B) + (I + s(t)) cos g(t)) = F(t) cos g(t) + N (t) sin g(t) — mg, 
2 
m| SG sin «o) = X(t) — F(t)sing(t) + N(t) cos g(t), 
ey. I | 
m| ax (s sin(@t + B) + z 008 «o) = Y(t) — F(t) cos g(t) — N(r)sing(t) — mig, 


mil 00) _ (! o y Leoained) - Lx( cet) 
"man (G s ) 3 sing ^2 cos g(t). 


Transforming the first two equations, we get 


ï+ s — (Ld? — ao? sin(wt + B) cosy — g(1 — cosg) = 0, 
m 


N (7.1) 
(L 4- 5) + 289 + ao? sin(wt + B) sing + — — gsing = 0, 
m 
and excluding X, Y from the three equations in curly brackets, we obtain 
2. 2. f 5 2s\ N 
qr taw sin(ot + f) sing = gsing+ (24 ar (7.2) 
m, 
Let us change to the dimensionless variables in length and time 
ics S fuu (7.3) 
= é=-, = al, i 
d i 


(the tilde will be dropped in what follows). The quantity £ will be considered as the 
small parameter of the problem. We set 
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v = ——, &gq--- (7.4) 


where v is the ratio of the natural vibration frequency of the spring loaded weight 
to the given oscillation frequency of the pendulum support, and &?q is the squared 
ratio of the frequency of free vibrations of the mathematical pendulum of length / in 
a gravity field to the given oscillation frequency of the support. On the boundary of 
the stability region in the classical Kapitsa problem [5], the quantity &?g = g/lw* 
is of second order of smallness with respect to the small quantity £ = a/l. In this 
problem, the destabilizing term, which is consequent on the gravity force, has the 
above order of smallness, as in the classical setting. Note that by making x — oo 
we transform the problem into the classical problem on oscillation of an inextensible 
rod on a vibrating support. 
In the dimensionless form, in view of (7.2) system (7.1) assumes the form 


$-py?s— (14 H? esin(t + B) cos o 4 eq cos Q) = 0, 


(1 iced K )e L 28@ 4 (1 l is ) in(t + B) si 2 (1 ] ud ) i 0 
Fs4 303) Q--25Q +E 3305 sin(t + B)sing — eq 300 sing = 0. 
(7.5) 


Let us specify the initial conditions. Assume that initially, at t = 0, the pendulum 
was deflected by an angle o without the initial angular velocity and the spring was 
in equilibrium: 


2 
€(0) — 9o, $(0)—0, s(0) = s = a — cos øo), s(0)=0, (7.6) 


Moreover, the initial phase of oscillations of the support is equal to some £. 

Assuming that oscillation decay insignificantly, one can pose the problem on 
the convergence of the solution g(t) to zero and find sufficient conditions for this 
convergence. 


7.3 Averaged Motion Equation of the Pendulum 


We will assume that s is a small quantity of order £. Introducing the slow time 0 = et, 
we will solve system (7.5) by the method of two-scale expansions [9]. The solution 
will be obtained as series with respect to the small parameter: 


oo oo 
g(t, 0,6) = Y Um) + Vnt, 0)) 8", S(t, 0, 8) = Y in @) + S(t, OE", 
m=0 m=1 
2k zm 2k x 
0 — et, J Vm (t, 0)dt = 0, / Sm(t, 0)dt =0, m=1,2,..., (7.7) 


0 0 
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where the integer quantity k is fixed so that, with a sufficient degree of accuracy, an 
integer number of oscillations with frequency v would occur over the time period 
2kz . We will assume that the frequency v is not equal to the frequency of support 
oscillations, i.e., v Æ 1. 

Taking into account the equalities 


dp 0e 3e Wy 9 , Je , yg 
= » = 2 5 

d ax ^5 a a? moo 38 

ds Os Os d?s u 0?s 9?s 5 0°s 


- E 78 
di^ 3 ^w aa ^ us se PB 


Substituting series (7.7) into the system of Eq. (7.5), we equate the terms involving 


£9, e!, £?, Our aim is to find the averaged value of the angle in the zero approximation 


Uo(@). For the terms multiplying ¢°, ¢!, we get 
Vo(t,0) =0, Vit, 0) = sin(t + B) sin Ug(0), (7.9) 


and hence, in view of (7.7), (7.8) 


p(t, 9, £), G(t, 0, £) = Oe), (7.10) 
9?51(,0) 5 . 
ri(0) — 0, = + v?s, (t, 0) = sin(t + B) cos Uo (0). (7.11) 


The initial conditions for Eq. (7.11) are obtained from (7.6) in view of (7.7): 
sı(t,0)=0, s\(t,0)=0, t=0. (7.12) 
Solving Eq. (7.11) with initial conditions (7.12), we obtain 


cos Uo (0) 
v -1 


—cosp . : : 
51(t,0) = ( y sin vt — sin f cos vt + sin (t + »). (7.13) 


s(t, 0, £) = es + O(&) 
cos Uo (0) 


—cosp . $ 
cum jin vt sin B cos vt + sin(t + B) | + O(e^) (7.14) 


We simplify the second equation in (7.5) in the second approximation by getting 
rid of the trigonometric functions in the denominator and using the expansion 
Tin —1l-—es- O(e?). Substituting (7.9) and (7.14) into the second equation in 
(7.5), and averaging with the help of (7.7), (7.8), we get the following equation with 


respect to the unknown function of the averaged deflection angle of the pendulum: 
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a, U4 (0) + bi sin Ug(0) cos Uo(0) — cıq sin Uo(0) = 0, 


Ld. pal v? 3€ ts 
Woran TL ee ee Pe 


ape E (7.15) 


We augment this equation with the initial conditions obtained from the given 
initial conditions for the function g: 


d aV, 
Q9 = Uo + O(e), x = «(ui ^), 


90) =, $(0)—0, =  Uo(0)— go, Uj(O) = — cos P sin go. 


(7.16) 


7.4 Stability Conditions for the Upper Equilibrium Position 


Problems (7.15)-(7.16) give the zero approximation Uo to the complete nonlinear 
system of Eqs. (7.5), (7.6) and can be studied analytically. For small deflection angles 
Uo, the linearized Eq. (7.15) has the form 

a1Uq (0) + (b — c1q)Ug(0) = 0, (7.17) 


which gives conditions for stability of oscillations near Up = 0: 


1 vw 3k? + 8k ( 


K 
E 1 0. 7.18 
2v2—-1 8c424 2 )a> (7.18) 


bi — ciq 2 


Making x — oo and neglecting the compressibility of the pendulum, condition 
(7.18) assumes the form known for the classical Kapitsa pendulum (see [7]): 


lg 
<= 


3 
p id. (7.19) 


q = 
Let us return back to Eq. (7.15). A necessary condition for stability of oscillation 
of Uo(@) near Up = 0 is the positivity of the coefficient bı. 
The dashed region in Fig. 7.2 corresponds to the region of possible values of the 
c1 


parameters v = 4/7 z, K = ^1 that give b > 0. For these values of the parameters, 


m o? 


the solution on the phase plane will have a stable rest point (Uo. US) = (0, 0). 


7.5 Oscillation Stability Zone 


The separatrix equation for the solution of problem (7.15)-(7.16) on the phase plane 
has the form 
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K* 
sf 


N 


0.2 0.4 0.6 0.8 1.0 1.1 1.2 


Fig. 7.2 Possible values of the parameters v, «x 


(a) v=/0.0 * 4 sin U, (b) roo 


Stable 


Fig. 7.3 Phase plane (Uo, Ub) fork = 1,q = 0.1 a Uj and U$ on the phase plane. b Separatrices 
for v = 0.1,..., 10.0 


1 
(UL)? = ——(r cos Up — eig. (1.20) 
a,b, 


The separatrix in the phase plane is shown in Fig. 7.3. The initial conditions 
Uo(0), as from the range 0 < Up(0) < Uj, give a stable solution for all values £ 
of the initial phase of oscillations of the support. The initial values from the range 
Uy < U«(0) < p give a stable solution for some values 6 of the initial phase. 
From Eq. (7.20), we get 


Ur = wes (54). (7.21) 


1 


7.6 Conclusion 


A numerical solution of problem (7.5)-(7.6), of the second approximation of problem 
(7.5)-(7.6) for small £, and of the averaged problem (7.15)-(7.16) was given. Critical 
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values for the initial conditions qox and Uo for various parameters of the problem 
and the initial phase of oscillation of the support 6 were compared. The averaged 
method gives a certain error caused mainly by discarding the terms above the second 
order of smallness. 

In view of the above results, the conclusion can be made that the effect of 
compressibility of the rod (per the above model) can either reduce or extend the 
pendulum stability region. For small eigenfrequencies of a compressible rod, the 
Kapitsa effect can hardly be achieved near resonance in the subresonance region, 
and, vice versa, this effect takes place for much broader values of parameters in the 
superresonance region. 
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Chapter 8 A) 
Band Gaps of Metastructure get 
with Periodically Attached Piezoelectric 

Patches and Internal Hinges 


Karen Ghazaryan, Samvel Jilavyan, Davit Piliposyan, and David Aznaurov 


Abstract In this paper, we investigate the problem of band gaps for flexural waves 
in a beam with periodically attached piezoelectric patches and internal hinges for 
the purpose of vibration energy harvesting. Based on Euler-Bernoulli beam theory, 
general solutions of the finite length periodic beam for two topological systems 
(beam with patches, beam with patches and internal hinges) are obtained using the 
transfer matrix method. By applying the Floquet theory, the explicit expressions 
are derived defining the band gap structure. The corresponding band gap dispersion 
curves are plotted. The innovation of this paper is the results concerning widening 
of the resonant bandwidth of a piezoelectric harvester based on phononic band gaps 
generated by internal hinges, not by patches. 


Keywords Piezoelectric - Energy harvesting * Band gaps * Resonance frequency 


8.1 Introduction 


New developments in wireless and microelectro-mechanical systems have increased 
the demand for portable electronics and wireless sensors, making power supply of 
these portable devices a crucial issue. Nowadays, the most appropriate solution to 
extend the life of various devices is to harvest the ambient energy and generate 
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electrical energy, which is called energy harvesting [1-3]. Piezoelectric vibration 
energy harvesting can harvest electrical energy from mechanical vibrations based on 
the direct piezoelectric effect. Elastic beams and plates are widely used in the most 
piezoelectric vibration energy harvesting devices [4—13]. 

Recently, artificial materials and structures called mechanical metamaterials have 
become the centerpiece of many research studies and engineering applications. Due 
to structural periodicity, these materials exhibit exotic physical properties includ- 
ing negative refraction, frequency stop-bands, cloaking and energy harvesting, all 
unachievable in naturally occurring materials. Waves in metamaterials can only prop- 
agate within specific frequency bands and are completely blocked within forbidden 
band gaps [14—17]. 

The use of metamaterial structures for generating electric power via energy har- 
vesting has been widely investigated recently [18—24]. In phonon metamaterial struc- 
tures, external stimulations will cause mechanical vibrations that will propagate 
through the beam. Due to the presence of local resonators, there will be oscillations 
in certain frequency bands which cannot propagate through periodic cells, creating 
band gaps. Energy of these vibrations willlocalize in the form of an oscillatory motion 
of the internal structural elements, and the piezoelectric effect can be exploited to 
convert the localized vibration energy into electrical energy [18, 20]. 

The review of the most recent developments in piezoelectric energy harvesting 
methods for converting localized mechanical wave energy into electrical energy using 
artificially designed mechanical structures are given in Lee et al. [25]. 


8.2 Band Gaps of a Beam with Periodically Attached 
Piezoelectric Patches 


We consider a finite elastic beam of length nd with periodically attached piezoelectric 
patches atz = (n — 1/2)/d, n = 1,2,..., N, distanced d from each other and each 
patch having a mass u (Fig. 8.1) The equation of motion of Euler-Bernoulli beam 


can be cast as 4 > 
ar Ui ðU; 
° t pA 


EI —— 
0z^ ar? 


=0, (8.1) 


where Uo(z, t) is the dynamic deflection of the beam’s neutral axis at the point z, 
E is the elastic modulus, J is the area moment of inertia with respect to the axis 


' 
I 
' 
I 
' 


z=nd-d/2 
) i z(xd) 
1 1 
I ' 
[ I 
: - Patch [J 
z=(n-1)d z=nd 


Fig. 8.1 Schematic of the beam with patches, basic unit cell 
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perpendicular to the beam axis, p is the bulk density and A is the cross-sectional area 
of the beam. 

We assume that Uo(z, t) = U (z)e/^', where U(z) is the amplitude of the free 
vibration response of the beam at z and w is the beam’s vibration frequency. The 
amplitude U (z) satisfies to the following equation 


2 
E eee epp asy (8.2) 


Introducing a dimensionless coordinate x — z/d, we consider the beam's motion in 
a basic unit cell x € (n — 1, n). The solutions for the amplitude in each unit cell can 
be written as 


Us = Ca, sin(px) + C42 sinh(px) + C43 cos(px) + Cig cosh(px), (8.3) 


where p = V2, Q = ed? /(EI)-1pA, Q is the dimensionless bending frequency, 
subscripts (+) denote regions: (—) > x € ((n — 1),n — 1/2), (4) x € (n— 
1/2, n). 

Contact conditions at points where the patches of mass u are attached can be cast 
as 


8*Uo, 8*U,. 07 Ups 
EI Baa ae (8.4) 
87Up, | 89?Ug. 
02 — od gn) 
3U, 3Uo- 
= = i , Us = Us. (8.6) 


For the amplitudes U+, we have the following conditions at x = n — 1/2 


dU, d?U. 

D mr ME (8.7) 
dU, œU 
dà T dx?’ P 
dU, dU. 
C oe. 8.9 
dx dx T 82) 


Here the dimensionless parameter f = u/(p Ad) determines the ratio of the patch 
mass to the mass of a beam of length d. Since the interface contact conditions 


dU(x) 
dx 


are imposed on the beam deflection U (x), the slope 


dU dU 
d 2 and the shear force EJ Sd 
X 


ing vectors 


, the bending moment 


, it is convenient to introduce the follow- 
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2 3 T 
W..(x) = (v. (x), a er aD D a) (30) 
C4) = (Cis, Cos, Can, Cas)”. (8.11) 
Using Eq. (8.3) we can write the solutions in the following matrix form 
Wa) = PG)C«Q). (8.12) 
where 
sin(px) sinh(px) cos(px) cosh(px) 
PG) = pcos(px) pcosh(px) —psin(px) p sinh(px) 


—EIp* sin(px) EIp?sinh(px) —EIp? cos(px) EIp? cosh(px) 
—EIp? cos(px) EIp? cosh(px) —EIp?sin(px) EIp? sinh(px) 
(8.13) 
A propagator matrix method can be used to link field values of the vectors W , (n) 
and W. (n) in unit a cell. Considering values of field vectors W , (x) at points x = n 
and x — n — 1/2 the following relations can be written 


Wi) = P(n)C,, W,(n— 1/2) = P(n — 1/2)C,. (8.14) 


Eliminating vectors C, from (8.14), the following relation linking vector field values 
within (--) sub-unit can be found: 


Wim) = MW.,(n —1/2, M = P(n)P- (n — 1/2). (8.15) 
Similarly, we can find the relation linking the vector field values within a (—) 
sub-unit: . 
W_(n — 1/2) = MW. (n — 1). (8.16) 
Herein M is the following unimodular transfer matrix in an each sub-layer 


$2 $4 $3 


$1 
Elp? Elp 
M " Sou 
M- : ! Elp Elp? , (8.17) 
2 


Elg4p Elgsp & E 
Elg;p) Elgap g3p gi 


1 1 
24= 2 (+ cos > + cosh 5) , 823 = 2 e sin Z + sinh 2) : (8.18) 
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We can also write contact conditions for the amplitude at x = n — 1/2 in a matrix 
form as: 


Wi(n — 1/2) = SW_(n — 1/2), (8.19) 
where 
1 000 
^ 0 100 
S= 0 010 (8.20) 
fp 001 


Using (8.20 ), we come finally to the following relation 
W,(n) = MS$W.(n—D, W,00)20W (n—D, O= MSM. (820 


Herein Ó is a unimodal propagator matrix for the Euler—Bernulli beam, which links 
the field vectors at the ends of the n-th cell. Note that the elements of matrix Ó do 
not depend on cell number n. 

Repeating this procedure n times, the propagator unimodal matrix Ô” can be 
found, which connects the vectors at x = 0 and x = n points of the finite beam of 
length nd: 

W.,(n) = Ô” W_(0), n=1,2,...,N. (8.22) 


By applying the Bloch—Floquet periodicity condition W4 (n) = à W_(n — 1) at both 
ends of unit cell we come to following matrix eigenvalue problem [16, 17] 


(Q — ADW.(n—1) =0. (8.23) 


To determine the eigenvalues of the periodic structure, the roots of the following 
equation should be found: 


Det(Q —A/) 20 > 2 gA +r? 4+ gd? 244 — 0, (8.24) 
where / isa4 x 4 identity matrix, 
g = fp (sin(p) — sinh(p)) — 4(cos(p) + cosh(p)), (8.25) 
r = 2pf (cos(p) sinh(p) — sin(p) cosh(p)) + 8 cos(p) cosh(p) + 4. (8.26) 
Taking into account that à = exp(ikd) the dispersion equations (8.24) can be witten 
as 


r -- 2g cos(kd) + AcosQkd) = 0 (8.27) 


with solutions 


1 
cos(kd) — -g6 cts) s=/32+ g?-— 8r. (8.28) 
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A similar type of equation has been obtained and discussed in [26] for a vibrating 
piecewise bi-material periodic beam. When there are no patches (u = 0) then the 
solutions are cos(kd) — cos(p), and cos(kd) — cosh(p). 

Equations (8.27) and (8.28) determine the two Floquet spectrum of beam frequen- 
cies. Since the Euler-Bernoulli beam vibration equation is not hyperbolic, one of the 
spectrum is the Floquet pseudo spectrum [26] which corresponds to the case when 
cos(kd) — cosh(p). 

The elements of matrix Ó" expressed via elements of matrix Ó can be written by 
means of Sylvester's matrix polynomial theorem [27]: 


4 4 ^ ^ 
n A;l—O 
g= a” A OE jy 8.29 
9 2 ve I] Àm = Àj ( ) 
m=1 mzj 
where 
ham - (gest VG +s) — 64) laa m - (e-s V — 59 — 64) 
i 8 rs 8 


(8.30) 
are the solutions of dispersion equation (8.24). 


8.3 Band Gaps of a Beam with Periodically Attached 
Piezoelectric Patches and Internal Hinges 


We now consider a finite elastic beam of length nd with periodically attached piezo- 
electric patches of masses u and internal hinges. The distances between patches and 
hinges are d . Introducing the dimensionless coordinate x = z/d, we consider the 
beam motion inaunitcellx € (n — 1, n). Patches are attached at points x = n — 1/2, 
internal hinges are located at points x = n and x = n — 1 (Fig. 8.2). 

At points where the hinges are attached the following conditions are valid 


d?U. dU dU? dU? 
t+ =0, =0, —t=—=, U, =U. (8.31) 
dx? dx? dx? dx? 
i z=nd-d/2 i 
^ z(xd) 
i Hinge O 
T— a Patch O 


Fig. 8.2 Schematic of the beam with patches and internal hinges, basic unit cell 
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The piezoelectric patches are periodically attached at points x = n — 1/2. Solutions 
satisfying the first and second conditions of (8.31) can be written as 


U4 (x) = Cy sin(p(x — n)) + C2 sinh(p(x — n)) + Co (cos(p(x — n)) + cosh(p(x — n))), 
(8.32) 


U_(x) = Aj sin(p(x — n + 1)) + Ao sinh(p(x — n + 1))+ 
Ao (cos(p(x — n + 1)) + cosh(p(x — n + 1))), (8.33) 


Using the contact conditions (8.7)-(9) at points x = n — 1/2, we find the following 
relations for the constants C1, C», A; and A» expressed via two constants Co and Ao: 


0C, = CQ ese (7) (fr (cos(p) csc (2) sinh (5) — 1) 


+ esc (2) cosh (2) (4cos(p) — fp sin(p))) (8.34) 


- inc (Py (i in) +a (2)) +4008 (8) 
a= — Agesch (7 ) (fp esc (2) T csch (7 ) (fp 4 cot (5))) Cocsch (5) x 
(Frese ( 2 4 2fp cot (2) cosh (2) + cosh(p)esch (5) (4cot (£ )- fe)) 
oa = cae (D) (iin) m (2) «on ()- 
-aro(8) (rostri (E) (£) Jte son) 


(4cos(p) — fpsin(p))). (8.36) 


0 A5 = Aocsch (2) x 


(fp ese ( z) +2fpcot (2) cosh (2) + cosh(p)esch (2) (4cot (5 )- fp))+ 
Cocsch (2) (fp ese (7) r Cocsch (7) (fr 4 cot (2))) l (8.37) 


6 = 2fp cot (7) + coth (7) (Scot (2) - 275p). (8.38) 


f= 2cosh (7) (fp 4cot (7) 2fpcot (7) sinh (7). (8.39) 


Here 
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Introducing column vectors 


Ux) = | PU |, (8.40) 


we can express the values of U., (n) and U. (n — 1) via two constants Co and Ao. 
After eliminating these constants, we find the following relation 


U, (n) = FU. (n — 1). (8.41) 


Herein F is a unimodal propagator matrix for the Euler-Bernulli beam's wave field, 
which links the field vectors at the ends of the n-th cell with attached piezoelectric 
patches, where the internal hinges are placed. 

The elements of this matrix do not depend on the unit cell number and can be cast 
as 


Fi, = fp (cos(p) — cosh(p) + 4 sin (2) sinh (2) + 2sin(p) sinh(p)) 


+ 4sin(p) cosh(p) — 4cos(p) sinh(p), 
Fy = Fi, 


Fo= 2p? (fp(— sin(p) — sinh(p) + cos(p) sinh(p) + sin(p) cosh(p)) + 4sin(p) sinh(p)) , 
Fo, = fp* (sin(p) 4cos (2) sinh (2) (cos(p) + 1) sinh(p) + 4 sin (2) cosh (2) 
+ sin(p) cosh(p)) — 4p? (cos(p) cosh(p) — 1), 


A = Asin(p) — 4sinh(p) — 2fp (sin (2) + sinh (2)) 


According to Sylvester’s matrix polynomial theorem for 2 x 2 matrices, the elements 
of the n-th power of a unimodal matrix F can be written as [27] 


pn Mii Mio 
F" = ; 8.42 
DS uc an 


and can be simplified using the following matrix identity 
Mii = FuSi-i(0) — Sn-2(), Mio = Fi2Sn-1(n), 


M» = Fa Sn-1(0), M» = F8, — Sn-2 (0), 
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where S, (1) are the Chebyshev polynomials of second kind, namely 


_ Sin((n + 1)9) _ u Fu 
S, (n) = ^ sin) ^' cos($) =n, N= A (8.43) 


Matrix Ê” connects the vectors at points x = 0 and x = n of the finite beam of length 
nd: 
U (n) = F"Ug(n), n =1,2,...,N. (8.44) 


By applying the Bloch—Floquet periodicity condition at both ends of a unit cell 
U (n) = AU. (n — 1), 
the problem reduces to the following eigenvalue problem 


(Ê - af) PSS E eS 


where / is a2 x 2 identity matrix. Taking into account that à = exp(ikd), the equa- 
tion defining the gaps of the beam with external hinges and patches can be found 
as 


F 
cos(kd) = A (8.45) 


8.4 Analysis and Conclusions 


Note that relations (8.23) and (8.41) that have been obtained for a metastructure of a 
finite length can be used for as solutions of problems of free and forced vibration of 
metastructures. The dispersion curves defining band gaps are presented in Figs. 8.3, 
8.4 and 8.5. The dashed curves correspond to a beam with patches and solid curves 
correspond to a beam with internal hinges and patches. The dispersion curves are 
given in the first Brillouin zone 0 < kd < x, for different values of dimensionless 
parameter f = u/(p AD), Q is the dimensionless bending frequency of the metas- 
tructure. 

The dispersion curves are plotted in accordance with the analytical expression 
(8.28) for the beam with patches (BP) and (8.45) for the beam with patches and 
hinges (BPH). Vibrational energy is localized and converted into kinetic energy 
by piezoelectric patches within the frequency band gaps. The maximum bending 
deformations occur within the first band gap; therefore, most of the energy harvesting 
will occur within the first band gap of the metamaterial structure [18, 19]. 
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Fig. 8.4 Band structures of a beam with hinges and patches for different values of f 
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Fig. 8.5 First low-frequency band gap of a beam with hinges and patches for different values of f 


The analysis of the band gaps structures can be summarized as follows: 


1. Increasing of parameter f increase the gap bandwidth and shift the center fre- 
quency of the vibration band gaps to low-frequency regions 

2. Increasing of parameter f slightly changes the gap bandwidth of (BPH) and 

significantly changes the gap bandwidth of (BP). 

The band bandwidth of the BPH is wider than the band bandwidth of the BP. 

All gaps of the BP are located within the gaps of the BPH. 

5. Widening of the resonant bandwidths of a piezoelectric harvester with phononic 
band gaps generated by internal hinges is more significant than widening of the 
resonant bandwidths due to increase of the patch parameter f. 


T5 9 


We can conclude finally that the novelty of this paper is the results concerning the 
widening of the resonant bandwidths of a piezoelectric harvester based on phononic 
band gaps generated by the internal hinges, not by the patches. The impact of the 
patches on the gap formation is insignificantin this metastructure with internal hinges. 
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Chapter 9 A) 
Periodic Contact Problem for a Two-level | as 
System of Punches and a Viscoelastic 
Half-space 


Irina G. Goryacheva and Anastasiya A. Yakovenko 


Abstract The paper presents a solution of the contact problem for a periodic two- 
level system of axisymmetric punches and a viscoelastic half-space. The case of a 
constant nominal pressure applied to the punch system is considered. The variation 
of the real contact area in time and the conditions that provide the contact of the 
punches of both levels with the half-space are investigated. The influence of the 
geometric parameters of the punch system and the mechanical properties of the 
viscoelastic half-space on the contact characteristics are analyzed. Numerical results 
are presented for the system of punches located in the nodes of a square lattice and 
penetrated into a viscoelastic half-space modeled by a standard linear solid. It is 
shown that the real contact area may increase greatly if the second level punches 
come into contact with the half-space at some instant of time. 


Keywords Periodic contact * Linear viscoelasticity + Multi-level system of 
punches * Time dependent contact characteristics 


9.1 Introduction 


Discrete contact problems are of great theoretical and practical importance. These 
problems mainly arise in study of the contact of bodies taking into account their 
surface microrelief, which is formed by a surface roughness. Solutions of these 
problems differ considerably from the classical solutions of the contact problems for 
absolutely smooth bodies. The most significant difference is that the real contact area 
consists of the system of contact spots may be several times smaller than the nominal 
one. This fact is essential in analysis of many important operational properties of 
tribounits. 
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The characteristics of the contact interaction are determined not only by the geom- 
etry of the contact surfaces of the bodies, but also by their mechanical properties. 
Many materials are characterized by viscoelastic properties, that is, their stress-strain 
state is time-dependent. For example, soft polymers belong to this type of materials. 
Polymers are widely used in many industries such as automotive, aerospace, con- 
struction, textile, medicine and others [1]. They are applied to produce food wraps, 
containers, adhesives, electric- and thermal insulation, lenses, windows, clothing, 
etc. Hence, the problems of discrete contact of viscoelastic bodies are of great rel- 
evance. An extensive study of the stress state of viscoelastic bodies is presented in 
the book of Arutunyan [2]. 

The roughness of surfaces has often a statistical nature; however, it can also be 
regular, for example, in the case when it is produced by artificial methods. Currently, 
numerical methods are widely used to solve the problems of contact of rough surfaces. 
Such approach makes it possible to consider any contact geometry of bodies and 
their mechanical properties. For example, numerical calculations were used in [3] 
to analyze the viscoelastic contact of tires with the road. In this study, the authors 
proposed to consider the contact at the macrolevel with limited number of asperities. 
The conjugate gradient method was used in [4] to solve the problem of the contact of 
a rigid smooth spherical indenter with a viscoelastic rough half-space. The problem 
of the rough viscoelastic contact is also numerically solved in [5] using both spatial 
and time discretization. 

Despite a huge variety of problems that can be solved by numerical methods, 
analytical approaches to solving the discrete contact problems also do not lose their 
relevance. There are a number of analytical methods of solving the contact problems 
for viscoelastic bodies with regular and irregular microrelief. In the case of irregular 
roughness, the contact model is in general based on the Greenwood-Williamson 
approach [6], which respects the height distribution of asperities. The first attempt 
to extend the application of this model to the viscoelastic case has been performed 
in [7]. To take into account the viscoelasticity of bodies, the authors simply replaced 
the Young's modulus with the time-dependent relaxation function. However, this 
procedure is incorrect, as was shown in [8], where the accurate solution was derived. 
The solution obtained in [8] allows us to take into account the fact that asperities of 
different heights come into contact at various times. In addition to the Greenwood- 
Williamson statistical model, fractal geometry is also used to describe the contact of 
rough surfaces in the viscoelastic case (see, for example, [9]). Another approach to 
solving the contact problems for rough bodies based on the probabilistic method and 
the diffusion equation can be found in the Persson's works. In [10], this approach 
was used to solve the contact problem in the viscoelastic case for fixed nominal 
pressure. Later, the Persson's theory was extended to the viscoelastic contact under 
an arbitrarily time-varying applied load [11]. Despite the fact that the Persson's theory 
for the rough contact gives quite simple results, its justification is not strict enough 
that is noted, for example, in [12]. 

Analytical methods have also been developed to study the contact of bodies 
with periodic roughness. In [13], the localization method was suggested to solve 
the contact problems for a periodic system of axisymmetric punches and an elastic 
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half-space. This method allows us to consider both single-level periodic systems of 
punches and systems of punches with different heights. Application of the localiza- 
tion method to solve the periodic problem with a viscoelastic half-space is carried out 
in [14], where the analytical solution for a single-level system of spherical punches 
which is in contact with the viscoelastic base was reduced. However, the surface 
roughness is often uneven in height, which is essential for studying the contact of 
bodies with rheological properties. In this study, using the localization principle, the 
contact of a two-level periodic system of axisymmetric punches with a viscoelastic 
half-space is analyzed. 

The article is structured as follows. In Sect. 9.2, the formulation of the contact 
problem for the two-level periodic system of punches indenting into the viscoelastic 
half-space is presented. In Sect. 9.3, the one-level contact of the system of punches 
with the half-space is studied and the conditions of the second level punches coming 
into contact are analyzed. In Sect. 9.4, the two-level contact is investigated and the 
dependence of the real contact area on time is analyzed. Section9.5 provides some 
main conclusions. 


9.) Statement of the Contact Problem 


The indentation of a two-level periodic system of axisymmetric punches into a vis- 
coelastic half-space is considered. The difference in the heights of the punches of 
the two levels is given and equal to Ah. The shape of the contact surface of the 
punches is described by the function f(r) = ÜCrIRCT. where s = 1,2,..., R is 
the characteristic punch size, C is the dimensionless constant. The axes of symmetry 
of the punches are perpendicular to the boundary of the half-space. We connect the 
coordinate system with some fixed punch of the ith level (i = 1, 2,...) in sucha way 
as to the axis Oz coincides with the axis of rotation of the fixed punch, and the plane 
Or0 coincides with the undeformed surface of the half-space. We also assume that 
the each contact spot of the ith level is bounded by a circle of radius a; (t) (Fig. 9.1) 
that is valid for not very tight contact. 

The boundary conditions of the problem are of a mixed type, since normal dis- 
placements of the half-space boundary are known at all contact spots, and outside the 
contact area, we have the condition of zero normal stresses. It is also assumed that the 
shear stresses are zero on the entire boundary of the half-space. In addition, as initial 
conditions, we suppose that before the interaction process begins, the viscoelastic 
half-space is not stressed and is at rest. 

For certainty, we consider a system of punches located at each level in nodes of 
a square lattice, that is, at vertices of squares of one size / x l (Fig.9.1). The punch 
system is loaded with a nominal pressure p(t) — poH (t) acting within one period. 
Here po is a given constant and H(t) is the Heaviside function. We assume that 
the material of the half-space is homogeneous, isotropic, linearly viscoelastic, and 
has the constant Poisson's ratio v. In this case, one relaxation function is sufficient 
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to describe mechanical behavior of the material [15]. For example, we can use the 
relaxation function E (t) corresponding to uniaxial tension/compression or the creep 
function J (t) related to it. 


9.3 Contact Problem Solution for the First Level Punches 


If the value of the nominal pressure p(t) is not sufficient to immediately provide the 
two- level contact, only the first level punches come into contact with the half-space 
at the beginning of the contact interaction. In this part, the contact problem analysis 
for the one-level system of punches is presented and the condition when the second 
level of punches comes into contact is derived. 


9.3.1 Derivation of the Main Equations for Calculation 
of the First Level Contact Characteristics 


The solution of the problem of the indentation of a one-level punch system into a 
viscoelastic half-space is obtained in [16]. This solution is constructed using the 
extended correspondence principle [17] and the localization method [13]. In [14, 
16], the one-level periodic contact problem is solved in the simplest case, when 
the real pressure distribution is taken into account only under the fixed punch, and 
the action of all the others is replaced by the nominal pressure. In this research, in 
order to improve the calculation accuracy, one more series of punches is added to 
consideration, and their action is replaced by the load of intensity 4 Pi (t) distributed 
over a circle of radius /. In this case, the solution of the single-level problem takes 
the following form 
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where I(x) is the gamma function, pi (r, t) is the contact pressure under the first 
level punch, P; (t) is the load applied to a single first level punch, and A, is the radius 
of the circle outside of which the nominal pressure is distributed, which replaces the 
action of all punches except the fixed one and four nearby punches. The functions 
Pæ (r, t) and Pon) (r, t) in Eq. (9.1) are determined by the parity of the exponent s of 
the function f(r) and have the following form 


(2k + DIN? 
Pi »-( (2k)! ) r% 


[aw i — 2)! aH)” 
pm Gaba (75) Daca r ) i 


(2m)!! ? 2m-1 Qi — 3)! r \20n-i) 
ae (as) ur AEN (4) » Qi — 2)! (=) ' 


where k are m are integers. The function with index k corresponds to the odd exponent 
s,thatis, s = 2k + 1, and the function with index m corresponds to an even exponent 
s, that is, s = 2m. According to the localization principle, the radius A, of the circle 
is determined by the average number N of contact spots per unit area and the number 
M; of punches located inside this circle, namely 


M 
nA) = =. (9.3) 
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During the single-level contact p(t) = NP, (t), so Eqs. (9.1) and (9.2) can be 
written in terms of the nominal pressure. Provided the constant value of the applied 
nominal pressure, we obtain 
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Equations (9.4) and (9.5) are used to calculate the pressure distribution at the initial 
stage of indentation process when only the first level punches come into contact. 


9.3.2 Determination of the Instant of Time When the Second 
Level of Punches Comes into Contact 
with the Half-space 


Let us find the time instant £, when the second level punches come into the contact 
with the viscoelastic half-space. For this purpose, first it needs to investigate the vari- 
ation in time of the vertical displacement of the point M of the half-space boundary 
(Fig. 9.1). The point M is located at the center of the square and the vertices of which 
are centers of the contact spots of the first level punches. For simplicity, the action 
of these four punches is replaced by the load of intensity 4P; (t) distributed along 
the circumference of radius l} = | / A2, and the action of other first level punches is 
replaced by the nominal pressure distributed outside the circle of radius A. Based on 
(9.3), the radius A is determined from the condition 7 A? = 4 7 NM. 

The vertical displacement u; (r, t) of the viscoelastic half-space (characterized by 
the constant Poisson ratio) due to the action of the axisymmetric normal pressure 
p(r, t) applied over a circular area of radius a(t) is determined by the following 
expression [18] 
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where K(x) is the complete elliptic integral of the first kind. It is convenient to put 
the origin at the point M (Fig.9.1). Based on the proposed replacement of the action 
of punches with the circumferentially distributed load 2 P; (t)d(r — l2) / (ar) (d(x) 
is the Dirac delta function) and the nominal pressure p(t), we obtain from Eq. (9.6) 
the following expression for the half-space boundary displacement for r < lz 
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where E(x) is the complete elliptic integral of the second kind and Da is the dis- 
placement of the half-space boundary loaded everywhere with the nominal pressure. 
Hence, the displacement of the point M, i.e., r = 0, provided the constant nominal 
pressure po applied to the system, as follows from (9.7) and the equilibrium condition 
z Aj p(t) = 5Pi(t), is 
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The vertical displacement of any fixed first level punch is determined by the 
magnitude of the indentation depth D(t) of the periodic system of the first level 
punches under the given load p(t). By analogy with [14], we find the function of the 
additional displacement d(t), which is 


d(t) = D(t) - D, = sT? (5) Cay) 


22-sT(s) Ro! 
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For further investigation, we introduce a function A(t) equal to the difference 
between the displacements of the points O and M (Fig. 9.1). Based on Eqs. (9.8) and 
(9.9), this function is calculated by the following expression 
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Together with Eq. (9.5), which determines the dependence of the radius of a single 
contact spot on time, Eq. (9.10) allows us to calculate the value of the function A(t) 
at each time. The time instant t, when the value of the function A (f) becomes equal 
Ah, i.e., Ah = h(t), determines the moment when the second level punches come 
into contact with the half-space. It also follows that if A(0) > A, then the two-level 
contact occurs immediately from the beginning of the interaction process. 


h(t) = D(t) — u;(0, t) = 


(9.10) 


9.3.3 Analysis of the Indentation of the First Level Punches 
into the Half-space 


Let us first analyze the dependence h(a). Based on Eqs. (9.5) and (9.10), we get 
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Figure 9.2 illustrates the function h(a,) and its derivative for three values of the 
exponent s of the shape function f (r) for the quadratic lattice (in this case, the average 
number of the contact spots per unit area is defined by the expression N; = 1 / 1). As 
follows from the results of calculations, the function A(a;) is monotonically increas- 
ing (Fig. 9.2b shows that the derivative of the function A (a4) is positive everywhere). 
As shown in [14], at a constant nominal pressure, the dependence of the radius of 
the contact spot of the single first level punch with the viscoelastic half-space is 
described by a monotonically increasing function. Consequently, the difference in 
the displacements of the points O (the center of the contact area of the first level 
punch with the half-space) and M (the square center where the contact of the second 
level punch with the half-space should begin) also increases with time. 

Let us analyze the dependence of the difference in the displacements of the points 
O and M (Fig. 9.1) on time for certain types of the creep function J (f). We consider 
the viscoelastic model of the standard linear solid and the creep function of which 
has the following form [19] 
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Fig. 9.2 Dependence of the function h (a) and its derivative (b) on the radius of the single contact 
spot a, for different punch shapes (s = 1 for the red lines, s = 2 for the blue lines, s = 3 for the 
green lines), and C = 1,/=0.5R 


T; T, t 
IO = Es ( ( E) exp ( S) (9.11) 


where Ep is the instantaneous elastic modulus, T, is the relaxation time and T, is 
the creep (retardation) time. Substituting Eq. (9.11) into Eq. (9.10), we obtain an 
expression that with Eq. (9.5) allows us to determine the moment t, when the second 
level punches come into contact with the half-space. This moment is determined 
from the condition h(t,) = Ah. 

Figure9.3 illustrates the dependence h(t) for spherical punches with f(r) = 
r? / (2R) for different values of the ratio of creep and relaxation times, as well as for 
different densities of location of punches in the system (the different pitch of the 
quadratic lattice). As follows from the calculation results, the value A for a fixed 
instant of time grows with an increase in the parameter T = T, / T, (for a fixed instan- 
taneous elastic modulus Eo), that is, in the viscosity of the half-space material, and 
with an increase in the pitch / of the quadratic lattice. Therefore, these parameters, as 
well as the values of the height difference Ah and the applied nominal pressure po, 
influence the fact whether the second level punches will come into contact with the 
viscoelastic half-space. So, if Ah = 0.04R, then with the values of the parameters 
under consideration, the two-level contact does not occur at T = 2 or at] = 0.5 R. 
Note that in the graphs of Fig. 9.3, the dotted lines correspond to the elastic case with 
the long-term (equilibrium) elastic modulus Ej; = EoT, / Te. 
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Fig. 9.3 Dependencies of the difference of the displacements of the points O and M on time (a) 
for different values of T (T = 2 for the red line, T = 5 for the blue line, T = 10 for the green line) 
at | = 0.75R; and (b) for different values of the pitch / (/ = 0.5R for the red line, / = 0.75R for 
the blue line, / = R for the green line) at T = 10; po = 0.01 Eo / (1 — v?) 


9.4 Two-level Contact of the System of Punches 
and the Half-space 


If the conditions for the second level punches coming into contact are fulfilled, the 
two-level contact occurs. For the asymptotic analysis of the contact characteristics in 
the two-level contact, we use the correspondence elastic solution with instantaneous 
and long-term elastic modules of the viscoelastic material under consideration. 


9.4.1 Asymptotic Analysis of the Contact Characteristics 


A general approach to solving the problems of indentation of a multi-level periodic 
system of punches into an elastic half-space is presented in [20]. Fixing the punch of 
one of the two levels and replacing the action of the nearby four punches of another 
level, as well as four punches of the same level with loads distributed over the circles 
of radii /, and l, respectively, and all other punches of both levels with the nominal 
pressure, we obtain the following system of equations (i = 1, 2) 


z (Pi + Po), (9.12) 


mA; p = 5P; +4Pj;, (9.13) 


9 Periodic Contact Problem for a Two-level System of Punches ... 125 


2 ere ($) Ecar" " 8P; di ; (2) 
i= — arcsin | — 
(s+ DPG)(1—-w)mQm-/— x Baa b 
8P; i . i - . i 
i — arcsin (=) +2p (4 arcsin (5) — aj A; — a?) , 
T P= 2 l i 
ai 
(9.14) 
Ah = jaar ms? (5) CE (aj — a5) 4Pi 4P, 
© WE \ 2T()m-! (1 — v2) JB — a? JB -a 
4P. 4P 
z — : mp( ni -at- [a - ai) 
Je — a Je -a 
(9.15) 


Note that in Eqs. (9.13) and (9.14) i Æ j. 

Table 9.1 gives the values P;, a;, A; for spherical punches of each level (i = 1, 2) 
calculated by Eqs. (9.12)-(9.15) for the instantaneous and long-term elastic modulus 
presented in the table at py = 0.06 Ey / (1 — v2, = 0.75R, Ah = 0.05 R. It follows 
from the results that the load applied to the single punch of the first level decreases, 
and the load applied to the single punch of the second level increases with time. The 
contact spot’s radii a; for punches of both levels increase over time. Note that the 
growth of the contact radius is limited by the condition a; + a» < Jn, that is, the sum 
of the radii of the contact spots does not exceed a half of the length of the diagonal 
of the lattice square. 

The radii A; (i = 1, 2) ofthe areas (r > Aj;)in which, according to the used model, 
the nominal pressure acts are practically constant as follows from the calculation 
results presented in Table 9.1. Therefore, for the correct application of the localization 
principle for investigating the two-level contact in the viscoelastic case, we assume 
that the radii A; and A; do not change in time: A; (t) = A,(t,) and A»(t) = A»(t.), 
where t, > 0. 


Table9.1 Instantaneous and long-term values of the contact characteristics of the two-level contact 


" ai?) Al) Ta a m 
R? Eo R2 Eo R R R 
Eo 0.0335 0.0003 0.2815 0.0567 0.9454 
E% = 0.8Eo 0.0327 0.0011 0.2976 0.0926 0.9432 
oo = 0.5 Ep 0.0308 0.0029 0.3302 0.1455 0.9379 
E% = 0.4Eo 0.03 0.0038 0.3447 0.1662 0.9355 
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9.4.2 Solution of the Viscoelastic Two-level Periodic Problem 


As it was shown in Sect.9.4.1, if the condition a, + a» < l is precisely satisfied, 
the radii a; and a» increase over time. This fact makes it possible to derive the 
viscoelastic solution based on the solution of the similar elastic problem using the 
extended correspondence principle [15]. According to this principle, by replacing 
pi/ E with 


t 


f J(t — t) (ðpi/ƏT) dt 
0- 
and, consequently, p/ E and P;/ E with 


1 


E — t) (dp/dr) dx 


0- 


and 
t 


f J(t — 1) (dP; /dt) dr, 


0- 


respectively, and taking into account Eqs. (9.14)-(9.15) and the assumption that the 
radii A; and A» do not depend on time, we obtain the following system of equations 
for calculation of the contact characteristics in the two-level periodic contact problem 
for the viscoelastic half-space 
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. (alt) 
|GeDPG(-w)m! x (as win“) 
80; (t) ai (t) i (4) = ( a. (+2) 
H arcsin + 2poJ (t) | Aj arcsin — 
* (e l | Ai 
CM 20) . 016) 


Qi(t) 


Ah = 


sT^(3)C(aj0 -a30)  4(1-»?) Qi( Q(t) 
di M T (B-80 Jü-«o 


4(1—»?) Q2(t) Qi(t) di ( 
2(1—v*) poJ(t) | / A? - a2(r) 
x fa JE- ao ( ) Dod 
-y AZ — a0) ; (9.17) 
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where Q;(t) — fo- J(t — 1) (dP;/dt)drt (i = 1, 2). It is also necessary to add the 
equilibrium condition (9.12) to (9.16)-(9.17). The values of the radii A; and A» are 
taken as follows 

7 A; (ts) po = 5P; (ts) + AP; (te). (9.18) 


In particular, if t, Æ 0, that is, when the value of the nominal pressure is not suffi- 
cient for the two-level contact to occur immediately, the values A; (t) = Aj (t4) and 
A»(t) = A2(t,) are calculated from the following expressions 


- - 5 
n A2 (ty) Po = SPi (te) +4Pr(te) = 5p => Ai a 


= " 2l 
T AS (t) po = 5P»(t.) +4P\(t) = 4° py — A» = ——. 


E 


Equation (9.12) for this case takes the following form 


dp 1 
ri 1 — 9 ar = 5 (Qu + O10). (9.19) 


0- 


The resulting system of Eqs. (9.16)-(9.19) enables to determine the dependencies 
on time of the radii of the contact spots of the punches of both levels, as well as the 
functions Q;(t) and Q2(t), which are then used to calculate the dependencies on 
time of the load distribution between the punches of both levels, that is, the functions 
P (t) and P»(t). 

Figure 9.4 illustrates the dependencies a, (t) and a» (t) for two values of the nom- 
inal pressure po, one of which immediately provides the two-level contact, and the 
other provides it after some time. The results are calculated for the system of spher- 
ical punches (f(r) = r? / (2R)). As follows from the results, the radii of the contact 
spots increase in time, tending to the constant values that correspond to the elas- 
tic solutions with the long-term elastic modulus. Note that the radii of the contact 
spots of the second level punches (red lines) increase significantly compared with 
the punches of the first level. For example, for the parameters used in calculations, 
in the case when the two-level contact occurs from the beginning of the indenta- 
tion process (Fig. 9.4a), the radius a, increases about 1.2 times, while the radius a» 
increases 2.7 times to the time instant t = 5T,. Figure 9.4b illustrates the case when 
the second level punches come into contact with the half-space only some time after 
the beginning of the indentation process. 
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Fig. 9.4 Dependencies of the radii a; (i = 1, 2) of the contact spots of each level on time at 
l = 0.75R, T = 2.5, Ah = 0.05R and po = 0.06Eo / (1 — v?) (a); po = 0.025Eg/ (1— v?) (b) 


9.43 Analysis of the Dependence of the Real Contact Area 
on Time 


Let us introduce the following function that characterizes the evolution in time of 
the relative contact area for the two-level system of punches located in the nodes of 
quadratic lattice (Fig. 9.1) 


A(t) = waz (t)M + za$(0)N; = ^ (a? (t) + a3(t)) . (9.20) 


Figure 9.5 illustrates the dependencies of the relative contact area on time at dif- 
ferent values of the pitch / of the quadratic lattice and different values of the height 
difference of the spherical punches of the two levels. The results are obtained for the 
viscoelastic model of the standard linear solid with T = 2.5. The results indicate that 
a decrease in the punch height difference and the distance between them leads to an 
increase in the relative contact area. Depending on the distance between the punches 
and their height difference, the contact area forms from interaction with the half- 
space of the only first level punches or both levels. So, if po = 0.025 Eg j (1 — yt 
the transition from the single-level contact to the two-level contact occurs only for the 
square lattice with / = 0.75R as follows from the results presented in Fig. 9.5a (red 
line). In the other two cases, the two-level contact is observed from the beginning of 
the interaction process. For the higher nominal pressure po = 0.06 Eg / (1 = y^). in 
the case of the system with Ah = 0.05R, the punches of the second level are in con- 
tact with the half-space from the beginning of the interaction process, for the system 
with Ah = 0.075R the second level of punches comes into contact at t = 1.037; 
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Fig. 9.5 Dependencies of the relative contact area on time a at Ah = 0.05R and po = 
0.025 Eo / (1 — v?) (| = 0.75R for the red line, / = R for the blue line, / = 1.25R for the green 
line); b at/ = 0.75R and po = 0.06E0/ (1 — v?) (Ah = 0.05R for the red line, Ah = 0.075R for 
the blue line, Ah = 0.1R for the green line) 


(blue line), and in the case of the system with Ah = 0.1 R, the two-level contact is 
not possible (see Fig. 9.5b). 


9.5 Conclusions 


This study investigates the contact of the two-level periodic system of axisymmetric 
punches with the viscoelastic half-space under the action of the constant nominal 
pressure. Application of the localization method and the extended correspondence 
principle make it possible to analyze the dependence on time of the real contact area 
of the punch system with the half-space, and to study the conditions provided the 
contact of the punches of both levels with the half-space. 

It is shown that the contact of the second level punches with the viscoelastic 
half-space is guaranteed not only by the specific geometric parameters of the system 
(the pitch of the periodic lattice and the height difference of the punches of the two 
levels), but also by the defined values of the viscoelastic properties of the half-space 
material. In this connection, there are three possible cases: the two-level contact 
occurs immediately, the two-level contact occurs after some time, or the two-level 
contact will never occur. The latter is valid only if the material of the viscoelastic half- 
space has a non-zero long-term elastic modulus, that is, the material is characterized 
by the limited creep. 

Analysis of the real contact area evolution showed that the radii of contact spots of 
the punches of both levels increase in time at least for not tight contact. If the second 
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level punches come into contact (note that this condition is realized for the certain 
geometric characteristics of the periodic punch system and the certain viscoelastic 
properties of the half-space), the relative real contact area may grow considerably over 
time. This fact must be taken into account for analysis of the contact characteristics 
of various tribounits. 


Acknowledgements This study was funded by RFBR according to the research project No. 20- 
01-00400 (Sects. 9.1—9.3 and 9.4.2) and by RSF according to the research project No. 18-19-00574 
(Sects. 9.4.1 and 9.4.3). 


References 


1. Brinson, H.E, Brinson, L.C.: Characteristics, applications and properties of polymers. In: 
Brinson, H.F., Brinson, L.C. Polymer engineering science and viscoelasticity. An Introduction, 
pp. 57-100. Springer, Boston, MA (2015) 

2. Arutunyan, N.K.: Some Problems in the Theory of Creep. Pergamon Press, Oxford (1966) 

3. Dubois, G., Cesbron, J., Yin, H.P., Anfosso-Lédée, F.: Macro-scale approach for rough fric- 
tionless multi-indentation on a viscoelastic half-space. Wear 272(1), 69—78 (2011). https:// 
doi.org/10.1016/j.wear.2011.07.011 

4. Chen, W.W., Wang, Q.J., Huan, Z., Luo, X.: Semi-analytical viscoelastic contact modeling of 
polymer-based materials. J. Tribol. 133(4), 041404 (2011). https://doi.org/10.1115/1.4004928 

5. Spinu, S., Cerlinca, D.: Modelling of rough contact between linear viscoelastic materials. 
Model. Simul. Eng. (2017). https://doi.org/10.1155/2017/2521903 

6. Greenwood, J.A., Williamson, J.B.P.: Contact of nominally flat surfaces. Proc. R. Soc. Lond. 
A295300-319 (1966). https://doi.org/10.1098/rspa.1966.0242 

7. Creton, C., Leibler, L.: How does tack depend on time of contact and contact pressure? 
J. Polym. Sci. B 34, 545—554 (1996). https://doi.org/10.1002/(SICI)1099-0488(199602)34: 
3«545:: AID-POLB1323.0.CO;2-I 

8. Hui, C.Y., Lin, Y.Y., Baney, J.M.: The mechanics of tack: viscoelastic contact on a 
rough surface. J. Polym. Sci. B 38, 1485-1495 (2000). https://doi.org/10.1002/(SICD 1099- 
0488(20000601)38:11<1485::AID-POLB80>3.0.CO;2- 1 

9. Abuzeid, O.M., Eberhard, P.: Linear viscoelastic creep model for the contact of nominal flat 
surfaces based on fractal geometry: standard linear solid (SLS) material. J. Tribol. 129(3), 
461—466 (2007). https://doi.org/10.1115/1.2736427 

10. Persson, B.N J., Albohr, O., Creton, C., Peveri, V.: Contact area between a viscoelastic solid 
and a hard, randomly rough, substrate. J. Chem. Phys. 120(18), 8779 (2004). https://doi.org/ 
10.1063/1.1697376 

11. Papangelo, A., Ciavarella, M.: Viscoelastic normal indentation of nominally flat randomly 
rough contacts. Int. J. Mech. Sci. 211, 106783 (2021). https://doi.org/10.1016/j.ijmecsci.2021. 
106783 

12. Manners, W., Greenwood, J.A.: Some observations on Persson's diffusion theory of elastic 
contact. Wear 261(5—6), 600—610 (2006). https://doi.org/10.1016/j.wear.2006.01.007 

13. Goryacheva, I.G.: The periodic contact problem for an elastic half-space. J. Appl. Math. Mech. 
62(6), 959—966 (1998). https://doi.org/10.1016/80021-8928(98)00122-1 

14. Yakovenko, A., Goryacheva, I.: The periodic contact problem for spherical indenters and vis- 
coelastic half-space. Tribol. Int. 161, 107078 (2021). https://doi.org/10.1016/j.triboint.2021. 
107078 

15. Christensen, R.: Theory of Viscoelasticity: An Introduction. Academic Press, London (1971) 

16. Goryacheva, I.G., Yakovenko, A.A.: Indentation of a rigid cylinder with a rough flat base into 
a thin viscoelastic layer. J. Appl. Mech. Tech. Phys. 62(5), 723—735 (2021). https://doi.org/ 
10.1134/80021894421050035 


9 Periodic Contact Problem for a Two-level System of Punches ... 131 


17. Graham, G.A.C.: The correspondence principle of linear viscoelasticity theory for mixed 
boundary value problems involving time-dependent boundary regions. Q. Appl. Math. 
XXVI(2), 167—174 (1968). http://orcid.org/10.1090/qam/99860 

18. Ting, T.C.T.: The contact stresses between a rigid indenter and a viscoelastic half-space. J. 
Appl. Mech. 33(4), 845—854 (1966). https://doi.org/10.1115/1.3625192 

19. Mainardi, F., Spada, G.: Creep, relaxation and viscosity properties for basic fractional models 
in rheology. Eur. Phys. J. Spec. Top. 193(1), 133-160 (2011). https://doi.org/10.1140/epjst/ 
e2011-01387-1 

20. Goryacheva, I.G.: Contact Mechanics in Tribology. Springer, Dordrecht (1998) 


Chapter 10 A) 
On an Axisymmetric Contact Problem ium 


for a Piecewise-Homogeneous Space 
with Disk-Shaped Crack 


Vahram N. Hakobyan, Aram H. Grigoryan, and Harutyun A. Amirjanyan 


Abstract The article discusses an axisymmetric stress state of a piecewise- 
homogeneous space of two dissimilar half-spaces, which on the plane of the junction 
of dissimilar half-spaces contains a circular disk-shaped interfacial crack, on one of 
the sides of which an absolutely rigid stamp (circular shim) is pressed with adhe- 
sion, the radius of which is less than the radius of the crack. The governing equation 
of the problem is derived in the form of a single singular integral equation of the 
second kind with respect to the complex combination of reduced unknown contact 
stresses, the solution of which is constructed by the numerical-analytical method of 
mechanical quadratures. A numerical calculation was carried out and the regularities 
of the change in the Cherepanov-Rice integral on the boundary circle of the crack 
and the rigid displacement of the shim depending on the physical-mechanical and 
geometric characteristics of the problem were studied. 


Keywords Elasticity - Compound space - Interfacial coin-shaped crack * Stamp - 
Axisymmetric contact problem 


10.1 Introduction 


The development of contact and mixed boundary value problems of the theory of 
elasticity and fracture mechanics is aimed at developing new methods for more 
accurate calculations of various constructions and their parts containing various types 
of stress concentrators in order to increase their durability. Many fundamental results 
in this direction are given in well-known monographs [1—5]. In this area, we note 
axisymmetric contact and mixed problems, the solution of which often leads to 
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mathematical and computational difficulties. Here it should be noted that the use of 
rotation operators in solving axisymmetric contact and mixed problems leads them to 
plane problems. However, after solving these problems, when determining the real 
stresses or displacements, often mathematical or computational difficulties arise. 
Let us point out [6-11], where solutions are constructed for several axisymmetric 
contact and mixed problems for homogeneous and piecewise-homogeneous spaces 
with disk-like defects. In [8-11], exact solutions of some problems were constructed 
for a homogeneous and piecewise-homogeneous space with a disk-shaped crack, 
on one of the sides of which a rigid disk-shaped inclusion is pressed, the radius of 
which is equal to the radius of the crack, under different contact conditions. Similar 
problems when the inclusion radius is less than the crack radius, as we know, for both 
homogeneous and piecewise-homogeneous space with a disk-shaped crack have not 
been considered. Here we consider the axisymmetric stress state of a piecewise- 
homogeneous space with a disk-shaped crack, one of the edges of which is pressed 
in by a rigid shim whose radius is less than the crack radius. 


10.2 Statement of the Problem and Derivation 
of Governing Equations 


Let us consider the axisymmetric stress state of a piecewise-homogeneous space 
obtained by connecting two heterogeneous half-spaces with Lame’ coefficients 
41, Ay and u2, Az, respectively, occupying half-spaces z > 0 and z < 0, respectively, 
in a cylindrical coordinate system Or z. Itis assumed that a piecewise-homogeneous 
space on the plane of the junction of dissimilar half-spaces z — 0 contains a circular 
disk-shaped interfacial crack with a radius a. On the lower side of the space, using a 
concentrated load of magnitude Po with adhesion, a rigid stamp (circular washer) is 
pressed with a flat base of a radius b that is less than the radius of the crack (b < a). 
Figure 10.1 shows the axial section of the piecewise-homogeneous space. 

The problem can be mathematically represented as the following boundary value 
problem: 


Fig. 10.1 Axial section of 
the piecewise-homogeneous 
space 


EI 
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uj (r, 0) = u»(r, 0); 
wi (r, 0) = wa(r, 0); 
ar, 0) = a) (r, 0); 
10 (r, 0) = tÊ (r, 0); 


(a<r « oo) (10.1a) 


67,0) 20; c(D(r,O) 20; (O«r <a) 
or, 0) = 0; TO (r,0) =0; (b <r <a) (10.1b) 
w2(r, 0) = —ô; u2(r,0) = 0. (O<r <b) 


Here, wj(r, z) and u(r, z)(j = 1, 2) are the normal and radial displacement 
components, Teeny: for the upper and lower half-spaces in a cylindrical coordi- 
nate system, of! or, z) and T,-: e, (r, z) are the normal and tangential stress components, 
and 6 is the rigid displacement of the stamp. It is required to study the behavior of 
rigid displacement of the stamp and the Cherepanov-Rice J-integral depending on 
the physical-mechanical and geometrical parameters of the problem. 

To solve the problem, we will use discontinuous solutions of the equations of the 
axisymmetric theory of elasticity for a piecewise-homogeneous space [10]: 


b 


0 by do d, 
u2(r, 0) = an [u] — a Lolu] + a Lolo] - Lilt 
b b d d 
wa(r,0) = “a TE AH, obw] — X Lolo] + rea ifr]; 
b. b A (10.2) 
o (r, 0) = ZH [u] + X El] + ae ola] + A Lolth 
i bo 
tP (r,0) = Xm TES A Lẹ olw] + PLL lo] + a Lill 
u(r, 0) = u2(r,0) + u(r); wı(r, 0) = w2(r, 0) + w(r); 
oO (r,0) 2 o(P(r,0) —o(ry; F207, 0) = tr, 0) — t(r). 
The notation introduced in [10] is retained here: 
oo 
zb ele j Wi ar EpEdE;, Wi (0, E) = f t* Jm (tr) Jn (t& dt 
0 
gi) m g2 9 gf) 
dy = gq tS , i bo = 05" (0P - ef?) — ef (o? — 0P); 


by = 0j" (of? c of?) — ef (0P — af"); 


2 2 
z iG eJ — (e - ei") I 
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2 
o = io H oO = a aE Qj = 211i) e =1 2) 
À Àj + 3p; ? Aj + 3p; 


b; = 2(0{ bo + 0b — el A); bs = 2(0 bi +0 bo — of A) 
It is not difficult to verify that in this case 


o (r, 0) — aO (r, 0) = —o? (r, 0) = o (r); 
T ® (r, 0) — 22 (r, 0) = —:9 (r, 0) = t (r); (10.3) 


where o (r) and —t(r) are, respectively, unknown contact pressure and tangential 
contact stresses acting under the stamp. 

Using the last two relations (10.2), we satisfy the first two conditions (10.1b). 
Further, following the works [8, 10], we apply to the first and second of the 
obtained equations, respectively, the known rotation operators J, /;, and introduce 
the functions 


(w(t); 0. (1)) = ER ge 


f uE: TE) 


{us (t); n (0) = JEF 


dé; (10.4) 


t 


and their complex combinations 


Xu(X) = o.) — in (x); VE) = u(x) + wh (x); 


(wx(—t) = W(t); Us(—1) = u(t); o«(—t) = 0x); (-t) = =T. (t)). 
(10.5) 


As a result, at the following relation is obtained: 


(—a <x <a), 


TE T ib, f Vilt 2Ac, 
byV/(x) + bi x(x) + JE (abs Ji M ays 
JT t—x VIA VIA 


—a —a 


[X 


bi zb NC b, fw. 
= oo o.) + ul + 7^ | Pasg | MPa) (10.6) 


Note that in this case, the conditions for the equilibrium of the stamp and the conti- 
nuity of displacements at the end points of the crack must be met. These conditions 
are written using the functions x,(x) and V; (x) as follows [10] 
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a 
0 


fewa = 
T 


—a 


, 


We consider relation (10.6) as a sing 
function V; (x) and write it in the form: 
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a 


f V!(x)dx = 0. 


—a 


(10.7) 


ular integral equation with respect to the 


; rv! (t)dt 
V.(x) — 2 = F(x) (-a<x <a) (10.8) 
i t—x 
Here 
b, ibo f x0, 2Ac b; 
F = " dt : =, 
(x) n^ p D fat i 7 ba b3 


We solve the singular integral Eq. (10.8) under the second condition (10.7) and 


express the function V, (x) in terms of the function x, (x). It is not difficult to verify 
that the ends of the integration interval +a are automatic boundedness points and, 
therefore, solution (10.8) has the following form [12]: 


f Fod 
Vi(x) = ro) 4 £922 f oe (-a<x <a) (10.9) 
1-g? zi o(s)(s — x) 
iR 1 1 
ow =(=); dct ges ga a AE qd 
a—x 27 l—q pot eop 
|j T*3u; 
im YT 


Substituting in (10.9) the value of the function F (x), using the Poincaré-Bertrand 


formula [13], 
-——- ist [m f om 


l a 


integral value [14] 


g(t, tı)dtı 
ti — t) — to): 


p(t, tj)dti 
t —t 


J 


ds _ 
e(s)s—x) 


mi 


sh(7B) 


chr) 


w(x) 


ur 
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and taking into account that in the considered case x(x) = 0 outside the interval 
(—b, b), we obtain the following formula for the function V; (x): 


B b 
Vix) = (- i Jo 


qBo(x) j X«(s)ds 
) 


mi(1—q?) J es) — x) +f(@) Ca«x«a) — 0010 
x5 OD) 5 4 0958. qi ones 
(re ~ (17 q?)shirA)" um nbi dm bobs 


Further, using (10.10), satisfying the second of conditions (10.7), taking into 
account the first condition (10.7), we obtain another relation 


b 
[oe ceu — B, P), (10.11) 
w(s) 
2p 
2: ab 2bou2 
( = oe B, = owe) 
05 njsh(xp) TeV, b» 


which must be satisfied by the function x, (x)—except for the first condition (10.7). 

Now let us turn to the last two conditions (10.1b). Using the first two relations 
(10.3), we satisfy these conditions. Then, applying the operator J; to the first of 
the equations obtained, the operator J to the second, differentiating the resulting 
equations with respect to x and passing to the functions V; (x) and x. (x), we obtain 
the following integral equation: 


a b 
di ibo V/(s)ds ido xx(s)ds AÓ 
v! : = b b 
MS MP say x ee a an 
2p 


—a 


Further, with the help of relations (10.6) and (10.10), the function V/(x) is 
excluded. As a result, after some calculations, to determine the complex combi- 
nation of contact stresses under the stamp, the following singular integral equation 
of the second kind is obtained: 
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b 
aa) 
Ti (s — x) 

Lb 


139 


b 
+ f K(x, s)xx(s)ds = Q(x) (—b < x < b), (10.12) 
-b 


which must be considered under the first condition (10.7) and condition (10.11). 


Here 
25) 2 1 
ies D My ES ] : 
Tie,bz | w(s) S—xX 
2 2u2 
O(x) = ——"g() + — Àu 6; 
T HESA 
g(x) = = 20d q c 
sh(z) #2b> of i of? 


10.3 Solution of the Governing Singular Integral Equation 


The solution of Eq. (10.12) will be constructed by the method of mechanical quadra- 
tures [16]. Using a change of variables s = bé, x = bn, we formulate Eq. (10.12) and 
conditions (10.7) and (10.11) on the interval (—1, 1) and introduce the dimensionless 


unknown function (n), the constants à, and C by the formulas 


bx,.(bE). 
P oc 


[bd | 
Py 


2bC,, 
7 Po 


à, = C= 


gg) = 


the following singular integral equation is obtained: 


1 1 
: d - 
ep — & [ 285 , f Ky(n, €)p(6)d& — —Cg, (y) 
iu (È =) J 
(-l <x <1) 


under conditions 


1 1 


[ «x =; f 


-1 


pS )dé 


= A,C — B, 
cx (E) 


here 


2u2 
7:50 D 


à. 


(10.13) 


(10.14) 


140 V. N. Hakobyan et al. 


| 20! ut ( ex (0) — e (E) V. O [aE 
K,.(y, &) = nis b, ( cx (ENE n) O(N) E (=) , 


c (1) 2boui | 
sh(xp) ebro” 
= wh eb 2bo u2sh(z a 
7 eee ; B= m, imi ce 
uit, sh(z) 7 25b; 


gx = 


x = 


The solution of Eq. (10.13) under conditions (10.14) can be represented as the 
sum of two solutions: 


(n) = C p1 (n) + &e»() , 


where g; (n) is the solution of (10.13) in the case when the right side is — g,(7), and 
¢2(n) is the solution of (10.13) in the case when the right side is 245/71 e? 92. Then 
from the conditions (10.14) for determining the constants C and ô, the following 
system of algebraic equations is obtained: 


1 1 


c f AAR I w= ia 
zu -1 
1 1 


rei pen LA +a f pa(n)dn _ _B, 
€ (7) €x (1) 


(10.15) 


As above, it is easy to check that the end points of the integration interval are 
points of automatic boundedness and the solution of Eq. (10.14) can be represented 
as: 


gi) -e;GDu r5 "0-5" G=1,2) (10.16) 
here 
InG 1 1 - 
AM e uu. GE Tae 
2x 2x 1— qx 


and 95 (n) (j = 1, 2)-smooth continuous bounded functions on the interval [— 1,1]. 
Then, substituting the value of the functions g;(t) (j = 1,2) from (10.16) into 
(10.14) and (10.15), using the quadrature formulas [16], according to the usual proce- 
dure, the systems of algebraic equations with respect to the values of the unknown 
functions gj (7;) (j = 1,2; i = 1 — N) at the collocation points and constants 6, 
and C. 

After solving these systems, using the Lagrange formula, you can restore the func- 
tions 9; (7) and determine all the necessary mechanical characteristics. In particular, 
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for dimensionless crack opening, we can use the formula 


E ld d w! (s) Im Vis) "m 
w(r) = 
r dr A/S E s2 — r2 


from which we get 


1 
V! 
v(x) = TES - Im eat CE œ) 


where the function V; (t) is given by formula (10.10) and the function y (t) using the 
unknown function g(t) can be written as follows: 


ues eO) + fi, (at)@(at) (0 <t< P) (10.17) 
f. (at)o(at) (2<t<1) 
D 1 . a. 
Lajza I PE MEME (Ps is ) 
Daina | J es (E) — D 20D shap) | °° bmw 


Let us also write a formula for determining the Cherepanov-Rice J-integral. To 
do this, we will use the expressions for the real stresses outside the crack on the plane 
of the junction of heterogeneous half-spaces through the images of the functions of 
stress jumps and displacements on the crack [10]: 


b a 
t)dt b4 d tw! (t)dt 
o!(r,0) = ax] aid, : UE esed) 
oer Jr? — t2 Ar dr Jr? — (£2 
£ : i (10.18) 
96,9 = sae Rue bid f ud 
s Jr? T A dr r2 — f2 
0 0 


Obviously, the first terms in both relations (10.18) are bounded functions on the 
circle r = a. Further, considering that 


d tw/ (t)dt d w! (t)dt w! (t)dt d w, (t)dt 
=P , 
Jr? —1? d J r-p J r- dr E 


relations (10.18) can be represented as: 
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ibsd j Vi(t)dt 
Ad) Jan 


0 


c (r,0) — itr, 0) = + O(r) r>a) (10.19) 


here 


b b 
Dír) bi d tt, (t)dt E ib, d c. (t)dt 
ri = 
rAdr J yr- 72 Ad] /r2—7 
0 0 


b3 w’ (t)dt d w! (t)dt 
Ar| J Vr2?-2 dJ yr+t 
0 0 


bounded function on the circle r = a. 
Using the value of function y(t) formula (10.19) will take the following form: 


i d f w(0dt 
A dx a/ x2 = t2 
0 


o (ax, 0) — it (ax, 0) = + (ax) (x >1) — (10.20) 


Substituting the value y(t) from (10.17) into (10.20), after some transformations, 
using the values of the integral [14] 


b 
J ga b- erra dy 


(b — aye?! cia by. 
= wg es pafi(a —y,a+ B, e) 


(Rea, Ref > 0, arg(d + cb)/(d + ca) < m) 


For case a = 0, b—l,c—-lLld-—x,o—l1i-cip B—1-—if,y = —1/2 
and relation for hypergeometric functions 2 F; (o, B, y, z) [15] 


B y-a-pl QUU (a B — y) 
2F\ (a, B, y, z) —(0 — z) Tore 
2Fi(y — æ; y — p; y-a — p +1;1—z)+ 
PO) —a— B) 
ry — a) (y - 8 


Fi(a; Bsa+B-y+1,1—2), 


the complex combination of real stresses can be represented in the following form: 
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i bs (1 — iB) f. (a) + D^ 
A2 ^ch(rB)T (1/2 — iB)(x — 1)!/2*i P 
(x > 1) 


o (P? (ax, 0) — it? (ax, 0) = + ®,(x) 


where ®,(x) is a bounded function on the circle x = 1, the value of which is not 
given here because of its cumbersomeness. Then for the complex stress intensity 
factor on the circle r = a we obtain the expression: 


Ki (a) —iKi,(a) = lim 27r (x — p'PHP[s 0 (ax, 0) — it, (ax, 0)] 
rat 


ip =7 
_ zZ'ATO- ip) faa) (10.21) 
Ach(zf)T (1/2 — i) 


Using the value of the complex stress intensity factor from (10.21) and expressing 
f«(a) through the unknown function g(&), for the Cherepanov-Rice J-integral we 
obtain the following formula [17] 


J(a) = nu|K;(a) — i Kr;(a)| = 


[wl — vi) + 1 — vila??? bs | ra - ig) 


2A ^ui uchr) L(1/2 — if) 
1 
f pg )d& mieb3 Cp 
EVE 3) WPa | 
(10.22) 
Hd. i l 1—v? War) = Wnt aa) 
(n= i= 5( Ei + E ) 4p 


Thus, after solving the defining equation, the Cherepanov-Rice J-integral can be 
determined by formula (10.22). 


10.4 Numerical Analysis 


A numerical calculation has been carried out and regularities of changes in the contact 
stresses acting under the stamp, crack opening, dimensionless rigid displacement of 
the stamp and Cherepanov-Rice J (a)-integrals on a circle r — a depending on the 
ratio u = [41/42 and parameter A = a/b > linthe case of fixed values of Poisson’s 
ratios v; = 0.25; v = 0.3 have been carried out and studied. At the same time, 
it is assumed that Pj = 0.1. The results of numerical calculations are presented in 
the form of graphs. In Figs. 10.1 and 10.2, respectively, graphs of crack opening 
depending on the parameters u and à = a/b > 1. 
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Fig. 10.2 Rigid Ôx u=0.05 


displacement ô, of the stamp 
depending on A 0.35 s 


Fig. 10.3 Rigid ó, 
displacement ô, of the stamp 
depending on u 


0.10 a=1.2 


Figures 10.2 and 10.3 shows, respectively, the graphs of the dimensionless rigid 
displacement 4, of the stamp depending on the parameters u and À. 

Figures show that with an increase in the parameter A, which can be interpreted 
as an increase in the crack radius at a constant stamp radius, the rigid displacement 
of the stamp increases tending to a certain limit, which is a rigid displacement of the 
stamp pressed into the elastic half-space made of the second material (Fig. 10.2). 
An increase of the parameter u, which can be interpreted as an increase u; at a 
constant u2, the reduced rigid displacement decreases tending to a certain limit, 
which corresponds to the case when the upper half-space is rigid (Fig. 10.3). 

Figures 10.4 and 10.5 show, respectively, the graphs of the Cherepanov-Rice 
J -integrals on a circle r — a depending on the same parameters. 

It is clear from the graphs that J-integral Cherepanov-Rice decreases with 
decreasing stamp radius (Fig. 10.4). Figure 10.5 displays that as the parameter u 
increases; J-integral Cherepanov-Rice tends to a certain limit as well. 
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Fig. 10.4 Cherepanov-rice J(a) 
J-integrals depending on A 04 - 
0.3- 
0.2- 
0.1 
À 
Fig. 10.5 Cherepanov-rice J(a) 
J-integrals depending on u 0.4 
ZH 


10.5 Conclusion 


Thus, by combining the methods of singular integral equations and the numerical- 
analytical method of mechanical quadratures, the solution of the axisymmetric 
contact problem for a piecewise-homogeneous space with a disk-shaped interfacial 
crack is constructed. One of the sides of the space is a rigid shim, which pressed with 
adhesion, the radius of which is less than the radius of the crack. Using numerical 
calculations, the patterns for change of the reduced rigid displacement of the stamp 
and the Cherepanov-Rice J-integral depending on the ratio of the elastic characteris- 
tics of heterogeneous half-spaces and the radii of the crack and the circular shim are 
clarified. It is shown that as the circular shim radius approaches the crack radius, the 
Cherepanov-Rice J-integral increases, i.e., increases the likelihood of crack propa- 
gation. It has also been found that the more rigid the half-space onto which the stamp 
is pressed, the greater the probability of crack propagation. 
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Chapter 11 A) 
High-Temperature Creep of Cast Irons S 


Abhijit Joshi, Konstantinos P. Baxevanakis, and Vadim V. Silberschmidt 


Abstract Cast irons are a family of ferrous alloys with carbon content ranging 
from 2.5 to 5%. They have a wide range of applications in automotive, industrial, 
agriculture, and construction industries. Primary classification of cast irons is based 
on the graphite morphology, which can be in the form of flakes, vermicular, or 
spheroidal. Mechanical properties of cast irons depend on matrix microstructure and 
graphite morphology; different alloying elements can be added to improve their high- 
temperature mechanical performance. Creep is an important deformation mechanism 
for high-temperature applications of cast irons. A literature review covering models 
and studies of creep in cast irons are presented in this chapter. The review high- 
lights limited research on the creep behaviour of cast irons especially for compacted 
graphite iron (CGI). Original results from tensile and compression creep tests on 
CGI are also presented, which emphasize a significant difference in creep behaviour 
under tensile and compressive loading. 


Keywords Cast iron * Microstructure - High-temperature * Creep * Creep models - 
Creep testing 


11.1 Introduction to Cast Iron 


Iron and steels have an extremely broad range of applications ranging from industrial, 
farming, building and infrastructure, domestic appliances to electronic equipment. 
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High-temperature applications of steels and cast irons include automotive appli- 
cations (cylinder heads, brakes, and exhaust manifolds), power plants (shafts and 
casings), pressure vessels, etc. [1]. 

Steel and cast iron are alloys formed by combination of iron and carbon. Carbon 
content in steel is up to 2.06% and in cast iron it ranges from 2.5 to 5%. Steel and 
cast iron offer a wide range of material properties with yield strength ranging from 
200 to 2000 MPa, high levels of temperature resistance, thermal conductivity and 
toughness as well as good damping properties, high wear and corrosion resistance, 
good manufacturability, and good weldability. These alloys are also almost 100% 
recyclable [2]. 

Unlike steels and other alloys, cast irons are usually not classified according to 
their chemical composition. The microstructure of final product depends strongly 
upon foundry practice, the shape and size of the castings, and heat treatments used. 
So, several entirely different types of cast iron can be produced starting with the 
same nominal composition [2]. Based on graphite morphology, the cast irons can 
be classified as grey cast iron or flake graphite iron (FGI), compacted graphite iron 
(CGD), and spheroidal graphite iron (SGI). The different graphite morphologies are 
shown in Fig. 11.1, and main cast irons briefly introduced below. 


Grey cast iron, or flake graphite iron (FGI), contains graphite in the shape of 
flakes. Under tensile load, tips of the flakes act as crack-initiation sites while the 
flakes themselves provide a path for crack propagation. This failure mechanism 
leads to the brittle behaviour of grey cast iron. FGI offers good wear resistance, 
castability, thermal conductivity, and damping properties. Typical applications of 
FGI include machine bases, brake discs and drums, engine blocks, gears, and 
flywheels [2]. 

Ductile cast iron, or spheroidal graphite iron (SGI), has graphite in nodular or 
spheroidal form. Compared to FGI, round graphite particles in SGI neither act as 
obvious crack-initiation sites nor provide crack-propagation paths; hence, SGI has 
much higher tensile strength. Ductile cast iron also has high levels of modulus of 


i 
(b) CGI 


Fig. 11.1 Different graphite morphologies observed in deep etched cast irons [3] 
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elasticity, yield strength, wear resistance, and ductility. It has good machinability 
and better fatigue strength; however, the damping capacity and thermal conduc- 
tivity are lower than in grey iron. Ductile iron is used in applications such as valve 
and pump bodies, crankshafts, in heavy-duty gears or automobile door hinges, 
and nowadays also as engine blocks [2]. 
Compacted graphite iron (CGI), or vermicular iron, contains graphite parti- 
cles in ‘worm-shaped’, or vermicular form. Such particles are shorter, thicker 
and have rounded edges. They are interconnected, forming complex coral-like 
morphology that results in strong adhesion between the graphite and the iron 
matrix. Such microstructure inhibits initiation and propagation of cracks, and is 
the main reason of superior mechanical properties of CGI compared to FGI [4, 5]. 
CGI has applications in automobile exhaust manifolds, cylinder heads, cylinder 
blocks, pistons, cylinder liners, brake drums, castings in hydraulic components, 
and machine tools. 

Other variations of cast irons include white cast iron, malleable iron, and high 
alloy iron. 
White cast iron has of cementite and pearlite in its matrix, formed by fast cooling. 
The designation for this form of cast iron is based on white-appearing crystalline 
fracture surfaces. It has excellent wear resistance and high compressive strength, 
but brittleness is its main disadvantage. Typical applications of white cast iron are 
mill liners, shot-blasting nozzles, railway brake shoes, rolling mill rolls, brick- 
making equipment, crushers, and pulverizes [2]. 
Malleable iron contains carbon in the form of irregularly shaped graphite nodules 
called temper carbon. Typical applications include heavy-duty bearing surfaces 
in automobiles, trucks, railroad rolling stock as well as farm, and construction 
machinery [2]. 
High-alloy irons have of content of alloying elements greater than 4% and 
are used in some specific applications. The nickel-alloyed austenitic graphitic 
irons are typically used in seawater pumps and valves, oil and gas produc- 
tion, chemical processing plants, gas turbine casings, exhaust manifolds, and 
turbochargers. High-silicon irons are used for components requiring oxidation 
resistance. Si-Mo ductile irons are commonly employed for turbo manifolds, 
with high-temperature-fatigue capability being a major criterion [6]. 


11.2 Microstructure of Cast Iron 


The microstructure of cast iron includes graphite particles embedded in the matrix. 
The matrix could be primarily ferritic or pearlitic, or a combination of both phases. 
The ferritic matrix is a softer material with lower strength compared to the pearlitic 
one, which is harder and stronger [7]. The features of cast irons such as ferrite/pearlite 
content, graphite morphology, and nodularity play a key role in determining the 
physical and mechanical properties. The final microstructure depends on the chem- 
ical composition, cooling rates, and subsequent heat treatments (if any). FGI, CGI, 
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and SGI are commercially available in different grades based on minimum ultimate 
strength of the material. 

SEM micrographs of CGI specimens manufactured according to EN-GJV-450 
standard (Fig. 11.2a) demonstrate that most of the graphite is of vermicular form 
but its other forms (mostly spheroidal) are also present. Etching of specimen reveals 
the presence of ferrite, pearlite, and graphite (Fig. 11.2b). In case of CGI, the main 
requirement is for a minimum of 80% graphite particles to be primarily in vermicular 
(compacted) form with remaining 20% graphite particles in nodular form. Presence 
of flake graphite is not permitted in CGI except in the rim zone of castings [8]. 
There is no standard requirement on the chemical composition or the method of 
manufacture, and these are determined by the manufacturer [9, 10]. 


11.3 Chemical Composition of Cast Iron 


Typical chemical compositions of the main types of cast irons are given in Table 11.1 
[11-13]. 

Silicon is one of the main ingredients of cast irons. The percentages of silicon and 
carbon can be altered with respect to each other to produce different microstructures 
in cast irons. A higher silicon fraction of about 4% is sometimes used to improve the 
oxidation resistance of cast irons. However, silicon has strong graphitizing influence, 
which leads to a process called graphitization, with pearlite converted into ferrite and 
graphite. Pearlite is stable up to about 425 °C but gradual graphitization occurs around 
530 °C and accelerates significantly around 650 °C [14]. 

The manganese content is determined by the type of matrix required in the cast 
iron. Mn is a strong pearlite promoter, so it can be as low as 0.1% for a ferritic 
matrix or can be increased to 1.2% to obtain a pearlitic one [15]. Without manganese 
in the iron, undesired iron sulphide (FeS) can form at grain boundaries, potentially 
leading to filling defects in the castings [15, 16]. Phosphorus and sulphur are the 
minor elements always present in the cast iron composition. S is generally harmful 
in grey iron and should be kept to below 0.12% for grey iron and below 0.02% 
for high-quality CGI. P increases the fluidity of all cast irons, but this can lead to 
difficulties in casting process. For most engineering castings, it should be kept below 
0.12%, but up to 1.0% may be allowed to improve the manufacturing of thin-section 
castings where high strength is not required [15]. 

Mg plays a significant role in defining the graphite morphology of cast irons that 
can change from flake to compacted and spheroidal as magnesium content varies 
(Fig. 11.3). For instance, compacted graphite is formed for Mg in a range of 0.005— 
0.015%. The loss of even 0.001% of magnesium at the lower end can lead to formation 
of flake-type graphite. 

Different alloying elements can be added to improve high-temperature mechanical 
properties of cast irons. Addition of molybdenum in cast irons provides a signifi- 
cant improvement in high-temperate tensile, fatigue, and creep strengths [17-19]. 
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Fig. 11.2. SEM micrographs of CGI microstructure: a unetched specimen; b etched specimen 


Table 11.1 Chemical composition of different cast irons (Fe—balance) 
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Castiron | Carbon equivalent (06) | C (96) Si (96) Mn (96) S (96) P (96) 

FGI 3.7-4.5 3.0-3.7 | 1.8-2.8 | 0.7-0.8 < 0.15 0.1-0.5 
CGI 4.2-4.6 3.5-3.8 |2.0-2.6 |0.20-0.5 | «0.025 | «0.05 
SGI 4.44.5 3.4-3.8 |2.0-2.8 |02-1 « 0.02 « 0.05 
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Fig. 11.3 Schematic of 
stable range of Mg for 100 
different cast irons [16] 
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This improvement is due to the formation and retention of carbides with chemical 
compositions such as Fe4Mo5C or Fe3Mo3C. 

Other alloying elements such as Cr, Co, and Al are often used in cast irons for 
high-temperature applications. The first two enhance structural stability of cast irons, 
i.e. retention of properties at high temperatures. The last stabilizes the ferrite phase 
and improves the oxidation resistance by formation of strong oxide (Al203) layers. 


11.4 Mechanical Properties of Cast Iron 


Some key mechanical properties of FGI, CGI, and SGI at room temperature are 
presented in Table 11.2. Apparently, SGI has high ductility and the highest tensile 
strength but low thermal conductivity. FGI, on the other hand, demonstrates the 
lowest strength and high thermal conductivity, while its close to zero elongation 
highlights its brittle nature. The properties of CGI are typically between those of 
FGI and SGI. Temperature has a strong effect on yield strength, tensile strength, and 
elastic modulus of FGI, CGI, and SGI (Table 11.3). It can be noted that unalloyed 
SGI has better tensile strength compared to FGI at room temperature, but it degrades 
more rapidly with temperature. 


Table 11.2 Typical material properties of FGI, CGI, and SGI at room temperature [7, 8] 


Property FGI CGI SGI 
Tensile strength (MPa) 160-320 300-600 400-700 
Elongation (%) ~0 3-6 6-25 
Elastic modulus (GPa) 96-110 140-160 170-190 
Thermal conductivity at 100 °C (W/mK) 45—65 35-45 29-40 
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Table 11.3 Effect of temperature on tensile properties of unalloyed FGI, CGI, and SGI with fully 
pearlitic matrix [20] 


Cast iron Room temperature 540 °C 
Yield Tensile Elastic Yield Tensile Elastic 
strength strength modulus strength strength modulus 
(MPa) (MPa) (GPa) (MPa) (MPa) (GPa) 

FGI 212 268 109 159 185 65 

CGI 324 405 130 183 220 72 

SGI 424 476 158 232 336 122 


The variation of tensile strength of FGI, CGI, and SGI with temperature is demon- 
strated in Fig. 11.4. The figure highlights a steep increase in rate of strength reduction 
between 600—800 K (327—527 °C). Similar variation is reported in the literature [21, 
22], with a slow reduction in tensile strength up to 400 °C flowed by a significant 
drop around 500 °C. Comparable observation was made by Zou et al. [22] regarding 
fatigue strength which that increased up to 400 °C and then decreased significantly 
at 500 °C. The increase in fatigue strength around 300—400 °C was attributed to 
strain hardening, dynamic strain ageing, and precipitation strengthening effects. The 
significant reduction in tensile and fatigue strengths around 500 °C was attributed to 
high levels of oxidation, diffusion of vacancies, and grain-boundary softening. 

A unique feature of cast iron is the difference in material strength under tension and 
compression, with compressive strength being higher compared to tensile strength. 


Fig. 11.4 Influence of 
temperature on tensile 
strength of FGI, CGI, and 
SGI [20] 
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Under compression, the graphite particles are held tightly closed, and the bulk mate- 
rial acts very much like steel, resulting in superior strength. Under tension, the 
graphite particles bear almost no load and act as crack-initiation sites. In case of FGI, 
the ratio of compressive strength to tensile strength is typically around 2 [23], but it 
could be as high as 5 [24]. The tension—compression asymmetry is less pronounced 
in SGI compared to FGI [25], probably because the nodular graphite form does not 
provide a direct path for crack initiation under tensile loading. 

Comparison of stress—strain curves under tension and compression loading for 
CGI vividly demonstrates the asymmetrical tension—compression behaviour of CGI 
at room and elevated temperatures (Fig. 11.5). The magnitude of 0.2% proof 
strength at room temperature in compression (451 MPa) is 1.31 times that in tension 
(344 MPa). This ratio remains similar at 500 °C. The compressive strength to tensile 
strength ratio of 1.31 compares well with ratios of about 1.4—1.6 are reported in 
literature for CGI [26, 27]. The figures also show that the elastic modulus in tension 
and compression are identical at room temperature (135 GPa) and at 500 °C (125 
GPa). 


11.5 High-Temperature Applications of Cast Irons 


The properties of cast irons start degrading at around 425 °C, with creep becoming a 
concern above this temperature. Applications of cast iron in the automobile industry 
include these levels of temperature, with cylinder blocks and cylinder heads reaching 
temperatures around 400 to 450 °C while exhaust manifolds and turbocharger 
housings reaching temperatures around 800 °C [14]. 

The cylinder heads are traditionally manufactured from FGI, but with peak cycle 
pressures of about 25 MPa and temperature close to 400 °C, those designs are 
approaching its mechanical limit. CGI is seen as a candidate to replace grey iron and 
allow higher pressures and temperatures of around 450 °C [14, 28]. Cylinder blocks 
and cylinder heads have multiple intake and exhaust ports, coolant passages, and 
water jackets. As a result, during operation of these components, significant thermal 
gradients occur due to the movement of exhaust gases, coolants, and different rates of 
heat dissipation at various locations. The high operating temperature, high-frequency 
combustion, and multiple engine start-stop cycles lead to a combination of low-cycle 
and high-cycle thermo-mechanical fatigue problems in the cylinder heads. The start- 
up and shutdown cycles can lead to tensile and compressive stresses in the valve 
bridges as the temperature increases and held for long periods of time, resulting in 
creep, stress relaxation and, eventually, initiation, and propagation of cracks [28, 29]. 

Examples of cast irons mainly used in exhaust manifolds and turbochargers 
of heavy-duty diesel and petrol engines are alloyed cast irons such as SiMo51, 
SiMo1000, and Ni-Resist D-5S. SiMo51 is ferritic spheroidal cast iron with typically 
about 4% of Si and about 1% of Mo. SiMo1000 is also ferritic nodular cast iron, with 
typically around 2.5% Si, 1% Mo, and about 3% Al. D-5S is austenitic cast iron with 
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Fig. 11.5 Comparison of stress-strain curves under tension and compression loading: a room 
temperature; b 500 °C 


about 33-35% of Ni. These materials are used in the temperature range from 700 to 
900 °C [28, 30-33]. 
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11.6 Introduction to Creep 


Creep is a time-dependent, permanent deformation of material under constant stress 
even if the applied stress is below its yield point. The level of creep strain gener- 
ated depends on the material, stress, temperature, and time spent at a particular 
temperature and stress level. 

The idealized shape of a creep curve for a constant uniaxial load at a constant 
temperature is shown in Fig. 11.6. When the load is first applied, a small instanta- 
neous strain is generated in material. The creep strain is obtained by subtracting the 
instantaneous strain from the total strain. 

The time-dependent response is a slow increase of strain with a variable rate, 
which, according to Andrade [34], can be divided into three stages: primary creep, 
secondary creep, and the tertiary creep. During primary creep, the creep rate decreases 
rapidly with time. This reduction is due to the strain hardening as the dislocations 
encounter obstacles and are immobilized resulting in higher dislocation density [35, 
36]. At the end of the primary-creep stage, the creep rate becomes almost constant, 
and this region is called secondary creep. At this stage, the strain-hardening mecha- 
nism is balanced by the recovery due to thermal softening caused by annihilation of 
dislocations [36, 37]. The average creep rate during secondary creep, determined by 
the constant slope of the creep curve, is known as minimum creep rate. At the end 
of the secondary-creep stage, the creep rate increases rapidly, ultimately leading to 
failure. This region of increasing creep rate is called tertiary creep. Temperature and 
stress are the two dominant external variables that affect the shape of creep curve. 
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Fig. 11.6 Constant-temperature curve showing three distinct stages of creep 
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11.7 Creep Models 


Models used to describe the creep behaviour can be broadly classified as empir- 
ical models, mechanism-based models, as well as continuum-mechanics, and 
micromechanical models [37, 38]. 


11.7.1 Empirical Models 


Empirical creep models provide relationships between the creep rate, stress, temper- 
ature, and time. They can be also used to predict life of structures for given levels 
of stress and temperature. These relations are mainly based on experimental data 
from uniaxial creep tests. The empirical models are useful in early design stages to 
arrive at component sizing, choosing the correct materials for the application. These 
models do not consider stress redistribution, creep-plasticity interaction, cyclic strain 
accumulation, and many other effects [37]. 

The most general creep equation relating the creep rate &., stress o, time t, and 
temperature T can be written as 


Ec = f(o, t, T). 


This general equation can be simplified by de-coupling into separate functions to 
account for effects of each parameter 


& = flO) fa(t) fT). 


Several stress functions, fı (o), were used in the literature with the most common 
functions [35, 37, 38] as follows: 


filo) = Ko” (Norton 1929, Bailey 1935) 
filo) = Bexp( = = i) (Soderberg 1936) 

fio) 2A sm( 2) (McVetty 1943) 
filo) = al sm( Z) | " (Garofalo 1965) 


Here, the parameters K, B, A, n, m, and o, are the material constants derived based 
on creep experiments. 
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The power law attributed to Norton and Bailey is most broadly used primarily 
thanks to its simplicity. The power law fits best the experimental data for low stresses, 
but the exponential function is more accurate for higher stresses. 

An extensive curve-fitting process for experimentally derived creep curves is 
required to describe the time dependence of high-temperature creep in complex 
alloys. Some of the time functions, f(t), are [35] 


f(t) = (1 + b!) exp(kt) — 1 (Andrade 1910) 
hO) = Ft" (Bailey 1935) 

A(t) =G(l-e“) + Ht (McVetty 1943) 
fot) = &(1— e ™) + act (Garofalo 1965) 


Here, F, G, H, b, k, n( 
time. 

The temperature has a significant impact on creep; this effect is driven by the 
changes in the material microstructure with temperature. As the shape of the creep 
curve changes with temperature, the material constants used in the stress function 
can also change. The temperature function, f3(T), is usually expressed in terms of 
Arrhenius law 


1 <n< 1) q, 0;, and 05 are the constants that can vary with 


RAO) = ew(-.). 


where Q is the activation energy, R is the universal gas constant (8.37 J/molK), and 
T is the absolute temperature. 

In real life, the loading is mostly variable so there is a need to account for the 
changes in stress and temperature with time. Several theories are available for vari- 
able loading including time hardening, strain hardening, total strain theory, combined 
strain and time hardening, Marin theory, Graham and Walles method, etc. In absence 
of thermal softening and metallurgical changes, test results demonstrate that the 
strain-hardening theory is more accurate [35, 39]. The time- and strain-hardening 
theories bound all other theories in the predicted response to the variable load. 
The both theories are widely used as approximate methods of component analysis 
including finite-element studies [35]. 

In addition to the relationships between the creep rate, stress, time, and tempera- 
ture, the empirical models include extrapolation methods to predict time-dependent 
deformation and life of structures. Several extrapolation methods are covered in the 
literature [35, 39-42]. Two of the most widely used approaches are Larson-Miller 
parameter method and Monkman-Grant law. 
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Fig. 11.7 Larson-Miller parameter plot for diesel exhaust alloys [43] 


The former method relates temperature with time to failure at a constant stress. 
The Larson-Miller equation has the following form: 


Pum(o) = T (logt +C), 


where ¢ is the time to failure in hours and C is the material’s constant that can be 
experimentally found. 

Larson-Miller parameter plots for different materials used in diesel-engine 
exhausts including SiMo and Ni-Resist cast irons are shown in Fig. 11.7 [43]. These 
plots also known as master curves are built by testing the material to rupture at 
different stress and temperature levels. The master curve can be used to obtain the 
time to rupture at any temperature and stress combination on the curve. Another 
use of Larson-Miller parameter is in comparing and ranking materials as shown in 
Fig. 11.7 where higher curves represent more heat resistant material. 

Another widely used empirical model is the Monkman-Grant relation [44] which 
relates the minimum creep rate, mcr. , and the time to fracture, tp 


jm "T 
Emer! f m C, 


where m and C are the material constants. The relationship is suitable for a number 
of materials including aluminium, copper, titanium, iron, and nickel-based alloys, 
with m ranging between 0.77—0.93 [40]. Figure 11.8 shows the Monkman-Grant 
graph for three different nodular cast irons reported by Hug et al. [45]. The found 
parameters were m = 0.91 + 0.04 and C = 0.15 + 0.06. 
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11.7.2 Mechanism-Based Models 


The mechanism-based models capture the basic mechanisms that contribute to creep 
in metals such as dislocation creep, diffusional creep, and grain-boundary sliding. It 
is possible that all the mechanisms may be active at any given time but depending on 
the stress and temperature levels, one of the creep mechanisms is dominant at any 
given time. 


Dislocation creep involves dislocation glide and climb. The dislocation glide 
occurs on application of stress, resulting in strain hardening as the density of 
dislocations increase. The climb is the recovery process at high temperatures, 
with dislocations able to move or climb to a different slip plane, allowing further 
dislocation glide. The creep occurs due to sequential glide and climb of dislo- 
cations. The dislocation creep is often called power-law creep [46], with the 
steady-state strain rate, £,,, given as 


Ess = Aa"exp(— a). 


where A is the constant, o is the stress level, n is the creep exponent, and Q is 
the activation energy for creep. 
Diffusional creep occurs in materials with fine grain size at lower stresses. The 
mechanism involves diffusion of atoms and vacancies under the influence of 
stress. Depending on the path of diffusion, diffusional creep can be considered as 
Nabarro-Herring creep or Coble creep. In Nabarro-Herring creep, which occurs at 
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higher temperatures, diffusion happens through grain interiors, while Coble creep 
occurs at relatively lower temperatures through grain boundaries. The steady-state 
strain rate, &,,, in Nabarro-Herring and Coble creep [47] are given as. 


7o D,D? (Nab Herri ) 
a een es abarro-Herring creep 
kTd* 
500 Depb* 
BRI R^ (Coble creep) 


kTd? 


where d is the grain diameter, D, is the volume diffusivity through the grain 
interior, and Dg is the volume diffusivity through grain boundary, b is the Burgers 
vector. It is noted that increasing the grain size reduces the strain rate in both cases 
but more in Coble creep. 
Grain-boundary sliding occurs at much higher temperatures and is important in 
initiating intergranular fracture, which indicates the onset of tertiary creep. The 
grain-boundary sliding does not contribute to the steady-state creep. 


Different creep deformation mechanisms can be illustrated with deformation 
mechanism maps (Fig. 11.9). Detailed maps for various metals and ceramics are 
reported in a book by Frost and Ashby [48]. 
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Fig. 11.9 Schematic of deformation mechanism map 
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11.7.3 Continuum-Mechanics and Micromechanical Models 


Continuum-mechanics models are useful for investigation of inelastic behaviour 
in three-dimensional cases by employing constitutive equations, relating the three- 
dimensional deformation and stress states. State variables and corresponding evolu- 
tion equations can be used to describe microstructure-related changes such as 
hardening, recovery, and damage. These approaches were implemented in numer- 
ical schemes, including finite-element analysis, to simulate the time-dependent 
structural behaviour such as creep. Naumenko and Altenbach [37, 38], Betten 
[49], and Chaboche [50] discussed the continuum-mechanics-based models in 
great details. Betten et al. [51-54] developed models of creep of materials with 
tension—compression asymmetry such as cast iron. 

Micromechanical models include direct introduction of microstructural features 
into consideration, often using a representative volume element with geometrically 
idealized microstructure. The behaviour of constituents and their interactions are 
captured in such models. In case of cast irons, the graphite particles can be modelled 
as voids or as inclusions leading to different reposes. Several studies employing 
micromechanical models of cast irons are reported in the literature [55-59] but there 
are no micromechanical models specifically dealing with their creep. 


11.8 Creep in Cast Irons 


As discussed, temperatures in the cylinder heads in modern diesel engines reaches 
around 400—500 ?C, while temperatures in the exhaust manifolds are in the range of 
800 °C [45, 60]. So, continuous long-term operation at such elevated temperatures 
makes these components susceptible to creep. 

In cylinder heads, significant thermal gradients related to complex geometries 
including multiple ports, valves, and attaching components can result in high tensile 
or compressive stresses at multiple locations. Several investigations of cracking in 
cast-iron cylinder heads [61—64] found that it mainly occurred in the valve bridge 
areas. Investigation by Smith et al. [61] found that the valve bridge region experi- 
enced compressive stresses at high-temperature condition due to restrained thermal 
expansion. These stresses can result in permanent deformation due to creep if the 
temperatures are held for sufficient duration. Conversely, tensile stresses are gener- 
ated in this region upon cooling, leading to initiation of microcracks, which prop- 
agate under repeated start-up-shutdown cycles. Such failures can be considered as 
thermo-mechanical fatigue (TMF), but they are caused by creep. 

Several studies were dedicated to the study of TMF behaviour of cast irons to 
develop component-level models for life prediction [25, 65—67]. Most studies consid- 
ered the effects of low- and high-cycle fatigue, plasticity and, to some extent, creep 
damage in SGI, CGI, and FGI. The material models developed were based on exper- 
iments performed within a specific range of stresses and temperatures typical for 
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real-life conditions. Such analysis is especially useful for understanding of different 
failure mechanisms and development of models to reflect in-service performance of 
components. Norton’s creep law is widely used in such models to account for creep 
damage [25, 67] that is added to damage from other mechanisms. 

There are not many studies looking specifically into creep of cast irons. A report by 
Kattus and McPherson [68], focussed on high-temperature mechanical performance 
of castirons, included a detailed investigation of creep behaviour in grey cast iron. The 
study contained microstructural analysis, creep-rupture data, minimum creep rates 
for different alloys tested and provided a direction for further material improvements. 
The report also included conclusions about the role of different alloying elements 
like Mo, Cr, and Si in improving the creep resistance of cast irons. Based on the 
experiments completed, the study found that pearlite graphitization into ferrite and 
graphite resulted in lower creep-rupture properties in the pearlitic cast irons compared 
to standard ferritic grades. 

An investigation into the creep properties of cast iron by Wheatley and Pope [69] 
dealt with compressive creep of cast iron between 325 AND 475 °C at different 
stress levels. The paper concluded that the materials showed creep behaviour under 
compression similar to that in tensile creep tests. Only primary creep was observed 
at 325 °C for stresses up to 200 MPa. Secondary creep was found in tests above 
400 °C, creep at 475 °C demonstrating significantly higher strain. The study did not 
include comparison between tensile and compressive creep. 

Creep behaviour of three families of nodular cast irons typically used in exhaust 
manifolds was analysed by Hug et al. [45]. Two of them were ferritic SiMo nodular 
cast irons, and the third one was an austenitic nodular cast iron of grade D-5S. 
The creep test temperature for ferritic irons was between 650 and 800 °C, and 
the austenitic iron was tested up to 900 °C. The study found that all three mate- 
rials followed the Monkman-Grant law (Fig. 11.8), indicating similar creep-damage 
mechanisms. It was found that the austenitic grades were generally more creep- 
resistant compared to ferritic ones. At high stresses and temperatures, the creep 
fracture was dominated by plastic straining of the matrix and graphite nodules. At 
lower stresses and temperatures, it was caused by cavity nucleation and diffusive 
growth, leading to microcracks and voids without any signs of deformation in the 
matrix. The damage mechanism in the high-temperature creep tests of ferrite was 
similar to that reported by Hervas et al. [70] in the tensile tests, with the plastic flow 
of ferritic grains mainly driven by significant reduced yield strength of ferrite at high 
temperatures. Plastic strains of graphite nodules reported by Hug et al. [45] were not 
Observed in tensile testing by Hervas et al. [70]. 

Recent creep studies on ferritic SiMo51 and SiMo1000 and austenitic nodular cast 
irons D-5S by Oberg et al. [71, 72] employed novel test methods called sequential 
tensile tests (STT), stress relaxation and thermal cycling (SRTC) tests, and traditional 
constant-load creep tests. The STT is a monotonic tensile test carried out at different 
strain rates, where stress is recorded. Itis effectively an inverse of traditional creep test 
with a constant load and a measured strain rate. The STT was used to evaluate Norton 
creep parameters for the studied materials. The SRTC test [30] is a relaxation test 
including isothermal holds in thermal cycles with a specimen fixed in grips. The test 
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uses compressive stress relaxation at high temperature and tensile stress relaxation 
at low temperature. The STT and SRTC tests are fast compared to a conventional 
creep test. The studies found that for all the materials tested, the creep rates matched 
well both the STT and the SRTC test. A direct comparison of creep rates from 
STT and SRTC tests with that from traditional creep tests for SiMo51 demonstrated 
that the latter were an order of magnitude lower. The reason for these differences 
was not fully identified. The studies provided results for such creep parameters as 
activation energy and the stress exponent for the different materials that can be 
helpful for numerical simulations and design of exhaust components. Interestingly, 
the authors concluded that the creep behaviour was similar in terms of tension and 
compression and that the data from monotonic tests can be used for cyclic loading 
conditions. This conclusion may be true for SGI, without pronounced difference in 
tensile and compressive behaviours, but it is not expected to be the case for FGI or 
CGI, demonstrating tension—compression asymmetry. 

Wt et al. [73] studied the creep behaviour of CGI at stresses between 40 and 
150 MPa and temperatures ranging from 350 to 550 °C (Fig. 11.10). Apparently, 
at 150 MPa, there was no significant creep up to 450 °C but the creep rate rose 
sharply at 550 °C resulting in specimen’s rupture in some 10 h. The study found 
pearlite transformation at temperatures around 550 °C as in other works [14], which 
can explain this sharp increase in the creep rate. It was noted that the creep strain- 
to-failure of about 3% was at the higher end for CGI and might be a result of a 
higher ferrite content. Cracks originating on the surface of the specimen propagated 
preferentially through ferrite, the phase weaker than pearlite. The cracks extended 
further by debonding between graphite and ferrite, with subsequent rupture of the 
specimen when crack reached a critical length. Grain-boundary sliding was identified 
as the creep-damage mechanism at 500 °C for 150 MPa. Intragranular deformation 
was observed at temperatures around 550 °C. 

Jing et al. [74] have recently studied creep in CGI at temperatures from 450 
to 550 °C and stresses between 100 and 150 MPa; the reported minimum creep 
rates are shown in Fig. 11.11. Creep performance of CGI significantly deteriorated 
with an increase in temperature from 450 to 550 °C. Based on a multi-objective 
optimisation approach for curve fitting, the study found that different creep-damage 
mechanisms such as grain-boundary sliding, dislocation glide, and dislocation climb 
were dominant at different combinations of stresses and temperatures. 


11.9 Experimental Results for CGI Creep 


The literature survey into the creep of cast irons demonstrates that there are a few 
studies covering tensile creep in CGI [73, 74] but there is no literature available 
regarding compressive creep in it. As discussed previously, tensile and compres- 
sive creep can play a critical role in high-temperature applications such as cylinder 
heads subjected to multiple start-stop cycles and long operation times. Fundamental 
understanding of the similarities and differences in creep behaviour under tension 
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Fig. 11.10 Creep curve of CGI at different temperatures for 150 MPa [73] 
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Fig. 11.11 Effect of stress on minimum creep rate in CGI [74] 
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Fig. 11.12 Specimen used in tensile and creep tests 


and compression is vital for design of efficient and reliable products. Results from 
the ongoing research on the tensile and compressive behaviours of CGI are given in 
this section. 

A pearlitic CGI material of EN-GJV-450 grade was procured in the form of cylin- 
drical rods of about 250 mm length and about 25 mm diameter. These rods were 
machined to produce test specimens with dimensions shown in Fig. 11.12. The spec- 
imens had a circular cross section with minimum diameter of 6 mm and a gauge 
length of 26 mm. The minimum gauge length was 4.33 times the specimen's diam- 
eter, meeting the minimum 4xD gauge length requirement in ASTM ES standard 
[75]. 

Instron 5982 electromechanical machine with 100 kN force capacity was used 
for tensile and compressive creep testing at various level of constant stress. The 
Instron machine was used together with a 3119—600 series temperature-controlled 
thermal chamber capable of reaching the maximum temperature of 600 °C. The 
temperature chamber had temperature stability of + 2 °C. Epsilon extensometer 
7642-0125 M-075 M with a 12.5 mm gauge length was used for testing along with 
DT6299 controller. 

The creep tests were completed in line with ASTM E139-11 standard [76] metallic 
materials. The specimen was soaked at high temperature for 8 h to ensure that that 
the specimen, thermal chamber, and all the attaching parts were at the settled temper- 
atures. The temperature soaking was done under a force-control mechanism with a 
tolerance of + 250 N (equivalent to + 9 MPa stress). For the creep experiments, the 
extensometer filter setting was setto low noise to maximize the resolution of the signal 
and to minimize the noise in the data. The load was applied at 0.001 mm/mm/min, 
which was the same in the tensile and compression tests. The load was held steady 
once the required stress level was achieved. Each test was run for 100 h, which was 
a sufficient time to capture the strain-rate levels for secondary creep. 

The 0.296 proof stress of CGI under tension and compression is shown in 
Fig. 11.13. At 400 °C, this stress in tension was 300 and 370 MPa for compression. 
Using this information as a rough guide, the creep tests were conducted at 150 MPa 
(to test the creep behaviour in the elastic region) and at 300 MPa (to test the creep 
near the plastic region). Creep tests were conducted at different temperatures—400, 
500, and 550 °C. 
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Fig. 11.13 CGI proof stresses under tensile and compressive loading at different temperatures 


The strain-time histories for the tensile and compressive creep tests at 300 MPa 
stress at 400 and 500 °C are shown in Fig. 11.14. The figure vividly demonstrates 
the significant impact of temperature on tensile and compressive creep behaviours. 
In tension at 400 °C, there is a short stage of primary creep followed by secondary 
creep with no rupture when test was stopped at 78 h. 

At 500 °C, however, the specimen ruptured within 30 min, most likely driven by 
the instantaneous plastic strain and the onset of primary creep. The rupture strain 
of about 1.1% was in line with the strain at fracture in the tensile tests at 500 °C. 
In compression, some primary creep was evident at 400 °C but there was no sign 
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Fig. 11.14 Strain-time histories for tensile and compressive creep at 300 MPa 
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Fig. 11.15 Strain-time histories for tensile and compressive creep at 150 MPa and 550 °C 


of secondary creep. However, primary as well as secondary creep were present at 
500 °C under compressive load. These results highlighted the level of differences 
between the tensile and compressive creep regimes in CGI. 

Another comparison between these two regimes at 550 °C and 150 MPa stress is 
presented in Fig. 11.15. For the tensile-creep case, a rapid transition from secondary 
to tertiary creep and almost instantaneous failure at the onset of tertiary creep were 
observed. Under compression, however, a short primary-creep stage can be observed 
followed by the secondary-creep region, demonstrating a gradual progress of creep. 

SEM micrographs of the tensile-creep specimen tested at 550 °C and 150 MPa 


ruptured under tertiary creep demonstrate the presence of voids and grain-boundary 
sliding (Fig. 11.16). 
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Fig. 11.16 SEM micrograph of fracture surface from the tensile-creep specimen failed under 
tertiary creep highlighting void and grain-boundary sliding 
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Chapter 12 A) 
About the Energy Dissipation Coefficient — gss 
of Thin-Walled Glass-Plastic Pipes 

with the Initial Reinforcement 

Asymmetry with Respect to Axis 

Subjected to Pulsating Internal 

Hydrostatic Pressure 


Koryun A. Karapetyan and Sona Sh. Valesyan 


Abstract Results of study of the influence of possible deviation of the symmetric 
reinforcement relative to the axis (the disorientation of reinforcement) occurred 
during the material technological processing into a product on the deforma- 
tion behavior and dissipative properties thin-walled glass-plastic tubular elements 
subjected to repeated-static internal hydrostatic pressure are discussed. It is stated 
that under the conditions of repeated-static internal pressure (low-cycle pulsating), 
in addition to the main cyclic circumferential deformations for symmetrically rein- 
forced pipes ( = 0°), accompanying the main cyclic longitudinal deformations is 
arising, and for pipes with the initially broken reinforcement symmetry (~ = 6-8°), 
accompanying cyclic shear deformations is appearing as well. As is shown, after 
the stabilization of the deformation process (after 2-3 cycles of loading-unloading), 
the value of energy dissipation coefficient i; for glass-plastic pipes with ~ = 6-8? 
turns out to be 2096 (and more) greater than the value of energy dissipation coef- 
ficient |y defined for glass-plastic pipes with « = 0°. The shares of each from the 
main and accompanying the main deformations into the total energy loss for the 
glass-plastic pipes with the initially broken reinforcement symmetry ( = 6—8?) are 
shown up. Defined that during the process of low-cycle pulsating internal pressure, the 
amount of energy loss due to the occurrence of cyclic shear and longitudinal deforma- 
tions accompanying cyclic main circumferential deformations turns out to be 270% 
and 12% more than the amount of the energy loss arising from the main deforma- 
tions, respectively. Practical recommendations by the optimal design of thin-walled 
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tubular structural elements made of reinforced plastics operating under conditions 
of low-cycle pulsating internal pressure are stated. 


Keywords Thin-walled glass-plastic pipes * Disorientation of reinforcement - 
Intensities of shear stresses and the shear strain * Coefficient of energy dissipation - 
Pulsating internal hydrostatic pressure 


12.1 Introduction 


The deviation of the reinforcement angle from its intended value (the reinforcement 
disorientation is a special case of the violation of the reinforcement symmetry relative 
to the direction of some geometric parameter of the elements) is one of the most 
common defects in the macrostructure of reinforced composites, including reinforced 
plastics [1, 2]. The probability of the reinforcement disorientation occurrence, which 
is mainly a consequence of the imperfection of the material technological processing 
into a product, and which is usually of a random nature, is greater in the case of 
manufacturing spatial structural elements from reinforced composites [3, 4]. 

Previously, it was found that for thin-walled glass-plastic pipes with initially 
broken symmetry of reinforcement relative to the axis subjected to static uniaxial 
force action, in addition to the main deformations (registered in the direction of the 
force action), deformations accompanying the main ones also occur. In particular, 
when pipes are loaded by axial tension, shear deformations accompanying the main 
axial ones arise, and when pipes are loaded by simple torsion, axial deformations 
accompanying the main shear ones also occur [4]. In the case of internal hydro- 
static pressure, for thin-walled glass-plastic pipes with initially broken reinforcement 
symmetry, in addition to the main circumferential deformations, accompanying both 
axial and shear deformations arise [5]. 

As is known, among the main physical and mechanical properties of reinforced 
plastics are their dissipative properties, the negative influence of which on the reliable 
operation of construction elements from these materials during the time period can 
be significant in some cases. The optimal design of such elements subjected to cyclic 
loading during operation can be largely facilitated by taking into account in the 
calculations the indicator characterizing the dissipative properties of the material, 
based on experimentally established reliable data. 

According to the results of [6], under the conditions of cyclic loading, in tubular 
elements made of reinforced plastics with initially broken symmetry of reinforcement 
relative to the axis, in contrast to pipes reinforced symmetrically, in addition to cyclic 
main deformations, cyclic deformations also occur that accompany the main ones: 
shear—with cyclic axial tension and longitudinal—with cyclic torsion of pipes. In 
this work, as a result of identifying the share of each of the deformations in the loss 
of the total energy of glass-plastic pipes with an initial reinforcement disorientation, 
practical recommendations were formulated aiming at the optimal design of such 
pipes subjected to cyclic loading by the indicated force factors during operation. 

The purpose of this work is to identify the share of the main and accompanying 
main deformations in the loss of the total energy of thin-walled glass-plastic tubular 
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elements with initially broken symmetry of the reinforcement relative to the axis, 
subjected to repeated static internal hydrostatic pressure. 


12.2 Research Methodology 


The phenomenon of the reinforcement disorientation was discovered by us during the 
manufacture of experimental tubular test pieces based on glass-plastic in laboratory 
conditions in such a way that the direction of the main knitting fibers of the fabric 
coincided with the direction of the axis of the pipes (symmetric reinforcement—the 
value of the reinforcement angle ~ = 0°). However, according to the measurements, 
for a part of the pipes, which is about 8% of the total, deviations of the reinforcement 
angle from its zero value were recorded within 6—8? [4]. Based on this, to implement 
the experimental part of the issues considered here, two batches of glass-plastic thin- 
walled tubular elements-test pieces with an inner diameter of 38 mm, a wall thickness 
of 2.25 mm, and a length of 285 mm were manufactured, the dimensions of ones 
correspond to the requirements of the tested recommendations [7]. 

The test pieces were made from a glass-plastic prepreg based on a modified epoxy 
resin by the winding method according to the technology [8]. For one batch of pipes, 
the value of the above-mentioned reinforcement angle was « = 0°, and for the other 
batch it was —@ = 6-8°. 

Plain weave fiberglass fabric with the main overlap [9] brand T-23 (TU 6-II -23- 
76) with a density (the number of fibers per 1 cm? of fabric) 36:20 (warp: weft), 
produced by the Sevan plant "Electrical Glass Insulation" (Republic of Armenia) 
was used. The value of the fiberglass reinforcement coefficient is y = 0.45 (warp = 
0.29, [Lwett = 0.16). 

Part of the manufactured tubular test pieces of both varieties was used to deter- 
mine the limit of resistance to destruction in the circumferential direction e. : 
and the other part was used to test for repeated-static internal hydrostatic pressure. 
When conducting cyclic tests with an average rate of change in internal pressure 
of 26.7 atm./min. (corresponds to the rate of stress change in the circumferential 
direction of the pipes ogg = 25.8 MPa/min.), the magnitude of the amplitude stress 
was applied equal to 0.42 an. the choice of which was made on the basis of the 
preliminary tests. According to these tests, as the internal hydrostatic pressure in the 
pipes increases, their initial shortening and further elongation are observed. At the 
same time, if the condition ogg < 0.45 out is obeyed, the fiberglass pipes with both 
ọ = O?and q = 6-8? experience only shortening [10]. 

The basic number of loading-unloading cycles was used equal to 6 due to the 
dynamics of changes in the values of amplitude and residual circumferential, shear 
and longitudinal deformations of the cycle, measured during testing (Fig. 12.1). 

To calculate the values of the coefficient y; of the relative energy dissipation 
per cycle (dissipation energy) of glass-plastic pipes subjected to cyclic loading- 
unloading, the following formula was used [4]: 


178 K. A. Karapetyan and S. Sh. Valesyan 


Fig. 12.1 Tubular test piece mounted on a testing machine with meters measuring longitudinal 1 
and 2, shear 3, and circumferential 4 deformations 


b |- Tam si Pres) = X nli — Lr = Tres) 


Ņ=1- 


= - (12.1) 
b [T amp =Á In(1 F = Tamp)] 


Equation (12.1) was obtained on the basis of the well-known dependence [11] W 
= AW/W (where AW is the value of the energy dissipated per cycle, and W is the 
value of the strain energy), using the following linear fractional function (2) applied 
for analytical description of the experimentally established relationship between the 
intensities of shear stresses T and the shear strain I' [12, 13] in the sections of the 
ascending (—>) and descending («—) branches of the hysteresis loop. 


—- 
= Te F — Te 
Eu um (12.2) 


- 2 (È 
y 722(P=Te 
a 


In Eqs. (12.1) and (12.2), Dyes and I'4 are the values of the intensities of residual 
= A S 2 
and amplitude shear deformations of the cycle, respectively, X = a / b , where a 
— 
and b are the approximation parameters of hysteresis loop curves, and T, is the 
limiting value of T, corresponding to the destruction of the test piece. 
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Let us note that the experimental part of the studies considered here was carried 
out 30 years after the manufacture of glass-plastic pipes. During this period of time, 
they were in the laboratory at an ambient temperature of 20 + 6 °C and a relative 
humidity of 60 + 8%. 


12.3 Results and Discussions 


Before proceeding to the discussion of the problems considered here, we note that 
the results of studies of the effect of the violation of the symmetry of the reinforce- 
ment relative to the axis on the fracture resistance and on the deformation behavior 
of thin-walled glass-plastic tubular elements subjected to repeated-static internal 
hydrostatic pressure were considered in detail in paper [5]. Selected data from this 
work required for their analysis from the standpoint of formulating some practical 
recommendations on the optimal design of thin-walled structural tubular elements 
made of reinforced plastics subjected to repeated-static (low-cycle pulsating) internal 
pressure are brought here. 

As the test results showed, and this was noted in the above-mentioned work [5], 
the difference in the values of resistance to destruction of pipes with initially broken 
reinforcement symmetry (« = 6—8?) and symmetrically reinforced (« = 0°) subjected 
to internal hydrostatic pressure turns out not to be significant. The average value of 
this characteristic for both mentioned types of glass-plastic tubular elements can be 
taken equal to 424.9 MPa. 

When carrying out studies of deformation behavior in the process of cyclic testing 
by internal hydrostatic pressure of the above-mentioned both batches of glass-plastic 
pipes for all cycles of loading—unloading, the data taken from the corresponding 
indicators (Fig. 12.1) were processed and the approximating curves were constructed 
according to Eq. (12.2). These results obtained for I, II, IHI, and VI test cycles are 
shown in Fig. 12.2. 

From the data in Fig. 12.2 pointed out in paper [5], in addition to the main cyclic 
circumferential deformations, glass-plastic pipes with the reinforcement angle ọ = 
0? subjected to repeated-static internal hydrostatic pressure have experienced cyclic 
longitudinal deformations accompanying the main ones also (Fig. 12.2a), and pipes 
with ọ = 6-8? have experienced accompanying cyclic shear deformations as well 
(Fig. 12.2b). At the same time, during the entire process of a step-by-step increase 
of the internal hydrostatic pressure level in pipes with both mentioned reinforcement 
angles or during the process of a step-by-step decrease of the internal hydrostatic 
pressure level in pipes with both mentioned reinforcement angles, the branches of 
the hysteresis loop retain the direction of convexity or concavity, and the discrepancy 
between the ascending and descending branches of the hysteresis loops of the same 
deformations is gradually reduced. 

Changes of the energy dissipation coefficients V; depending on the duration of 
the repeated-static internal hydrostatic pressure of both types of glass-plastic pipes 
mentioned above can be analyzed from the data presented in Fig. 12.3. 
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Fig. 12.2 Deformation diagrams of pipes ¢ = 0° (a) and ọ = 6-8? (b) within the cycle in loading- 
unloading mode subjected to internal hydrostatic pressure 


V 


Fig. 12.3 Curves describing changes of the coefficient yy of glass-plastic pipes with reinforcement 
angle ~ = 0° (curve 1) and « = 6-8? (curve 2) depending on the cycle number n of the test for 
repeated-static internal hydrostatic pressure 


From this figure, the marks show the results calculated according to Eq. (12.1), 
using the experimentally established corresponding data in comparison with the 
curves approximating these results, we notice that the initial increase in the number of 
cycles n to 4th leads to a monotonous decrease with decreasing rate of the coefficient 
V defined for both pipes batches with reinforcement angle ọ = 0° and at angle ọ = 
6—8?. With a further increase in the number of cycles n until the end of the cyclic 
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tests, the change in the value of the coefficient y for both batches of mentioned 
fiberglass pipes is practically not observed (Fig. 12.3). At the same time, it is noted 
that the ratio of the values of the coefficient y determined for I and VI test cycles 
practically does not depend on the value of the reinforcement angle « of pipes and 
equals 1.4-1.5. 

The comparisons of the data in Fig. 12.3 show that after 2-3 cycles of loading- 
unloading by internal pressure, the value of the ratio of the coefficients wy of pipes 
with reinforcement angles ~ = 6-8? and ọ = 0° defined for the same cycle number 
n, practically does not change and is approximately 1.2. That is, for the type of cyclic 
loading considered here, after the stabilization of the deformation process (after 2-3 
cycles of loading-unloading), the amount of energy dissipation in thin-walled glass- 
plastic pipes with initially broken reinforcement symmetry turns out to be 2096 (and 
more) greater than the value of the same characteristic determined for practically 
similar pipes, however, reinforced symmetrically relative to the axis. 

As already noted, subjected to cyclic loading by internal hydrostatic pressure, 
for thin-walled glass-plastic pipes with initially broken symmetry of reinforcement 
relative to the axis (ọ = 6—8?), in addition to the main cyclic circumferential deforma- 
tions (£99), cyclic shear deformations (Yoz), as well as, longitudinal (£77) deformations 
accompanying the main circumferential ones are arising. Proceeding from this, we 
consider to be acceptable the values of the energy dissipation coefficient of the cycle 
of these pipes, defined according to (1) for all test cycles, and presented in Fig. 12.3 
by marks (in the further presentation at the text, they will conventionally be called 
the total energy dissipation coefficients of the cycle observed during repeated static 
internal hydrostatic pressure of pipes and will be denoted by wq) separate into 
corresponding summand components and figure in the following form: 


V H.sum = WH.69 F Vn.6z F WH zz (12.3) 


Into Eq. (12.3), Vg oo, Vg oz, and Vg 7; are the values of the energy dissipation coef- 
ficients per cycle arising, respectively, from the main circumferential deformations, 
and from shear and longitudinal deformations accompanying the main deformations. 

Approximation curves describing changes of the total energy dissipation coeffi- 
cient of the cycle and its summand components determined on the basis of exper- 
imental data, respectively, according to Eq. (12.1) and using functions of type (1) 
depending on the cycle number n of loading-unloading by the internal pressure of 
pipes with ọ = 6-8? are shown in Fig. 12.4. 

From the data of this figure, it can be noticed that the curves describing the changes 
in both the total energy dissipation coefficient and the terms of the components of this 
coefficient, depending on the cycle number n of testing pipes, are practically similar. 
This indicates that the experimentally established regularity noted above, related to 
the behavior of the total energy dissipation coefficient YH.sum in the process of cyclic 
loading by internal pressure, can be considered acceptable for the cases of behavior 
of the terms of its components Vg oo, Vn.oz, and wg zz. 

It should be noted that the phenomenon of similarity of curves describing changes 
of the total energy dissipation coefficients and summand coefficients depending on 
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the number of the loading-unloading cycle was also found in cases of testing for 
cyclic axial tension and simple torsion of thin-walled glass-plastic pipes with initially 
broken symmetry of the reinforcement relative to the axis [6]. 

From the comparison of the data in Fig. 12.4, it follows that the value of the 
ratios iu oo/ UH.sum, VH.62/Wu sum and Wy z;/ Vn sum, determined for the same loading- 
unloading cycle number of thin-walled glass-plastic pipes with  — 6-8? subjected 
to internal pressure, practically does not depend on the number of test cycle n and 
equals approximately to 0.17, 0.63 and 0.19, respectively. That is, in the range of 
cyclic loading of these pipes by internal pressure considered here, regardless of 
the number of the loading-unloading cycle, the amount of energy loss due to the 
occurrence of cyclic shear and longitudinal deformations accompanying cyclic main 
circumferential deformations turns out to be approximately 270 and 1296 more than 
the amount of the energy loss arising from the main deformations, respectively. 


12.4 Conclusions 


Thus, a possible violation of the symmetry of the reinforcement relative to the axis 
occurred during the manufacturing process by winding thin-walled glass-plastic 
pipes in such a way that the directions of the warp fibers of the fabric and the axis 
of the pipes coincide, can cause very significant cyclic shear and significant axial 
deformations that accompany the main cyclic circumferential deformations of the 
pipes subjected to repeated-static (low-cycle pulsating) internal hydrostatic pressure. 
It can be argued with a higher probability that a phenomenon similar to the 
one mentioned above will also be observed at low-cycle pulsating internal pres- 
sure of tubular elements made of reinforced plastics with initially broken symmetry 
of reinforcement relative to the axis, manufactured by the cross-winding method. 
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Under the conditions of low-cycle pulsating internal pressure into thin-walled 
pipes made of reinforced plastics with initially broken reinforcement symmetry rela- 
tive to the axis, the value of the energy dissipation coefficient arising from shear defor- 
mations accompanying the main circumferential deformations significantly exceeds 
the values of the energy dissipation coefficients arising from both the main deforma- 
tions themselves and from accompanying main circumferential deformations. In this 
case, the difference in the values of the mentioned energy dissipation coefficients 
practically does not depend on the duration of the internal pressure pulsation in the 
pipes. 

The foregoing indicates that at the condition of pulsating internal pressure in 
pipes made of reinforced composites, the loading of the composite matrix occurred 
the weak link of the material, is more intense than the loading of the fibers reinforcing 
the material. As noted in [14], in most cases, it is the destruction of the matrix or the 
interface between the reinforcing component and the matrix, and not the destruction 
of the reinforcing fibers, that is the cause of the premature failure of structures made 
of reinforced composites. 

A constructive method for solving the problem can be one of the ways to prevent 
the influence of defects in the macrostructure of reinforced composites, including the 
disorientation of reinforcement, on the reliable operation of structural elements made 
of such materials [15]. In particular, for composite thin-walled tubular elements, it 
is advisable to provide stiffeners oriented in such a way as to create the maximum 
obstacle to the deformation of the elements in one direction or another [15]. 

Given approach mentioned above is quite acceptable for thin-walled composite 
tubular structural elements with the lowest dissipative characteristics design, oper- 
ating under conditions of pulsating internal pressure. Namely, it is advisable to orient 
the direction of the provided stiffeners in such a way as to create maximum resistance 
to the formation of shear deformations at the stage of these pipes design. 
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Chapter 13 A) 
Contact Problem for Coated Viscoelastic geac 
Tube and Rigid Inserts with Complex 

Profiles 


Kirill E. Kazakov 


Abstract The article describes the construction of a solution for the problem of the 
interaction of a viscoelastic aging pipe with an internal thin elastic coating and several 
different rigid cylindrical inserts, assuming that the profiles of the contacting surfaces 
are described by rapidly changing functions. The solution method used makes it 
possible to construct a solution that takes into account both the rheological properties 
of the pipe and the complex profiles of bodies. Using this method, expressions are 
obtained for contact pressures in which the features are highlighted by separate terms 
and multipliers, which allows real calculations to be performed with high accuracy 
even when holding a small number of members of an infinite series. 


Keywords Contact problem - Aging material - Pipe - Coating - Complex 
profiles - System of integral equations 


13.1 Introduction 


Pipelines are used in industry to transport various media, such as gas or liquid. Their 
designs must take into account many different factors: internal and external pressures, 
temperature effects, possible vibrations, etc. One of the reasons for using multilayer 
pipes is that some layers are responsible, for example, for the bearing capacity of 
the pipe, while others protect against aggressive environments. Different sections 
of pipelines must be connected to each other using various devices. These can be 
couplings, inserts, etc. Moreover, such devices may be required in other cases, for 
example, rigid inserts can serve as reinforcing elements of the pipe; the presence of 
couplings in some areas can reduce vibrations. However, stresses and deformations 
occur at the attachment points of these elements, which must be calculated, including 
taking into account both the rheological properties of bodies and their complex shapes 
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and properties that have arisen, for example, due to the peculiarities of obtaining such 
bodies (see, for example, [1]). 

This article discusses the formulation and construction of an analytical solution 
for the problem of the interaction of a pipe with a thin inner coating and several rigid 
inserts. The resulting solution takes into account both the rheological properties of 
the pipe layers and the complex shapes of the contacting surfaces. 


13.2 Problem Formulation and Mathematical Model 


Suppose there is a long cylindrical axisymmetric pipe through which a liquid or gas 
is pumped under relatively low pressure. In order for the pumped substance not to 
destroy the main bearing layer of the pipe, the pipe is covered from the inside with 
an additional thin protective layer. Due to the peculiarities of the application of this 
layer, it can have a variable thickness. Rigid cylindrical inserts are used to strengthen 
the pipe in a number of places. In order to prevent their horizontal movement, they 
have a variable diameter. These inserts are placed inside the pipe so that the inserts 
are completely adjacent to the inner layer of the pipe, and the contact areas coincide 
with the lengths of the inserts. Schematically, such an interaction is shown in the 
Fig. 13.1. 

It is necessary to determine the levels of contact stresses under the assumption 
that these stresses significantly exceed the stresses caused by the internal pressure of 
the medium being transported and/or the external environment. It is also necessary 
to take into account the possible proximity of the inserts from each other. 

First of all, let us formulate the main assumptions: 


1. The pipe layers are homogeneous. 

2. The pipe layers can be made of viscoelastic aging materials. As a result, stress 
levels will change over time. 

3. The protective layer of the pipe is softer than the main layer. 

4. The thickness of the protective layer is much smaller than all other linear dimen- 
sions: radii, thickness of the outer layer, lengths of inserts. 


Fig. 13.1 Contact interaction of tube and several rigid inserts 
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5. Variable insert diameters and coating thickness are described by a relatively 
smooth function (the tangents of the angles of inclination of the surfaces are 
much less than 1, see [2]). 

6. There is smooth contact between the layers and between the protective layer and 
the inserts. 

7. Itis assumed that plastic deformations do not occur as a result of such interaction. 


The results of the studies presented in [3, 4] and generalizations to the case of 
a coating of variable thickness show that unknown contact pressures qi(z, t), ..., 
qn(z, t) in the interaction regions [a;, bı], ..., [an, bn] (n is number of inserts) can 
be found from the following system of equations 


t 
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The following designations are introduced in this system: ri, is inner radius of main 
layer (or outer radius of protecting layer); A(z) is protecting layer thickness; gi(z), 
..., £n (z) are outer radii of inserts; a1, ..., a, are left z-coordinates of inserts; bi, ..., 
b, are right z-coordinates of inserts; Tin and Toy are production times of layers; to 
is the time at which the inserts are placed inside the two-layer pipe (the time of the 
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beginning of the interaction); to > Tin and to > tou; Vin and Vout are Poisson’s ratios 
of layers (it is assumed that they do not change over time); Ej, (t) and Eou(t) are 
time-dependent Young's modules; Kin(t, T) and Kout are creep kernels of layers [4, 
5]; ke(z) is kernel of cylindrical contact problem [3, 4] 


oo 


ke(z) = fros cos(zs)ds, (13.2) 


0 
where 


L(s) = S(s)s~'[c7! — c,s?C?(s) + T(c,, 5)D?(s)], 


T (r,s) = ard — Vout) + s?r, Cr = l'ouljg > 
S(s) = cz 1T (1, s) + T(e,, s) + c,s* A? (s) — s?T (cr, s) B"(s) 
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A(s) = Io(s)Ko(crs) — Io(c,s)Ko(s), B(s) = Io(s)Ki(ces) + li(crs)Ko(s), 
C(s) = Io(crs)Ki(s) + Li(s)Ko(ers), D(s) = Ii(s)Ki (ers) — Tiers) Ki(s). 


(13.3) 


Here rout is outer radius of main layer, Io(s), I; (s), Ko(s), Ki (s) are modified Bessel 
functions of first and second kind. 

The system of equations (13.1) can be reduced to the following dimensionless 
form 
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using the following notation 
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If vector-functions, matrix-functions, and matrix operators are introduced into 
circulation 
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then, system (13.4) can be represented in the following compact form 
c*()0 — Vi)D' (z)q* G^, 0) + I VS)FE'q' (z^, 0) = 9'(25), (13.7) 
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Thus, finding the contact pressure levels reduces to the need to solve the operator 
equation (13.7) and then transform the solution using (13.5) and (13.6). 


13.3 Getting an Analytical Solution 


Consider carefully the operator equation (13.7). It has two essential features. 
1. The equation includes integral operators of various types: 


a. Volterra operators with variable integration limits, the presence of which is 
associated with viscoelasticity and aging of layers; 

b. Fredholm operator, which arises when solving a boundary value problem for 
a thick circular cylindrical layer, the results of which are used in constructing 
a mathematical model of this problem. 


2. The equation contains functions describing the profiles of the contacting surfaces. 
Such a functions can be rapidly changing, which must be taken into account when 
building a solution. 


These features do not allow the use of standard known approaches, as they lead 
to significant errors when performing real calculations (see [6]), which is due to the 
limitations of the mantissa in calculations. If standard methods are applied even for 
the case when all radii are constant (there are no rapidly changing functions), then 
standard methods lead to the need to solve an infinite system of linear equations, the 
fully filled matrix of which contains Volterra operators in all cells. Therefore, in the 
problem under consideration, it is necessary to use a special approach that effectively 
takes into account “bad” functions, and allows you to build an equation solution with 
operators of various types. 

First of all, let us consider the structure of equation (13.7). Note that when solving 
the problem of the plane contact of the punch system and the layer with a coating in 
[7], the system was absolutely the same in appearance [expressions (13.4)]. Despite 
the fact that the kernel ky (x) of the Fredholm operator, of course, was different, its 
properties were similar to those of the Fredholm operator k,(z) in the problem under 
consideration: 


e functions L(s) has similar asymptotics: lims L(s) = 1, lim;s9 L(s) = 0, 
lim; ,o[L(s)s-!] = const; 
e Fredholm operators are symmetric and positive definite. 


These facts allow us to use the solution obtained in [7] to write out the solution 
of our problem. We will first indicate the main features of the method used in con- 
structing this solution (and described in [7]), and then, we will write out the solution 
itself. 


Step 1. It is necessary to introduce new unknown vector-function according to the 
formula 
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Note that the new Fredholm operator F is also symmetric and positive defi- 
nite. Now, unlike the original equation (13.7), the right-hand side of equation 
(13.11) is “good”, due to the smoothness of the kernels of operator F* and 
hence the smoothness of vector-functions (z*). 

Step 2. The form of the resulting operator equation (13.10) and expressions (13.8) 
and (13.11)) for the function q(z*) and the operator F suggest to us that 
the solution must be constructed in the Hilbert space L5([—1, 1], V) in the 
form of a decomposition according to the basis IP, Yh Zanmi LE 
obtained by orthonormalization on [—1, 1] of the following system of lin- 
early independent vector-functions 


192 


Step 3. 
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Here il, 2, ..., i” are identity vectors. Thus, it is necessary to construct a 
special basis {Phn (z*)}i=1,2,...:n3m=0,1,2,...+ 

It is necessary to construct the eigenfunctions of operator F using obtained 
basis. This will make it possible to immediately reduce the resulting system 
of equations for the functional expansion coefficients to a diagonal form. 
We will give only the final formulas for calculating dimensionless unknown 
vector-function q*(z*, t*), since a detailed description of all calculations 
can be found in [7] 
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in which y and y;,, are determined from spectral problem 


YY as Fa Reo: (13.14) 


j=l 1=0 


coefficients KË, are expansion coefficients of kernel k‘/*(z*, ¢*)[D'*(z*) 
Di*(r*)] ? in basis {pi,(Z*)}i=1,2,....n;m=0,1,2,... and Rf(t*, t*) are the 
resolvents of kernels 
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c* (P) KX (C, T*) + ye Kou (t, T*) 
C*(t*) + yx ` 


K,(t*, v) = (13.15) 


Now, using formula (13.13) and change of variables (13.5), it is possible to 
obtain expressions for contact pressures in the area of interaction of inserts 
and pipes 
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13.4 Conclusions 


The formula for calculating contact pressures in the area of interaction of the pipe 
with the inner coating is presented in a form in which the functions associated with 
the thickness of the inner coating, and the profiles of inserts are separated by separate 
terms and multipliers. This allows calculations to be performed with high accuracy 
even when these functions are rapidly changing. To achieve sufficiently high accu- 
racy, it is necessary to limit the infinite series to only 20—30 terms, while using other 
methods of solving this number should differ by more than an order of magnitude, 
which leads to significant errors due to the limited mantissa of real variables. 

It should be noted that the obtained solution allows taking into account both the 
complex profiles of the contacting surfaces, and the rheological properties of the pipe 
layers, and the mutual influence of inserts located in close proximity to each other. 
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Chapter 14 A) 
Inelastic Behavior of High-Temperature cei 
Steel Under Cyclic Loading Conditions 


Katharina Knape and Holm Altenbach 


Abstract The paper at hand focusses on the constitutive equations to describe the 
inelastic material behavior of the high-temperature steel X20CrMoV12-1, widely 
known to be applied for power plant components. Therefore, the purpose is to model 
its response to a cyclic loading profile under which power plants operate the majority 
of time. An Armstrong—Frederick type model including a constitutive equation for the 
inelastic strain rate and an evolution equation for the backstress tensor is considered 
as basis for the application of the two-time-scale approach. The advantage will be a 
reduction in computational time while still being able to depict the complete material 
behavior. The finite element software ABAQUS is used to simulate the creep test as 
well as the cyclic loading regime of a bar at elevated temperatures. 


Keywords Cyclic loading - Frederick-Armstrong model * Two-time-scale 
approach 


14.1 Introduction 


Power plants represent one of the most used power generating technologies of today. 
Their gas turbines are known to have a high performance density so the main pur- 
pose is to quickly close the gap between the power generally needed and the power 
provided through renewable resources. Due to this efficient kind of running, highly 
frequent start-ups and shut-downs ofthe system lead to complex mechanical and ther- 
mal loading conditions, mechanical loading in the sense of periodic stress and strain 
states and thermal loading meaning very high surrounding temperatures. Therefore, 
the high-temperature creep, a slow time-dependent deformation, is the main chal- 
lenge faced by the material along with the cyclic loading conditions. The combination 
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of both greatly influences the component’s life and may lead to failure earlier than 
expected. To prevent unforeseen events and investment costs, an understanding of 
the material’s behavior and response to certain loading conditions through a reliable 
simulation is mandatory. In addition, it would be possible to predict the remaining 
lifetime or adapt the maintenance intervals more precisely. 

These computations are very time-consuming. They need time integration proce- 
dures with very small time increments in the case of a cycle-by-cycle integration [1]. 
However, to omit these difficulties, calculation methods including time averaging 
approaches have been developed within the past years. They can be implemented 
into the finite element code with the aim of reducing computational time. This work 
focusses on applying the two-time-scale approach which is already known for the 
solution of differential equations of dynamical systems [1]. Now, it is also used to 
simulate inelastic material behavior in a numerically efficient way by differentiating 
between two time scales, a slow and a fast one, each of them accounting for certain 
processes [12]. Another technique has for example been suggested in [8], where a 
wavelet transformation-based multi-time scaling method depicts crystal plasticity. In 
addition, the cycle jumping method is described in [9] with the intention to model the 
material’s response under periodic loading. Here, internal variables are calculated 
for as many loading cycles as needed until the integration scheme is stabilized. After 
that, the rate of change can be estimated for a determined number of cycles avoiding 
a further cycle-by-cycle integration. 

The starting point to achieve the above is a constitutive model as used in [1, 4] 
which needs to include especially creep, as well as cyclic hardening and softening 
processes. It can either be a macroscale or microscale model, where for a macroscale- 
based model, the material parameters are calculated according to experimental data 
[4] by fitting the curves. With the intention of modeling the inelastic behavior of a 
realistic gas turbine or shaft, using a microscale model had the advantage of depicting 
the local deformation better but is numerically much more complex which is why in 
this paper, a macroscale-model is applied. 

The widely known unified constitutive model was firstly used by [7], including an 
equation to describe the inelastic strain rate tensor and also considering an evolution 
equation for the backstress tensor. Chaboche picked up the concept and suggested 
a superposition of several backstress tensors with separate evolution equations [3]. 
The approach is limited though, since the number of material parameters and hence 
the complexity of the model is increasing and so is the numerical effort. 

The mentioned constitutive models have been successfully applied to predict 
material behavior under various mechanical and thermal loading conditions, never- 
theless, modeling cyclic loading remains challenging [1]. In Sect. 14.2, the equations 
according to the Armstrong—Frederick model are derived, followed by the explana- 
tion of the two-time-scale approach in the third section. The combination of the two 
is then implemented into the finite element software ABAQUS to model the response 
of the high-temperature steel X20CrMoV 12-1 to small number of loading cycles. 
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14.2 Two-Time-Scale Technique 


The basic idea of the two-time-scale method is the introduction of two different time 
scales Tọ and T; [2, 11, 14] with the aim of reducing the computational time when 
solving a system of differential equations of the form 


- = X[t,x(t)], x (0) = xo (14.1) 


where x represents a set of unknown variables. 
The first, slow time scale, is often also called ‘natural time’ or ‘physical time’ and 
it accounts for quasi-static loading and long-term behavior such as creep, see Eq. 


(14.2) 
HhO=t (14.2) 


The second, fast or fine time scale, is described using a parameter u with respect to 
the total time tend 


Ty (t) 2 v (t) — i4 (14.3) 
H 
T 
u= xl. (14.4) 
tend 


The total time derivative then yields 
TSn epe (14.5) 


The result of this operation is a system of partial instead of ordinary differential 
equations which can be solved with an asymptotic series expansion [12] of the set 
of unknown variables x with respect to the factor u 


x(t, T) =x® (t, 1) + ux? (t, v) + px? (5 v) +- (14.6) 
Also expanding the right-hand-side of the equation and inserting that into the total 


time derivative yields a set of differential equations. They can be sorted with respect 
to the order of u 


bx O 
de og: (14.7) 
ÔT 
8x — xD 
©). — X(t (0) 14.8 


a) (2) (0) 
ôx 4 óx E àX(t, t, x ) a. 


a) 
n ót ÔT ôx 


(14.9) 
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In Eq. (14.7), it can be seen that the mean solution x© is only a function of the slow 
time scale f. 
Now, a time averaging operator has to be applied [1] 


(f, t) = fre t) dr (14.10) 


resulting in the following system of differential equations to calculate the mean 


solution dh 
dx = 
—— =X (t,x). 14.11 
di (t, x®) ( ) 


The solutions of higher orders of u may also be calculated according to [14]. Never- 
theless, this work focusses only on the mean solution, where the stress tensor takes 
the following form 

o (t,t) =o (t) +0 (1) (14.12) 


with the mean part o © (t) and the periodic part o!) (t). The stress deviator and 
the backstress tensor were also decomposed the same way. The above mentioned 
method was tested in [1] and now needs to be applied to the material model described 
in Sect. 14.3. 


14.3 Material Model 


The material model is supposed to depict elastic and also inelastic behavior. There- 
fore, the Armstrong—Frederick type constitutive model is applied which includes 
a constitutive equation for the inelastic strain rate tensor and a nonlinear kinematic 
hardening rule for the backstress tensor. The material parameters required are already 
identified in [1, 4] for tempered martensitic steel. 


14.3.1 Elastic Behavior 


Under the assumption of small strains, the additive decomposition of the strain € into 
an elastic e°! and inelastic e part is considered as the basis 


& — e p gin, (14.13) 
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In order to define the elastic strain, Hooke’s law is applied including the material 
parameters Young's modulus E, bulk modulus K , shear modulus G, and the Poisson’s 
ratio v as well as the stress tensor o. Here, tr means the trace and J denotes the unit 
tensor 


o = K tr (£) 1+ 2Ge", (14.14) 
with 
E E 
Ke. die————. (14.15) 
3(1 — 2v) 2(1 + v) 


Taking into account the decomposition of the stress tensor into a spheric o, and a 
deviatoric part ø’ yields 


1 
On = 3t (0), (14.16) 


o'—o — onl. (14.17) 


Within this paper, all deviators will be marked with a prime. The equation for the 
elastic strain can be derived as follows 


qiu Oe (14.18) 
— 3K 2G" i 


14.3.2 Inelastic Behavior 


Now, the inelastic strain ¢ needs to be determined. It is known that in the case of 
creep behavior the inelastic strain rate has to be a function of the potential depending 
on the three invariants Ji, J2, and J3 of the stress tensor and can therefore be written 


T gn CA (95. J"), I (0) 
B ôo! i 


(14.19) 


Since there is no significant change of volume due to the inelastic deformation, only 
the stress deviator is considered. The influence of the first and third invariants may 
be neglected, since for a deviator, the first invariant is equal to zero [4]. The third 
invariant accounts only for so-called second-order effects in the material belonging 
to the tensorial-nonlinear behavior [13]. So in the simplest case, the inelastic strain 
is only dependent on the second invariant of the stress deviator 


win _ 8Y (h(0’) 
eS -——— 


= (14.20) 


which yields 
gin — > gin © (14.21) 
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with the von Mises stress oym 
3 
Ow = Cal (14.22) 


and the von Mises inelastic strain rate £y 


; /2.. . 
EM qu : gin, (14.23) 
Note that é'” is a deviator. 


Power plant components are not only subjected to mechanical but also very high 
thermal loading. To account for the temperature dependency of the inelastic strain 
rate, a separation ansatz is applied as can be seen in Eq. (14.24). It includes the stress 
response function f, and a temperature response function R(?) depending on the 
absolute temperature 2 

ë" = RU. (14.24) 


These functions are identified by fitting experimental data of the material under 
monotonic loading conditions. 

Furthermore, the stress deviator is decomposed into an active o and a backstress 
part B. The tensor's active part will now be denoted by i 


B=0' —8. (14.25) 


To mathematically describe the backstress tensor, an Armstrong-Frederick type 
backstress [1] with two material parameters B; is chosen 


B = Bie" — B; £^. (14.26) 
The term containing the von Mises inelastic strain rate is called dynamic recovery 
term and is known to improve the numerical results [4]. In order to also be able to 


capture cyclic behavior, the superposition of backstresses according to [3] is used 
where each of the backstresses has its own evolution equation described in Eq. (14.28) 


P=} B. (14.27) 
i=1 


B; = Byé™ — B; èB. (14.28) 


This approach is limited by the ability of identifying the material parameters needed. 
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14.3.3 Application of the Two-Time-Scale Approach 


The backstress tensor for isothermal loading conditions in particular is shown in [1] 


"E in 3, B 
B= ZR) | DT 5l (14.29) 


Including the before mentioned decomposition (Eq. 14.12) of the variables leads to 
the set of constitutive equations given in Eqs. (14.30)-(14.33) with C (9) = 8.84 
[1] 


í 3 o Oy / f 
gin no» [f e (0) go») (14.30) 
2 OvM 
4 (0) 
40 2 Jn) _ 2 (0) EVM 
_ +269 14.31 
B o-30€K ( 2P Ax G9) ps 
and 
3 
Ru = | str (o" - 0 coco (14.32) 
a0) = [Ee (gn). (14.33) 
vM 3 


The response functions for high-temperature steel were developed in [10] with the 
parameters ao, a, B, and H, which should be estimated experimentally 


R(8)— age *, f(o) = sinhBo, h(Jo|, 9) = Hlo]. (14.34) 


14.4 Simulation of the Material Behavior 


The simulation of the inelastic material behavior is done using the finite element 
program ABAQUS. An user-defined subroutine implements the specific material 
properties of X20CrMoV 12-1 [5, 6]. First investigations are done modeling only 
one single element, now a bar, clamped on one side, is considered as shown in 
Fig. 14.1. 
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Fig. 14.1 Schematic model 
of the bar 


SS 


|, a(t) 


SG 


14.4.1 Cyclic Loading Condition 


Referring to the application of high-temperature steels such as X20CrMoV 12-1 in 
power plants, these components are mostly subjected to cyclic loading. Therefore, 
a combined uniaxial load of the form described in Eq. (14.12) is considered. In this 
paper, the stress profile is assumed to be of rectangular shape, as can be seen in 
Fig. 14.2 with the mean stress om > 0 and the amplitude 0 < o, < om. In [10], the 
material parameters for a surrounding temperature of 0 = 835 K can be found 


23 I 4 1 
ao = 4.64 x 10” =, œ = 6.12 x 10* =, Ch = 8.84, 


1 (14.35) 
B —7/4 x 10? ——, H, = 046. 
Ko MPa” 
The loading parameters are chosen as follows 
Om = 200 MPa, o, = 10 MPa (14.36) 


for a total simulation time of tena = 60 min. 


14.4.2 Results of the Finite Element Simulation 


The results of the simulation including the material parameters described before can 
be seen in Fig. 14.3. The surrounding temperature was set to 873 K which tends to 
be the operating temperature of a power plant. Additionally, the initial condition of 
the inelastic and elastic strain being zero was chosen. Figure 14.4 shows the same 
loading profile but with the mean stress measuring 100 MPa, exactly half of the first 
simulation. The comparison between both of them can be seen in Fig. 14.5. If the 
mean stress is increased further from 100 to 200 MPa by steps of 20 MPa, the curve 
is shifted upward as shown in Fig. 14.6. 
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Fig. 14.2 Cyclic loading profile 
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Fig. 14.3 Strain versus time for the given cyclic stress profile 
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Fig. 14.4 Strain versus time with a mean stress of om = 100 MPa 
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Fig. 14.5 Comparison of the strain versus time curves with the different mean stresses 


14 Inelastic Behavior of High-Temperature Steel Under Cyclic ... 205 


0.035 T T 7 T T T T" 
— — e. = 100 MPa 
m 
aos]. — — e, = 120 MPa 
— — e, = 140MPa 
— — e," 160 MPa 
0.025 [ a „= 180 MPa 
c, = 200MPa 
m 
0.02 + 
g 
S 
a 
0.015 + 
0.01 } 
0.005 | -— pe eu" 
0 E 4 4. 4 L 4 " 
0 500 1000 1500 2000 2500 3000 3500 


Fig. 14.6 Strain versus time for the given cyclic stress profile 


14.5 Conclusion 


The aim of this paper was to examine the inelastic material response of high- 
temperature steel to a cyclic loading profile as it can be found in several real-life 
applications such as power plants. The widely known Armstrong-Frederick consti- 
tutive model was used to model the material behavior. Applying the two-time-scale 
approach to the derived equations results in a reduction of the computational time 
needed when the finite element simulation using ABAQUS is carried out. 

The applied material model includes the influence of the cyclic loading parameters 
such as mean stress and stress amplitude depending on the two time scales. The graph 
showing the strain with respect to time shifts as expected when the magnitude of the 
load is decreased. 

Current and future investigations focus on deriving the constitutive equations and 
applying the two-time-scale approach also for the inelastic behavior due to thermal 
cyclic loading conditions or a combination of thermo-mechanical loading. 
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Chapter 15 A) 
One Case of a Lubrication Problem geac 
for a Line Contact of Elastic Solids 

with Soft Double Coatings 


Ilya I. Kudish and Sergei S. Volkov 


Abstract The main goal of this paper is to consider formulation and solution of 
a lubrication problem based on the expressions for elastic surface displacements 
derived asymptotically from an exact solution for a loaded double coated elastic 
substrate which are valid within a certain range of the problem input parameters. 
Based on that, a new relatively simple numerical model of the behavior of lubrica- 
tion parameters in a line lightly loaded contact of double coated elastic cylinders 
has been developed. For simplicity materials and coatings of both cylinders are 
considered identical. The main part of the elastic displacements of the contact sur- 
faces is represented by simple Winkler like contributions. The problem is reduced 
to a numerical solution of a system of two transcendent equations performed by 
Newton’s method. The formulas for lubrication parameters such as distributions of 
contact pressure, gap, actual velocity of surface sliding, lubrication film thickness, 
shear stress, coefficient of friction, and contact energy loss were derived and used for 
specific calculations. Generally, compared to lubrication parameters in the contact 
of rigid solids without coatings the effect of the double coating resulted in reduced 
(up to 40% or more) contact pressure, increased contact area and film thickness as 
well as some reduction of frictional forces and energy losses. Some specific results 
for the obtained solutions are provided. 


Keywords Line lightly loaded lubricated contacts * Elastic double coatings and 
substrate - Asymptotic representations for elastic surface displacements 
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15.1 Introduction 


Most machine elements have moving joints. Often, to improve their performance and 
durability coatings and lubrication are used. For example, different kind of protective 
coatings are used to improve tribological characteristics of joints, to reduce corrosion 
and temperature effects in joint contacts. Lubrication usually serves two purposes: 
decreasing the energy losses and friction as well as reducing contact surface tem- 
peratures. Due to continuously increasing requirements to machine performance, 
there is a need for designs of advanced machinery elements which, in turn, requires 
development of new advanced mathematical models of machine elements with coat- 
ings involved in lubricated contacts. In certain cases, the coatings used may have 
a complex structure, i.e., besides being just made of a single homogeneous, func- 
tionally graded, or porous materials, they may be multi-layered coatings made of 
different materials, etc. Depending on the coating structure, contact geometry, and 
applied loads different mathematical models can be used. For example, in [1-13] dry 
contacts (without lubricant) with and without coatings made of homogeneous and 
functionally graded materials, multi-layered coatings with and without friction were 
considered. The surface elasticity approach was used for the analysis of coatings in 
both static and dynamic loading in [14, 15]. Also, there exist many studies of the 
behavior of double coatings of different structure subjected to different loads. The 
interest to double coatings is due to the relative simplicity of their creation (com- 
pared to multi-layered and functionally graded coatings) and the fact that they may 
occur naturally as oxide films and adsorbed lubricant components. The plane con- 
tact problem on indentation of bilayer (double-layered elastic coating glued to the 
non-deformable foundation) was studied in frictionless and frictional formulations 
in [16, 17], respectively. A problem for an indenter subjected to normal force and 
torque contacting an elastic half-space with a double coating made of a functionally 
graded material is considered in [18-20]. A thermomechanical analysis of a double 
coating made of a functionally graded material is considered in [21]. The wear of 
a double-layered coating and coating made of a functionally graded material, tak- 
ing into account heating and friction, is considered in [22, 23]. Consideration of the 
influence of lubrication on contact mechanical characteristics leads to problems more 
complex than problems for dry contacts. This is due to the necessity of simultaneous 
consideration of the rheology equations describing lubricant behavior and the elas- 
ticity equations describing solid deformations, linear speeds of contact surfaces, and 
gap between contact surfaces. Generally, solution of elastohydrodynamic lubrication 
(EHL) problem is reduced to studying systems of integro-differential equations. The 
simplest description of lubricants is provided by the Newtonian rheological model 
[24—27]. In particular, heavily loaded line EHL contacts with Newtonian lubricant 
rheology [28, 29] with thin adsorbed soft layer are considered in [30] while heavily 
loaded point EHL contacts for functionally graded coating materials are considered 
in [31]. The case of lubricant with Ree-Eyring non-Newtonian rheology is consid- 
ered in [32] for a line contact with a coating. In [33] an EHL model for point contact 
was investigated numerically. The results showed that hard coatings increase friction 
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while soft coatings decrease it. A similar problem for contact solids with multiple 
coatings (including some functionally graded ones) has been considered numerically 
in [34]. The current paper is the continuation of the investigation of EHL contacts 
with double coated surfaces [35]. The paper uses the classification of different double 
coatings and the working regimes they are involved in [36] as well as Newtonian 
lubricant rheology to simplify the formulation of the EHL problem for a line contact, 
specifically, the expressions for surface displacements, speeds, and gap between the 
surfaces. We will consider one classification case from [36] for which the upper 
coating is significantly softer than the intermediate coating and substrate while the 
substrate material is harder than the material of the intermediate coating. The results 
will show how such combination of coatings and work conditions leads to lowering 
friction force and energy loss and increases lubrication film thickness. 


15.2 Main Simplified Relationships Used in the Problem 
Formulation 


Let us consider a plane problem for a lubricated contact of an infinite cylinder with a 
half-space (see Fig. 15.1). Both the cylinder and the half-space have attached to them 
relatively thin elastic double coatings. For simplicity we will assume that the lubricant 


Fig. 15.1 The general view 
of a lubricated contact 
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is a Newtonian incompressible fluid with constant viscosity u. The coordinate system 
is introduced in such a way that the x—axis is directed along the lubricant flow and 
perpendicular to the cylinder axis, the y—axis is directed along the cylinder axis, and 
the z—axis is directed across the lubricant layer. The cylinder is separated from the 
surface of the half-space by a continuous lubricant layer. The cylinder steadily rolls 
and slides in the direction of the x—axis with speed u» while the half-space moves 
in the same direction with speed u. The components of the lubricant velocity are 
represented by functions u(x, y, z), v(x, y, z), and w(x, y, z), where 


Qv(x,y,z) — 


0 
dy 


v(x,y,z)— 


due to problem geometry. Due to that the problem parameters are independent of 
the coordinate y. For a typical line concentrated contact the gap between the contact 
surfaces is much smaller than the contact length. Therefore, the simplified equations 
of the motion of such a fluid are as follows [37, 38] 


dp OT zx Op ðu 
—= 0, = 0, Ta =yU—, 15.1 
ax T Oz Oz " P az ( ) 


where p is the contact pressure while t,x is the tangential stress. 
For an incompressible fluid the continuity equation has the form 


ðu | Ow 
—+—=0. 15.2 
Ox S Oz ( ) 


the no slip boundary conditions on the fluid speed u and no penetration of the fluid 
on w at the solid boundaries are as follows 


u(x, —h(x)/2) = ui, u(x, h(x)/2) = u», 


1 dh 1 dh 15.3 
wa, -hG0/2) = — 5 ED. wer, he) m = zo E, C09 


where A (x) is the gap between contact surfaces. The boundary conditions imposed 
on w are obtained based the fact that in concentrated contacts dh/dx « 1. 

An accurate and precise description of surface normal and tangential displace- 
ments for a double-layered elastic solid loaded with a normal and tangential surface 
loads is provided in [36]. We will assume that the substrate material occupying the 
lower subspace has Young's modulus E, and Poisson's ratio v, while the materials of 
the upper and intermediate coatings have Young's modulus E, and E; and Poisson’s 
ratios v. and v;, respectively, while their thicknesses are hı and ho, respectively. 
However, the exact expressions for the surface displacements for such elastic solids 
are very complex. An asymptotic analysis of these expressions in a spectrum of var- 
ious limiting cases has been conducted in [36] which in some specific limiting cases 
resulted in a much simpler relationships compared to the original ones. In this paper 
we will consider couple of such cases of a lightly loaded contact characterized by a 
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Winkler type relationships for surface displacements U and W called in [36] as Case 
I or Case II, respectively, 


ES «ES KEH or Ep KEG «Es. (15.4) 
Ej = Ex = Ej = a (15.5) 
u= ka= g ETT aan = Ou) : 


where superscripts (i), (c), and (s) correspond to the materials of the intermediate and 
upper coatings as well as the substrate, respectively, E and v are Young's modulus 
and Poisson's ratio of the corresponding material. 

Specifically, for surface displacements we will consider Case U2US for the tan- 
gential displacement U; of the solid k has the form 


, = E3 (1) h (2) h / 1 
U, (x, 0) = = Brix 1k + Bü 2,k Try p(X) sess (15.6) 


which is correct if the following relationships are satisfied 


E a po hik + BË hak 
an < GS (Bighi + Blinn), Se 2 mrs 05D 
" R Bry hik + By uio 
and Case W2W7 for the normal displacement W; of the solid k as follows 
Wh(x, 0) = —— [BO ig + B2 hog] p' 15.8 
R(X, y= an 33,k Lk 33. c 2k po)... (15.8) 
is correct if the following relationships are satisfied 
a) (2) 
Pe a B33 Mik + B33 hou 
ag « E? (shi 3: BË hax) gc ot 33,k (15.9) 


i 2 , 
R Bis dua F Bis hax 


where subscript k indicates the solid (1 for lower and 2 for upper solid), hy, and ho x 
the thickness of the external and intermediate coatings on solid k, R’ is the effective 
radius of the contact surfaces, ay is a typical (Hertzian) half-length of a dry contact 
of elastic solids without coatings, 


R'P 
ag aM fs) , 
T E33 


P is the load per unit length applied to the cylinder, p(x) and r., 4 (x) are the pressure 
and tangential stress applied to the surface of solid k. Some of the constants involved 
in the previous formulas are given below [36] 
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(1) = 4r B® = 4r l 
" aq- n Cee 
/ 
p? 8E, (2) __ 4(1 — 2) 15.10 
BS Opa 57 [ON POM 
B (1 — vi) E35 
(1) _ EA D E 4r 
33 " _ win? a _ vj) EQ 


Using (15.7), (15.9), and (15.10) it easy to show that there is a range of problem 
parameters (material elastic characteristics, contact geometry, coating thicknesses, 
and applied normal load) for which the above asymptotic estimates for U; and W; 
[36] are valid. 

For simplicity we will assume that the materials of both contact solids are iden- 
tical and the coating thicknesses of coatings on both solids are also the same, i.e., 
hi; = hi» = hy and i3, = h22 = h. Based on the above formulas the actual 
surface velocities of the solids are 


d hn) 
ne =m [re zu (s. (=1) I. i= 1,2, (15.11) 


where h(x) is the gap between the solids in contact. That, finally, allows us to for- 
mulate the lubrication problem as follows (see [37, 38]) 


d J viQ) + v2(x) h3(x) dp(x) | - Pe | dp(xe) _ 

=| 2 MO u dx | =0 puc 70 
2. à p 

h = he + ae 45 1 (n BA hı + B$ hn) por), f »»» =P 


Xi 


v +v + 1 
1E) Hval) _ wi ua + "E DD + BOR ZIIDEA 10) + ut. ac]. 


2 | 2 
l [SO (2) / 
$6) = v) = (2 = uz — u1  z— [Bin + Bio uot o0 isa]. 
2x s 
h\ pS hdp h uS hdp 
T. = 7, j = , Tz = Tz ; = , 
md tte n — ame mes a h. 2d 


(15.12) 
where x; and x, are the contact inlet and exit point coordinates (x; is considered to be 
given while x, needs to be determined from the problem solution), Ae lubrication film 
thickness at the exit point x, which is also determined from the problem solution, 
and R’ is the effective curvature radius of the contact solids. 
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By introducing the following dimensionless variables typical for lightly loaded 
lubricated contacts [37, 38] 


pia ees na wob ya yo. 
x',a,c X, Xi, Xe , k = —, p' = p—, —, 
NE y ! "i di n 
vi, vh, S} = vi, v, S}, F = —F, E = — E, (15.13 
{vi v2 i ZEE 1, U2, S} P ae ( ) 
=h Se ns 
d Xp" uid ua. 37 ua (Uy + U2) 


and omitting in the further considerations primes at the dimensionless variables we 
obtain the following problem in dimensionless variables 


d [netu y'Mdp| , 
dx (07 


2 H dx 
d d 
pla) = po = BO = SPO o, 
x E 


(h—1) E b. I @ax == 
—l)=x?-c x)dx = —, 
y m ug 2 


Ui + V2 có d /us cóy d dp 
= 1 — Soo h ; 
2 24ry dx \ h mx dx dx 


8 d fus ead / d 
S= Sw- 2 (5) Sige (: ee 


6ry dx \ h 2x dx d 
RES hi/ R h;/ R! 
y- 3 ES , On —0 um. qm ad i) 
— ye — Vj 
a (i ea)EDIED Gage 
m" hy/R' ho IR coe: 
go — Ke) LG E (d) p) = Fs)? 

1-1.) EO ES 1 —v)ESES RES 


(15.14) 
where V, Soo, 0, On, c, and ô are given dimensionless parameters. Here in addition 
to the traditional boundary conditions used in lubrication problems we imposed an 
additional boundary condition d? p(c)/dx? = 0 at the exit point of the lubricated con- 
tact. The dimensionless friction force at the upper surface F (coefficient of friction) 
and contact energy loss E are expressed by the formulas 


" [= di 24 fe PO ax 


, 


~ 6n0y h(x) 


om) f $60dx | 12y* f s, (dpte) 
EE J hQ) we fre (22 d Ja 


(15.15) 


214 I. I. Kudish and S. S. Volkov 


Obviously, the Reynolds differential equation can be analytically integrated one 
time. After that the problem can be reduced to solution of a system of the equa- 
tion obtained after one time integration of the Reynolds equation with the boundary 
condition dp(c)/dx = 0 with remaining boundary and integral conditions as well 
as the initial-value problem for S(x). This system can be solved iteratively in three 
repeated consequent steps. Suppose the initial approximations are taking the fol- 
lowing way: S(x) — Soo while p(x), h(x), y, and c are taken as from the solution 
of a lubrication problem for rigid solids and Newtonian fluid [37, 38]. The internal 
iteration process involves Step 1: Solving the one time integrated Reynolds equa- 
tion with boundary conditions p(a) = d? p(c)/dx* = 0. Specifically, we satisfy the 


Reynolds equation at semi-integer nodes x;+1/2, i = 0,..., N — 2, and imposing 
the boundary conditions po = 0 and py — 2py—1 + py» = 0 while the values of 
pressure p(x;) = p; are determined at the integer nodes x;, i = 0,..., N. Here N 


is sufficiently large positive integer. This way we get a system of N + 1 nonlinear 
algebraic equations with N + 1 unknowns p;, i = 0,..., N. Then on Step 2 the 
system of two transcendent equations 


c 


N-1 
i + Pi UT 
p(c) = py =0 and f owa ES 3 E ; = (i+ — xi) = 2 


a 


is used to determine the corrections for parameters y and c. That is done by applying 
Newton's method. After that, with the corrected values of y and c Step 1 is repeated. 
These calculations are done until the iteration process for p(x), h(x), y, and c 
converges. After that with new p(x), h(x), y, and c is solved the initial-value 
problem for S(x) from x = —oo to x = oo where the equation for S from (15.14) 
is also satisfied at semi-integer nodes x;41/2, k = L,..., K —1 and solved for 
Sk, K=L,..., K where Sj = Soo, x, «0, | xz [>>| a |, and xx > c, i.e., xk — 
Xp >> c — a. After that the iteration process goes back to Step 1 and so on until all 
the set of the solution parameters p;, hi, Sx, y and c converges with the desired 
precision. 

The lubrication problem for solids with coatings made of different materials and 
of different thickness can be set up in a similar way. Moreover, the equations for the 
case when one of the solids does not have coatings coincides with Eqs. (15.14) in 
which the dimensionless parameters o; and o have to be replaced by o;,/2 and o/2, 
respectively. Therefore, the effect of the coatings is diminished. 

Itis important to realize that usually the coefficient at the last term in the equations 
for S and (v; + v2)/2 in (15.14) is small compared to the other coefficients. That 
leads to the presence of a very narrow boundary layer adjacent to the exit point x — c. 
However, the boundary layer is very small and does not change the general behavior of 
the problem solution. Moreover, numerically the solution of the formulated problem 
practically coincides with the solution of the problem from (15.14) in which the last 
terms in the expressions for S and (v; + v2)/2 as well as the last boundary condition 
on d? p(c)/dx? are dropped. 
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On the other hand, the problem described by Eq. (15.14) can be solved using 
the regular perturbation method for o; ~ 1, o ~ 1,6 ~ 1 and V > 1 presented in 
[37, 38]. Obviously, for large V as V increases the problem solution approaches 
the solution of the corresponding lubrication problem for rigid solids [37, 38]. This 
trend is clear from the numerical data presented below. 


15.3 Some Results for the Lubrication Problem 


In this section, our goal is to illustrate the developed approach by a specific numerical 
example. For simplicity we will assume that the geometry and materials of the contact 
solids are identical. Consider a soft double-layered polymer material lying on an 
elastic substrate with the following properties: Ee = 0.1 GPa, ve = 0.3, E; = 1 GPa, 
vj — 0.3, E, — 200 GPa, v, — 0.48. Also, it is assumed that the effective radius of 
contact solids R’ = 0.01 m, the applied force P = 2 - 10? N/m, and the coating 
thicknesses are taken as follows h11 = Ai; = 1076 m and ho; = hoy = 10^? m. For 
this set of data all of the conditions (15.7) and (15.9) for the validity of the used 
approximations for the surface displacements U and W are satisfied. The lubrication 
regime is lightly loaded and, therefore, the lubricant viscosity u can be considered 
independent of pressure and equal to the ambient viscosity jj, = 1 - 107? Ns/m?. 
The following results are obtained for fixed values of parameters u = 1, Soo = 2, 
0/0 = 0.675, 0,/0 = 0.193, and varying values of parameter 0. Just notice, that for 
the case of rigid solids without coatings the dimensionless film thickness y, — 0.157 
and dimensionless coordinate of the exit point c, — 0.170 (see [37, 38]). Here and 
further the lower index r indicates the corresponding value for the case of rigid solids 
without coatings. 

The graphs of pressure p(x) versus x for different values of 0^? are presented 
in Fig. 15.2. The graph represented by a solid curve corresponds to the case of rigid 
solids without coatings. Obviously, as 0 increases (which happens when the applied 
load P increases and/or uu (u, + u2) decreases) the distribution of pressure p(x) 
decreases and occupies a wider contact area. The decrease in the values of p(x) 
reaches up to 4096 compared to the case of rigid solids. 

The graphs of relative lubrication film thickness y / y, and exit coordinate of the 
contact c/c, are presented in Figs. 15.3 and 15.4. It is obvious from this graphs that 
the presence of soft coatings increases the lubrication film thickness and widens the 
contact region compared to the case of rigid solids without coatings. As 0 decreases 
the contact parameters converge to the ones for the case of rigid solids without 
coatings. It is worth to notice that the quantitative and qualitative behavior of the 
relative minimum gap y hmin/ (y, — e versus 0? is very close to the corresponding 
behavior of y /y, versus 0? (see Fig. 15.3). 

Forrigid solids without coatings the dimensionless friction force and loss of energy 
in the contact are F, = 3.0844/(67z0 y.) and E, = 6.1696 u/yr, respectively. The 
graph of F/F, (which coincides with the relative friction coefficient) is represented 
in Fig. 15.5. As 07? increases the value of F/F, monotonically increases which 
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Fig. 15.2 The graphs of the 3 
pressure distributions p(x) P (x) 
versus x obtained for rigid solids P 
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corresponds to the elastohydrodynamic regime of lubrication on a Stribeck curve. 
Obviously, the presence of soft coatings decreases the friction and friction coefficient 
compared to the case of rigid solids without coatings. The graphs of E/ E, coincides 
with the graph of F/F, from Fig. 15.5. The actual sliding speed S(x) differs from 
Soo by less than 1% for any x and everywhere it can be taken equal to Soo. Obviously, 
the difference of S from Soo practically does not affect the values of F/F, and E/E,. 
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Fig. 15.4 The graph of the 2.27 c 
relative exit coordinate c/c, € 
versus 07? T 
24 
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Fig. 15.5 The graph of the 1 
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15.4 Closure 


A relatively simple model of a lubricated contact of elastic solids with soft double 
coatings was developed. The model is valid within the indicated range of param- 
eters described by (15.7) and (15.9). The development of this simple model made 
possible by using the obtained by the authors classification [36] based on an asymp- 
totic approach which allowed to significantly simplify the expressions for surface 
displacements of double coated surfaces. That leaded to a significant simplification 
of the Reynolds equation and its solution. The numerical results showed that for low 
surface speeds and lubricant viscosity and/or high applied force the presence of soft 
double coatings increases the lubrication film thickness, decreases the level of contact 
pressure as well as decreases the contact friction and energy losses compared with 
the case of rigid solids without coatings. For example, for the above indicated input 
parameters the maximum decrease in friction was 696 while in maximum pressure it 
was 4096. 
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Chapter 16 A) 
On the Exact Solution of the First get 
Boundary Value Problem for a Plane 

with a Circular Hole in the Formulation 

of the Nonlinear Power-Law Theory 

of Steady Creep Under Antiplane 

Deformation 


Suren M. Mkhitaryan 


Abstract In the formulation of the nonlinear steady-state creep theory (NSSCT), 
when there is a power-law dependence between stresses and deformation rates, the 
first boundary value problem for a deforming plane with a circular hole is consid- 
ered under antiplane deformation. Using the method of the harmonic function of 
pseudostresses, the solution to this problem is reduced to the solution of a nonlinear 
singular integral equation (NSIE) with the Hilbert kernel. The latter, in turn, is reduced 
to a nonlinear Riemann boundary value problem in the theory of analytic functions. 
An exact (closed) solution to the Riemann problem is constructed, with the help 
of which the main characteristics of the problem posed are represented by explicit 
analytical formulas. A particular case is considered. 


Keywords Steady-state creep * Power law * Stresses * Deformation rate * Plane 
with a circular hole - First boundary value problem - Antiplane deformation 


16.1 Introduction 


In [1, 2], the formulation of NSSCT with a power-law dependence between stress 
intensities and deformation rates or in the formulation of the deformation theory 
of plasticity and with power-law hardening of the material, a physically nonlinear, 
but geometrically linear, plane contact problem of compression of two bodies was 
studied. These works proceed from the exact solution of the generalized Flaman 
problem in displacements depending on normal concentrated forces. To determine 
the distributed normal force-dependent displacements or deformation rates of the 
boundary points of deformable half-planes, which replace compressible bodies, 
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according to Hertz’s hypotheses, the principle of superposition of generalized 
displacements (PSGD) or deformation rates is used. Some estimates of this prin- 
ciple were obtained in [3]. In [4, 5] are devoted also to the estimation of PSGD. 
For the nonlinear power-law contact problem of the interaction between a stamp 
with a flat base and a half-space under antiplane deformation, a comparative anal- 
ysis of the exact solution obtained by the hodograph method and an approximate 
solution by the PSGD was carried out in [5]. The hodograph method applied to 
crack problems, which leads to a linear differential equation for the potential in the 
deformation plane, was proposed in [6]. The hodograph method makes it possible to 
obtain unbounded solutions at the ends of the characteristic interval for the consid- 
ered mixed power-law nonlinear boundary value problems. Another linearization 
approach is based on introducing a biharmonic function of pseudostresses in a plane 
power-law problem and was developed in [7]. This method enables to obtain only 
solutions to mixed boundary value problems bounded at the ends of the interval. In 
[8], a harmonic pseudostress function was introduced in nonlinear power-law prob- 
lems under antiplane deformation, with the help of which an exact (closed) solution 
of the first boundary value problem of the NSSCT for a half-space under antiplane 
deformation was constructed. An exact solution of a mixed power-law boundary 
value problem for a half-space under antiplane deformation, when the boundary 
conditions on the boundary plane of the half-space are separated by a stripe domain, 
is also constructed in [9] using the method of harmonic function of pseudostresses in 
the NSSCT formulation. In the same work, a comparative analysis of the exact and 
approximate PSGD solutions was carried out. Note that many results of the study of 
nonlinear contact and mixed problems are summarized in [10, 11]. 

We also note that the power law between stresses and deformation rates, known 
as Glenn’s law, adequately describes the physical and mechanical behavior of sea 
ice and covers, glaciers, frozen soils, and other materials. Numerous studies have 
been devoted to the theoretical and experimental justification of Glen’s law. In this 
direction, we point to [12-14]. 

In this paper, in the formulation of the NSSCT with a power-law relationship 
between stresses and deformation rates, we consider a boundary value problem for 
an infinite space with a circular infinite cylindrical hole, which is under antiplane 
deformation conditions, when shear stresses are prescribed on the cylindrical surface 
of the hole. This problem is equivalent to the first boundary value problem for a plane 
with a circular hole. By the harmonic pseudostress function method, as in [8, 9], the 
solving this problem is reduced to solving the NSIE with the Hilbert kernel, solving 
of which, in turn, is reduced to the nonlinear Riemann boundary value problem of the 
theory of analytic functions. An exact solution of the Riemann problem is constructed 
based on which the stresses and velocities of the problem under consideration are 
represented by explicit analytical formulas. A particular case of an external load on 
the boundary circle of the hole is considered. 
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16.2 Representation of Stresses and Strain Rates in Terms 
of the Harmonic Function of Pseudostresses 


Let the deformable body be referred to the right rectangular coordinate system Oxyz 
and be under conditions of antiplanar deformation (longitudinal shear) in the direction 
of the Oz axis with the reference plane Oxy. Further, let the trace of this body on 
the Oxy plane be a two-dimensional domain D with a boundary ðD in the form of 
a smooth closed Jordan curve. In this coordinate system, as applied to the case of 
antiplane deformation, we present the basic equations of NSSCT with a power law. 
They consist [15, 16] of the equilibrium equation 


dt, / dx + 3Ty/ 3y =0 (Œ, y) € D), (16.2.1) 


where Txz, Tyz are shear stress components, the equations of continuity of deformation 
rates 


IYr ƏY —8yy/0x 20; yz —9w/0x, yy; = ðw/3y (x,y) € D), 
(16.2.2) 


where y;-, Yyz are strain rate components, and w = w(x, y) is the only non-zero 
velocity component in the direction of the Oz axis under antiplanar deformation; 
from the dependences between stresses and strain rates we have 


TT) T(T) m 
Ty = pe Ty; = T o T-—T(I)-—Kg" (Ko > 0; 0<m< 1); 
(16.2.3) 


T= thtt T= vt Yi (16.2.4) 


Here, T is the stress intensity, J” is the deformation rate intensity, Ko is the physical 
constant of the material, and m is the creep index. 

In the equilibrium Eq. (16.2.1), we introduce the stress function o = 
(x, y) ((x, y) € D) by setting 


li == a h — —. (16.2.5) 


It is assumed that the function ®(x, y), together with its partial derivatives up 
to the second order, is continuous in the closed domain D. Then, the equilibrium 
equation is satisfied identically. 

Next, we pass to the complex plane z and set 
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1 i 
z=x+iy, r= iyaa et Z), y=-35877 


p = (x, y) = »(5e* Z); -j ES 2) = (z, Z). 


From (16.2.5) and the first formula in (16.2.4) 


Id ə 96 a® ad 30V 7? 
t= i| — -= |, % = LTs2|.——) « (629 
Oz Oz Oz Oz Oz OZ 


For the strain rate components, from (16.2.3)-(16.2.4) using (16.2.6), we obtain 


Tr IP odo 0b 0o 
Yxz = K (m) Zj, 
TT)" az az Oz Oz 
1—m 
r 0b JD)\ a bI odo 1/m 
gp l———tu—kK . K =1/2(2 Ko) : 
n: = qq? e az x) (= x x) de /2( / 


(16.2.7) 


Then, using the relations 


aA (IPN (IPA 3A (IPN (üb ™ 
— (16.2.8) 
az \az Oz oz az Oz 


by analogy with [7], we introduce the pseudostress function A(x, y) = A(z, Z). 
In the linear case m = 1 and then, K(1) = 1/ Ko = 1/G, where G is the shear 
modulus. It follows from (16.2.8) that for m = 1, the pseudostress function A(x, y) 
coincides with the stress function ®(x, y) up to an additive constant. 

We now express the stresses, deformation rates, and velocities in terms of the 
function A(z, z). Namely from (16.2.7) and (16.2.8), it follows that 


z akoo( ^ — 24 — poo ( 2^ 4 2 a 
Yaz = EN Ge. UEZ T SNN az EU i 


Substituting the expressions y,, and y,, from (16.2.9) into the deformation rate 
continuity Eq. (16.2.2), we arrive at the Laplace equation for the function A (z, z) 


Al 290A A ot queas etn (16.2.10) 
— = = X, " Le 
oy) ay? War * 


To find expressions for stresses and velocities in terms of a function of pseu- 
dostresses, we invert relations (16.2.8). To this end, we multiply and divide by each 
other the left- and right-hand sides of relations (16.2.8). As a result, we will have 
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ID ID (IADA\” Ad /Id JAA [8^ 
dz əz \az az)’ azf az ðz/ a 


® A A ® dA\ T (OA 
pi ð , 7 ag = : (16.2.11) 
Oz Oz Oz Oz Oz Oz 


Then, substituting (16.2.11) into (16.2.6), we get. 


dA OA JA JA JA OA JA af JA 
Tz = — |; Tm = -]}. 
t az Oz Oz Oz dii Oz Oz Oz Oz 


and hence 


(16.2.12) 
Since 
dA 1/fdA (dA dA l P 
— L 3 Z = l , 
Oz 2\ ox dy Oz 2\ ax dy 
then formulas (16.2.12) can be represented as 
1 2) ý E 
Tu 
7 Qn) 3 
(16.2.13) 


1 aA on aA E aA 
To, = E 
ve am-1) Vx dy ax 


and formulas (16.2.2) and (16.2.9) in the following form: 
yx; = 0w/ dx =—K(m)dA/ dy, yz = ðw/ dy = K(m)dA/ ay. (162.14) 


To express the function w(x, y) in terms of A(x, y), we introduce the harmonic 
function Q(x, y) (x, y e D) conjugate to A(x, y). Then, we have up to an arbitrary 
additive constant 


w(x, y) = K(m)Q(x, y) (x, y) € D). (16.2.15) 


Thus, the velocity component w(x, y) is proportional to the function, harmonic 
in D, conjugate to the pseudostress function A(x, y). 

Note that the function Q(x, y) is expressed in terms of the function A(x, y) by 
the well-known formula [17] 
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9A aA 
Q(x, y) = f (- s + scd) FÈ. (16.2.16) 


MoM 


where Mo M is an arbitrary path connecting an arbitrary fixed point Mo(xo, yo) with 
a variable point M (x, y) and located entirely in the considered area D. 

So, the velocity component w(x, y) is expressed through the function of 
pseudostresses by means of formulas (16.2.15)-(16.2.16). 

For further use, it is necessary to write some of the basic equa- 
tions and relations (16.2.1)-(16.2.16) in the polar coordinate system 
(7,9) (0€r «oo; =x < Q € n). Setting 


x=rcosg, y ersingr-—wvx?-4y?, p = arctan (7) 
x 


and omitting intermediate elementary calculations, we obtain that the equilibrium 
Eq. (16.2.1) takes the form 


OT rz P 1 OT, i T: 


=0 ((r, e) € D), (16.2.17) 
or r 0g r 


deformation rate continuity equation—the form 


O0 Yoz Yoz 1 Oy, dw low 
2 ? =0 ((6e€D) Vrz ==; Yez = ———; (162.18) 
or r r dy r 0g 


or 
relationship between stresses and deformation rates are represented as 


TY) T(r) - 
I -p Ue Tez = —— Yez T-—T(T)- Kor” (0«m x 1); 


rU (16.2.19) 
t+, T= iet Yor 


Equations (16.2.17)-(16.2.19) include components of stresses and deforma- 
tion rates. Their meaning is clear. Now, based on (16.2.17), the stress function is 
introduced as follows: 


Tog = p> eS = ((r. e) e D), 


while the pseudostress function A (r, 9) = A(z, Z) is represented again by (16.2.8). 
Further, proceeding similarly to the above, we obtain the following expressions for 
the stress components: 
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m-1 
1 3A pd 98AM |? aA toen 
Tau. = " 
ee 2m-1| \ ðr r2? \ ap T i 


m-1 
1 aA at 1 /9AN 1? 18A 
Trz = ; 
7 2m-1 or r2\ dg r dg 


for the velocity components 


(16.2.20) 


oA 19A 
Yor = K(m)-—, Yr: = —K(m)- —  ((r.9) € D). 
or r dp 
Formulas (16.2.15)-(16.2.16) in the polar coordinate system will take the form 


w(r, 9) = K(m)&r, o) 


=K( f ega y K( ise 2 ym (16.2.21) 
= m apt Q Pr r], m) = 2 Ks : em: 
MoM 


16.3 Formulation of the Problem and Derivation 
of the Basic Equations 


Let an infinite space with a circular cylindrical hole (shaft) Q = 
{a <r < œ, —T «qo x T, —oo <z < oo) of radius a, referred to a cylindrical 
coordinate system r, g, z, along its cylindrical surface r = a, be uniformly loaded 
along the axis Oz by tangential forces of intensity f (ø), that is 


Tyla = fie) (T «o zm) (16.3.1) 
and 
f f(g)do = 0. (16.3.2) 


This condition is satisfied, in particular, when f (9) is an odd function on (—7Z, 77). 
. Itis assumed that under load (16.3.1) and under condition (16.3.2) an infinite space 
with a cylindrical hole Q is under conditions of antiplanar deformation (longitudinal 
shear) in the direction of the Oz axis with a base plane (r, g) and the power law 
(16.2.19) is valid for space material. As a result, we arrive at the first boundary 
value problem for a plane with a circular hole o = (a <r «oo, —1 «o x xz] in 
the NSSCT formulation with a power law of the relationship between stresses and 
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deformation rates (16.2.19) and with antiplane deformation in the direction of the Oz 
axis. In this problem, the boundary condition has the form (16.3.1), and condition 
(16.3.2) must be satisfied, while the tangential stresses Tọ; and r,.. vanish at infinity. 

Based on the last conditions, we represent the harmonic function of pseudostresses 
in o by the Fourier series 


oo 


A(r, Q) = yor [4s cos(ng) + B, sin(ng)] (a <r «oo; =T «q < 7). 
n=l 


(16.3.3) 


with unknown coefficients A, and B,. . In exponential form, series (16.3.3) can be 
written as 


oo 
A(r, g) = > C, r "lei"? (a<r <œ; =m <o <n) 
n=—CO 


nz 


1 
zn —iB,) (n=1,2,...); 


1 o 

5 (As +iB_-n) (n = —1, —2, ...); C-n = Cn (n = +1, +2,...). 
(16.3.4) 

Now, using (16.3.4) and formula (16.2.21), we calculate the function w(r, ọ). 


As an integration path MoM choosing a segment (b,r) (b >a) of ray o = 
Qo(—7 < Qo < 7T), we obtain up to an additive constant 


oo 
w(r,q) = K(m)&(r, o) = iK (m) » sign nC,r "le"? (r >a, =r cg cm). 
n = —oo 
n 0 
(16.3.5) 
Then, from (16.3.4), we get 
aA = 13A 
cq) = 3,7 = > In] Cua 7 tein (=x << 7), x(@) = ——— Ira 
i n=—00 r 0p 
nz 
oo 
=i » Aa tg (16.3.6) 
nz0 


From the first equality (16.3.6), we determine the Fourier coefficients 
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Pi . 
C,2-— co(9)e-"?q (n= 
2z |n| 


en 


8 2) (16.3.7) 


and substitute them into the second equality (16.3.6). After elementary transforma- 
tions, we get 


i fle 
xo = 1 f [Yosiney - m oras 


ae n=1 


where the convergence of the series is understood in the sense of the theory of 
generalized functions [17] as weak convergence. To calculate the sum of this series, 
we use the well-known formula from [18]. We can write 


» sin(ng) = -(m TE), = (In|sin S 


As a result 


1 f Q— 
x)= f coran( 
27 


-T 


/ 1 
) = —Cotan ? 
e 2 2 


Joao (m <<). (16.3.8) 


Thus, the partial derivatives of the harmonic pseudostress function A (r, g) on the 
circler = a are interconnected by an integral relation with the Hilbert kernel (16.3.8). 
This statement also follows from Hilbert’s formula on the relationship between the 
boundary values of the real and imaginary parts on the boundary unit circle of a 
function analytic in the unit circle [19]. 

Now, using the first formula (16.2.20), we implement the boundary condition 


(16.3.1) 
2 
1 JA 4 13A 
Tozlr=a = ore 
is 2m-1 Or |. rðr 


= fP) (=x < g <r). 


m-1 


2] T 9^ 
r—a or 


r=a 


Taking (16.3.6) into account, we have 


[o? (9) +x2@] 7 oy) = 2" fo) (r «e «m (16.3.9) 


Next, using the Hilbert inversion formula [20], from (16.3.8), we find 
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|f p-o 
etus -35 f cotan( Jra, (16.3.10) 
2x 2 


since by the first formula (16.3.6) 


T 


J a(g)dy = 0. 


—m 


Substituting this expression of w(g) into (16.3.9), we arrive at the following 
governing NSIE of the problem under consideration for x (9): 


m-—1 
x 2 2 m 
|ee ra E / cotan(” i 2 | ES / Com ( ^ — e)ra = 2n-1 f (g) 
2x 2 2x 2 


-H 


(=m « 9 <T). 


(16.3.11) 


After solving the NSIE (16.3.11), the function w(@) is determined from (16.3.10), 
and the Fourier coefficients C, will be determined from (16.3.7) or from the second 
equality in (16.3.6). 


16.4 Solving Nonlinear Singular Integral Equation 


We reduce solving this NSIE to solving the Riemann boundary value problem of the 
theory of analytic functions. To this end, we introduce into consideration a piecewise 
holomorphic function—the Cauchy-type integral 


1 t)dt 
eee a A 
2zi c t—z 


where C is a circle of radius a centered at the origin. From here, according to the 
Plemelya-Sokhotsky formulas for the boundary values of the function ®(z), we will 
have 


tae Lao 4 4L f 207 
OO = xU) ta er 


1 1 d 
Pe) = -X0) * 5 T) x0 EO. 


TIl ct—ġ 


(16.4.1) 


On the circle C, we put 
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t— ae, C — ae*; x(t) = x(ae") = xo(9), PEC) = ^ (ae) = OF (9) 
(=x «0,9 € n) 
and transform the expression 


dt aie? dà . e? qo EN! cos(27*) +i sin(5*) 


= : — =l = 
t—¢ ae” — aei? ci E (e^? EN iti) 2 sin ?z£ 


2 
1 9 — 
= 5| coran( 2 e)l, 


Then, relations (16.4.1) can be written in the form 


" 1 | f 
PFO) = Ez) + L— f Cotan( 


Tt 


SEL (=x < < m), 
(16.4.2) 


since according to the second formula of (16.3.6) 


T 


f Xo(9)d9 = 0. 
Then, from (16.4.2), we find 


2 


pee i], lf D-o 
TOLTO 0) + | z- J Coun( = Jodo 


—" 


(-1 <Qp<Z). 


As a result, the NSIE (16.3.11) reduces to the following nonlinear Riemann 
boundary value problem 


[-494 odr o] T [ed (9) + 05 (Y)] = —i2"7 e) (r < o <7). 
(16.4.3) 


However, from (16.4.2), it follows that. 
Dp (p) = —9 (p) or 65 (p) = -P (e) (T < e < x). (16.4.4) 


Taking into account relations (16.4.4), we can write 
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m-—l m 


—— al m-—1 
)[-eF Mes v] ? ef W=[H oF v] ? ej |]ed| ej - v*v. 


" uu (16.4.5) 
m— 
a[-eF Me] ? ej;w -[e; MO] ? eg» |eg ol" egi v7. 


As a result, of these transformations, the nonlinear boundary value problem 
(16.4.3) is reduced to the following linear boundary value problem 


VE) +T) = ift) (t -ae* ec). (16.4.6) 


To solve problem (16.4.6), we introduce the Cauchy-type integral 


Q(z) = : $2 MGE (16.4.7) 
C 


201 t— Zz 


and put [20] 


Qz) (z € St) 


16.4.8 
=z) (zes), i ; 


Viz) = | 


where S* is a circle of radius a centered at the origin and with a boundary circle C, 
and S^ is a complex plane with a circular hole of radius a. It is easy to see that 


QE) — AG) = if 6) > YT) + WE) = if (GEO) 


and hence, the piecewise holomorphic function Y(z) does give a solution to the 
boundary value problem (16.4.6). Now, by multiplying relations (16.4.5), we obtain 


[7j (—)% @)]" =—-Y*@Y@) (=r <o < n) 
and, further, from the same relations, we find 
ety) = [-w*()w-(o] * w^ (e), e (9) 
-[-w*«9w-] w( Ca «em. (16.4.9) 


Then, the solution of the original NSIE (16.3.11) according to (16.4.2) and (16.4.9) 
will be expressed by the formula 


xo(y) = [79*(9)w-(9] ? [v*(9 - 97 |] Cx < e « n). 


From here, using (16.4.7) and (16.4.8), after simple transformations, taking into 
account condition (16.3.2), we finally obtain the solution of the original NSIE 
(16.3.11) 
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LU 


m-1 
2 m T 
7 m-—1 1 v- 1 v- 
xo(g) = x (ac^) = -2" mr lee E J e tne] | I Cotan( =") roa 


=y 


(-1 «9 <7). (16.4.10) 


In the linear case m = 1 and we get from (16.4.10) 


1 f 0—o 
xo) = —2— J Cotan( )renao. 
2x 2 


In a particular case, we take 


f@)=sintng) n=1,2,.., =T < < 7). 


Taking into account, the known relations [21] 


|f p= 
os f Cotan ( 2 £) sin(nd})dv = cos(ng) (=r «qo «mz, n—10,2,..), 
T 


from (16.4.10), we have 
Xo(Q) = eae cos(ng) (=m < <r). (16.4.11) 


We represent it as 


1 


Xo(9) > x) = An (e"* + p. Om = EDIT. 


and compare it with the expansion in a Fourier series by the second formula in 
(16.3.6). We get 


in (ee — pu) = Am (eo + g Ue (n=1,2,..., =T <Q < T). 
Taking into account the properties of the coefficients C, from (16.3.4), we have 
iOm n+1 
C, = ———a (n = 1,2, ...). (16.4.12) 
n 
Now, using (16.4.12) and formulas (16.2.10), (16.3.4)-(16.3.6), we calculate the 


corresponding harmonics of stresses Toz, t,, and functions w(g), A(r, o), w(r, p). 
We obtain 
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T a NmG-T1) . "T a NmG-T1) 
; = —2|ot | an (=) sin(ng); Trz = —2|am| an (<) cos(nq); 


o(p) = 2am cosmp) AC, p) — 2a 7^ (T) sino); Cza -- «ez 


wr, o) = 2K(m) "a" cos(ng). (n= 1,2, ...). 
n 


16.5 Conclusion 


Further, development of the results presented in this article is connected with the 
application of the conformal mapping method. Namely, the solution of the first 
boundary value problem in the NSSCT formulation under a power law and an 
antiplane deformation for a given domain can be obtained from the solution (16.4.10). 
The solution constructed here using a conformal mapping of this domain onto a plane 
with a circular hole or onto a half-plane, for which the solution of the first boundary 
problem is given in [8]. Consideration of these issues is the subject of a separate 
study. 
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Chapter 17 A) 
On the Generalised Boundary Conditions | xs" 


in Harutyunyan’s Model of Growing 
Solids 


Evgenii V. Murashkin 


Abstract The paper deals with the problem of boundary conditions derivation on 
the propagating growing surface for Harutyunyan’s model in case of materials sen- 
sitive to mirror reflections and inversions of three-dimensional space. The growing 
surface positions are specified as the level surface of the pseudoscalar field. The 
notions of fundamental orienting pseudoscalar and pseudoscalar time of weight W 
are introduced. The unit normal pseudovector to the propagating growing surface 
given by the pseudoscalar field are calculated and discussed. The boundary condi- 
tions for stresses on the propagating growing surface proposed by G.I. Bykovtsev 
are generalised to the case of pseudoscalar geometry. 


Keywords Surface growth - Differential constraint - Pseudotensor * Pseudoscalar 
time - Harutyunyan’s model 


17.1 Introduction 


Conventional methods of manufacturing complex shape products imply a variety of 
technological treating processes, both related to the material removal and based on 
the synthesis of products by sequentially depositing material to a boundary surface 
[1—3]. All these stimulates the development of mechanics of growing solids. Addi- 
tive manufacturing technologies are widely used in modern industrial production of 
parts with complex shapes and designs. These methods include: laser stereolithogra- 
phy, selective laser sintering, electron beam melting, deposition modelling, multi-jet 
modelling, lamination, 3D-printing, computer axial lithography, layer-by-layer con- 
creting and production of woven composites. 

The mentioned above methods are based on well-known natural processes of 
surface growth: accretion of space objects, formation of avalanches and glaciers and 
crystal growth processes. At the same time, the processes of growth of biological 
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tissues and organisms are related to the processes of volumetric growth; nevertheless, 
processes of surface growth can also be distinguished among them. For example, the 
growth of atherosclerotic plaques [4—6], growth of the root system and the human 
bones growth. The growth of an atherosclerotic plaque can be described as the process 
of initial infiltration of blood plasma components into a thin subsurface layer of the 
inner wall of an artery. The growth of a crystal nucleus occurs by deposition individual 
atoms or their groups to its surface. 

The main feature of the growing solids is the solids forming simultaneously with 
the deformation process. This circumstance, of course, significantly complicates the 
mathematical modelling of such deformation processes in comparison with solids of 
constant staff. Suffice it to mention the situation that takes place in the dynamics of an 
absolutely rigid body of variable mass. The mass variability, on the one hand, leads to 
more complex mathematical problems, and on the other hand, generates qualitatively 
new effects in the behaviour of bodies. It is natural to expect that generalised model 
of solids and the initial-boundary value problems will become more complicated, 
and the influence of the growth parameters on the response of the solids will become 
more diverse. 

The solution of the boundary problem of growing solids is a very laborious prob- 
lem. An important feature of boundary value problems in mechanics of growing 
solids is the derivation of boundary conditions at the propagating growing surface 
between the main solids and the deposited part. We can found the discussions on 
boundary conditions problems in studies [7, 8]. The present paper deals with the con- 
sideration of Harutyunyan’s model of surface growing solids [7] and several variants 
of constitutive relations on the growing surface, akin to the simplest relations (see 
the well-known book by G.I. Bykovtsev: [8, pp. 288—292]). Throughout the paper, 
the terminology and notations adopted in publications [8—13] will be used. 


17.2 Governing Equations of Harutyunyan’s Model 
of Surface Growing Solids 


The in-depth study of modelling surface growing solids proposed by N.Kh. Haru- 
tyunyan can be found in [7]. Let us revisit the governing equation of this model. 
The equilibrium equations for Cauchy stress tensor o"? can be furnished in terms of 
velocities by 

V;(0.0°") = 0, (17.1) 


where V, is the Hamilton (nabla) operator, ð. is a time derivative. 
Boundary conditions on a non-growing part of the surface (surface of the main 
solids) are reads by 
nsd.0°" = 0. po (17.2) 
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and (or) 
vë = Q.up. (17.3) 


where py is the given traction vector, v* is the velocity vector, uj is the given dis- 
placement vectors, ns is the unit normal covariant vector. 

Condition on a growing surface & can be obtained from the solution of contact 
problem between 3D solid and 2D surface in form [14] 


n,0.0" = =cg “" Lye, (17.4) 


where c is the linear velocity of propagating growing surface in the normal direction 


Ns, g, kh is the 2D tensor of the given elastic surface tension, Lpg is the 2D tensor of 


the surface curvature. 
Constitutive equations for the strain rates £s, and velocities are furnished by 


1 
Esr = 3 (sv T VV), (17.5) 


and the general form of constitutive equations for Cauchy stress rate tensor can be 
assumed in form 
0.0 — 2.F*" (e,,, Vs). (17.6) 


where #°*" is the tensor function defining by experiments. 
The equation of the propagating growing surface X(t) in the implicit form reads 
by formula 
t= u(x"), (17.7) 


Governing Eqs. (17.1)-(17.7) must be supplemented by the recovering rules for 
stress tensor and displacements according to 


t 
a (x, pao" G+ f 3.o" (x*, 1^) dt’, 
* 
t(xk) 


(17.8) 


t 
ud (x^, t) = wx) + I v (x*, t) dt’. 
* 


tQ) 


Herein o?" = gu. coss u*(x*) = us| 
grating rule of primitives. 

It should be noted that the boundary value problem for a growing solid can be 
controlled by loads, stresses on the propagating growing surface and velocity of 


material deposition. 


Equation (17.8) are the simple inte- 


t=t(x*)’ 
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17.3 Differential Constraints on Propagating Growing 
Surface 


Boundary conditions on the propagating growing surface require additional attention 
and discussion. An attempt to obtain boundary conditions from the equilibrium equa- 
tions was made by G.I. Bykovtsev (see book [8, pp. 288—292]) and later generalised 
in [9-13] to the case of micropolar media and predeformed media. 

As previously shown (see, for example, [9—13]), the transformation of equations 
of equilibrium (17.1) using a formula for the actual components of the force stress 
tensor o” 


t 


oÏ = f ioter nane eto, (17.9) 
rro 
TE 
F= J [3.0 (x, dr, (17.10) 
t—0 


allows us to derive the equation on the propagating growing surface in the form of 
the following differential constraints 


c[Vjo?' (9) 4- Vj. + X KN njo (0,0) 20 =r), (17.11) 
* * * 


where the unit normal vector n; on the propagating growing surface X directed 
towards its propagation is related to the spatial gradient (17.7) by the equation 


nj 2c8jit, c -|Vv| ! (t=T). (17.12) 


In Eqs. (17.9)-(17.11), we use the notation adopted in [9—11]: .//! is the stress 
jump related integral, o? (x*) = o" (x5, t) |, (4) o are the stress tensor components, 


respectively, at the moment t = t (x^) — 0 right before when the element is included 
* 


in the main solid, X/(x*) = X'(x*, t)| Moment t = r (x?) + 0 corresponds 
* * 


t—T(x5)2-0* 
to the moment right after attaching the element to the growing surface. 
In the general case, the forces stresses o'/ are to be expressed in terms of the 
* 


actual stresses and couples on propagating growing surface by a tensor constitutive 
equations as follows 
o” esq Lec (17.13) 
* 


Constitutive tensor function $;; can be determinate by experiments. The function 
$;; means possible changes in the parameters of the stress-strain state of the growing 
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material in the time interval from the moment of growing element creation to the 
moment of its deposition to the main solid, i.e. in the time interval t= O0<t< T +0. 


In particular, constitutive tensor functions $;; in the woven materials producing will 
depend on the selected directions associated with the propagating growing surface 
and localisation of composite fibres. An important restriction on constitutive tensor 
functions $;; is the insensitivity of its arguments under rotations of the moving 
coordinate system around the unit normal vector n; to the growing surface. In this 
case, it is necessary to choose a system of joint invariants of tensors o’/ and vectors 
nj, Lj, satisfying the condition of rotational invariance with respect to the vector n j. 


17.4 Pseudoscalar Geometry of Propagating Growing 
Surface 


In some case, it may turn out that the propagating growing surface is the level surface 
of the pseudoscalar field. For example, in the case of materials (woven composites, 
chiral materials, metamaterials and biological tissues) exhibiting the properties of 
sensitivity to mirror reflections and inversions of three-dimensional space. The base 
object sensitive to mirror reflections and inversions of three-dimensional space is 
the fundamental orienting pseudoscalar of weight +1 defined as a triple product of 
covarinat base vectors a. l ; l ) 


e= jnz] = Ox) <4. (17.14) 


A number of approaches to the development of pseudotensor formalism can be found 
out in books on tensor analysis and continuum mechanics [15—20]. 
Let the propagating surface & in three-dimensional space is defined as the level 


IW] |. 
surface of the pseudoscalar field f (x') of weight W: 


IW] 


IW] . 
= f(x) (17.15) 
IW] , i 
where ft is pseudoscalar time, and 
t =e"t. (17.16) 
edi f . wg Elus us 
Considering the pseudoscalar time differential ft in virtue of (17.16) we can get 


[wW] 
dt — d(eVt) 2 eV dt +tWe”-!de, (17.17) 
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or 
WwW 
du e" (ar + re ved). (17.18) 


Let us note the important in applied problems case [21]. We choose a coordinate 
system subject to the condition: 


Je — 1, (17.19) 
and using following equation, 
e-g (17.20) 
come to restriction 
e — sgne. (17.21) 


There are infinitely many such systems in three-dimensional space, for example, 
Cartesian left-handed and right-handed coordinate systems. 

The constraint ./g = 1 is often used not only in the theory of relativity [21], 
but also in mechanics of solids [22]. On pages 135-142 of the [21] monograph, 
the condition ,/g = 1 is used to derive the gravity equation in 4-space-time, which 
greatly simplifies the equations of relativity theory. 

If, in addition to equation (17.21), we assume that the coordinate system is left- 
handed (i.e. e « 0), then the pseudoscalar time differential takes the form 


wi . . a 
IT =- E: if W is even weight; (17.22) 


—dt, if W is odd weight. 


The covariant vector of the unit normal n, to the surface X, can be determined 
up to a multiplier according to the formula 


LUI 
Nn;-—0;(e f). (17.23) 
Note that the absolute scalar a satisfies the equation 
Via = ja. (17.24) 
Then the Eqs. (17.12), (17.24) are transformed to the form 
QUOI y wn WI 
Nn; =le f)=Vile f)-e "Vif. (17.25) 


Introducing into consideration the normal pseudovector according to the formula 


MI zs e n; (17.26) 
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we can get 
[Ww] [W] 

Nn=Vif. (17.27) 

According to equation 
gill nin; = e" (17.28) 

it is easy to conclude that 

„  [W]_ [W] 

N?e = gikvi f Vi f, (17.29) 


hence for the unknown multiplier, N can be calculated by the equation 


[W] 
+N =e "y gikV; PME (17.30) 


Finally, the normal pseudovector to the level surface X of the pseudoscalar field 


IW] 
f is calculated by the formula 


LA 
Wl w Vif 


f. M I 
g^ V; f Vy f 


The linear velocity of the propagating growing surface in the direction of the 


(17.31) 


IW] . : 
normal pseudovector n, is calculated according to 


-1 


E [W] 
EN o e e ver p... (17.32) 


The absolute vector of the normal to the level surface £ of the pseudoscalar field 


IW] 
f can be calculated by the formula 


[-wj [W] 
n= c Vif. (17.33) 


17.5 Differential Constraints on Propagating Growing 
Pseudoscalar Surface 


Following the discussions in previous sections, we can obtain the differential con- 
straints on propagating growing pseudoscalar surface. In the growth process, the 
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maximum intensity of shear stresses can be reached at the contact (growing) surface 
between the main solid and the growing part. Let us define the growing surface as a 
level surface of a pseudoscalar function, as was indicated in the Sect. 17.3 


[Ww] . 
t = xb. (17.34) 
* 


The relations (17.11) in the case of propagating growing pseudoscalar surface are 
transformed as follows 


[-W] - , [-W] .. 
c [Vjt/ (x) + X (] — n; 8. t" (x lm qw, = 
* * t=T (x°) 


* 


W] 
0. (17.35) 


The recovering equation for the stress tensor components takes the form 


[W] 
t 


as [-W] .. Ww wW ss 
ii E 8. tick UE ya E + gi a, (17.36) 


[W] 
T 
* 


Equations (17.35) and (17.36) are the generalised boundary conditions on the 
growing surfaces which can be used for wide class of materials including woven 
composites. 


17.6 Conclusions 


The paper is devoted to the boundary value problems formulations in the frameworks 
of Harutyunyan’s model in case of materials sensitive to mirror reflections and inver- 
sions of three-dimensional space. The growing surface positions have been specified 
as the level surface of the pseudoscalar field. The notions of fundamental orienting 
pseudoscalar and pseudoscalar time of weight W have been introduced. The unit 
normal pseudovector to the propagating growing surface given by the pseudoscalar 
field have been calculated and discussed. The boundary conditions for stresses on 
the propagating growing surface proposed by G. I. Bykovtsev have been generalised 
to the case of pseudoscalar geometry. 
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Chapter 18 A) 
Concerning Identification of Two ENS 
Thermomechanical Characteristics 

of Functionally Graded Pipe 


Rostislav D. Nedin, Sergei A. Nesterov, and Alexander O. Vatulyan 


Abstract We consider an inverse problem on the identification of two thermome- 
chanical characteristics of a functionally graded pipe based on the additional data 
picked on the outer surface of the pipe over a finite time interval. The pipe's thermo- 
mechanical characteristics depend on the radial coordinate. Two direct thermoelas- 
ticity problems for different thermal loads on the pipe's outer surface, after applying 
the Laplace transform, are solved with the help of the shooting method and transform 
inversion based on the expansion of the actual space in terms of shifted Legendre 
polynomials. The numerical solution of the inverse problem is built via the iterative 
process of solving the system of the Fredholm integral equations of the 1st kind. 
Computational experiments are carried out to restore two thermomechanical charac- 
teristics with the known others. It is revealed that monotonic functions are restored 
with sufficient accuracy; the reconstruction procedure is resistant to 2% input data 
noise. 


Keywords Functionally graded materials * Pipe - Thermoelasticity + 
Identification * Coefficient inverse problem - Iterative process * Shooting method - 
System of the Fredholm integral equations * Thermal conductivity coefficient - 
Specific heat capacity * Thermal stress coefficient 
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18.1 Intro 


Cylindrical elements are used to be the parts of many structures subjected to high 
thermomechanical loads. Calculations related to finding the stress-strain state of such 
structures are usually carried out for homogeneous materials. However, at present, 
functionally graded materials (FGM) are increasingly being introduced into various 
fields of technology, mainly as two-phase composites synthesized from metal and 
ceramics, providing a continuous change in thermomechanical characteristics [1, 
2]. Due to the complex and multi-stage FGM manufacturing technology, deviations 
from the specified laws may be present in the final product. Therefore, determination 
of the actual properties after fabrication is of certain importance. However, due to the 
dependence of thermomechanical characteristics on coordinates, the former can be 
determined by non-destructive testing methods based on the theoretical foundations 
of the apparatus of coefficient inverse problems (CIPs) of thermoelasticity [3]. Ther- 
moelasticity CIP is the problem of determining thermomechanical characteristics as 
coefficients of thermoelasticity differential equations from some additional data on 
the displacement or temperature fields measured on a part of the body’s boundary. 
From a mathematical point of view, such problems are essentially ill-posed and non- 
linear. Therefore, building time-saving and stable algorithms for their treatment is 
an urgent issue. 

The most common way of solving CIP is to construct the residual functional 
and to minimize it by any of the gradient methods [4]. Based on this approach, 
studies on CIP thermal conductivity [4—9] and elasticity theory [10-12] were carried 
out. Alternative techniques were also proposed, for example, the quasi-inversion 
method [13], the inversion of finite-difference schemes [14], the reduction to the 
Fredholm integral equation of the Ist kind [15]. In these research works, only one 
material characteristic was restored with the known others. However, in practice, 
several thermomechanical characteristics are usually unknown at once. In [16], an 
approach was proposed to identify two thermophysical characteristics, the rod’s 
thermal conductivity coefficient and specific heat capacity, based on conducing two 
thermophysical experiments with different thermal loads applied to the rod ends. The 
numerical solution of the inverse problem was constructed on the basis of the iterative 
process, at each stage of which the system of the Fredholm integral equations of the 
Ist kind was solved. 

However, for a number of material classes, it is necessary to take into account the 
coupling of elastic and thermal fields and solve inverse thermoelasticity problems; 
such problems have been solved mainly for weakly inhomogeneous materials [3]. 
Previously, the authors of [17] proposed an approach to solving the nonlinear ther- 
moelasticity CIP via the iterative process, at each stage of which linear problems 
were solved. To do this, starting from the weak statement in the Laplace transforms 
space and using the linearization technique, the operator equations that relate the 
sought-for and measured within the experiment characteristics were obtained. After 
applying the transformation to the actual space, the operator equations were obtained 
for solving one-dimensional thermoelasticity CIP over a finite time interval. Based 
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on the iterative approach, the identification of thermomechanical characteristics of a 
rod [18], a pipe [19, 20] and a finite cylinder [21, 22] was carried out. In these cases, 
only one of the thermomechanical characteristics was restored, while the rest were 
assumed to be given. At the same time, the thermoelasticity CIP on restoring two 
characteristics is still relevant. 

The present research is aimed at solving the thermoelasticity CIP on the identi- 
fication of two thermomechanical characteristics of the pipe. Two thermoelasticity 
problem statements for different types of thermal load on the outer surface of the 
pipe are considered. For the first problem, a constant heat flux acts on the outer 
surface of the pipe, and for the second one, a temperature does. The additional data 
measured on the outer pipe’s surface represents the temperature for the first problem 
considered, and the heat flux for the second one. Direct problems for the pipe after 
non-dimensionalization and applying the Laplace transform are solved based on the 
shooting method and transform inversion by expanding the actual space in terms of 
the shifted Legendre polynomials. A system of two coefficients of thermoelasticity 
differential operators is restored in two stages. At the first stage, the initial approxi- 
mation is determined in the class of positive bounded linear functions based on the 
minimization of the residual functional. At the second stage, the corrections to the 
reconstructed functions are determined by solving the corresponding system of the 
Fredholm integral equations of the 1st kind. Computational experiments were carried 
out to reconstruct two pairs of characteristics: (1) thermal conductivity coefficient 
and specific heat capacity; (2) thermal conductivity coefficient and thermal stress 
coefficient. 


18.2 Inverse Thermoelasticity Problem Statement 


Let us study the thermoelasticity CIP on the reconstruction of two thermomechanical 
characteristics of functionally graded pipe. To do this, we consider two quasi-static 
thermoelasticity problems for a radially inhomogeneous pipe with different loads 
applied to its surfaces. In both problems, a constant temperature is maintained on the 
inner stress-free surface of the pipe r = r1. On the outer surface of the pipe r = r2, 
stress-free as well, in the first problem (Problem 1), there is a constant heat flux, and 
in the second problem (Problem 2), the temperature changing according to the law 
te ' is set. The initial conditions are zero. 
The Problem 1 statement has form 


ð Pr rr 
B p e MP. ep eR, (18.1) 


or r 


Qu u Qu u 
Orr = (A-2u)L— +A-—— yO, Ogg =A—+(A4+ 2p)- — y9, (18.2) 
or r or r 
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0 00 00 au 1 ðu 
-— aU dom = = cer) p Toy (r) +-—], nzrtzr,tzz0, 
r r 


Orot  r Ot 
(18.3) 
Orr (ri, f) = o, (r2, t) = 0, (18.4) 
00 
(ri, t) — 0, —k(r2) 3 (a. t) = 40, (18.5) 
Qu 
6(r,0) = u(r, 0) = a” 0) = 0. (18.6) 


Here, r is the radial coordinate, o,, and og, are nonzero components of the stress 
tensor in the cylindrical coordinate system, u is the component of the displacement 
vector in the radial direction, 0 is the temperature increment from the natural state with 
the temperature Tọ, A and yz are the Lame coefficients, k is the thermal conductivity 
coefficient, c, is the specific volumetric heat capacity at a constant strain tensor, y 
is the radial component of the thermal stress tensor and qo is the heat flux density. 

The statement of the Problem 2 coincides with the Problem 1 statement, except 
for the thermal boundary conditions (18.5), which take the form: 


0(ri,t) 20, 0Cr, t) = 0gte *. (18.7) 

Let us pass in (18.1)-(18.7) to dimensionless parameters and functions, denoting: 

i ls 0 2 Yo 2 To EE. — 

tahap U= Wo aT E = qe ho a Mr = $e og = 
Cop 4 aA n = x oe Üor2coyo 

AS Th a = Tig LE Bi = SE, P2 = TP. Here Ao, Ho 


Po, Yo, ko and co äte characteristic quantities. 
Then the statement of the dimensionless Problem 1 takes the form: 


IR, " Q} — Q! 


99 

9E p 30 SoS Sh, (18.8) 

Ur 7 au; 

hg uj +à- gno uq qe 

2T +45 yWi, gp + Ot 2H) ZWI, 
(18.9) 

13 fie? N ƏU;, 1 aU; 
we ag) x eb (ste p) meret ro 
(18.10) 
(£o, T) = 0, Qa, T) z— 0, (18.11) 
Wiléo.t)=0, —kay “4a, =f, cz 0, (18.12) 


0g 


QU. 
W;(£,0) = Uj(£,0) = uw 0) — 0. (18.13) 
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The statement of the dimensionless Problem 2 has the form: 


I1 Il | oll 
dQ, Q, M 


m + E =0, &xézl (18.14) 
Qll = +20) x ud -yWn, Q} = d EO 400)! sw 
(18.15) 
o (tor a) ero ero (Fae tpg) eterno 
(18.16) 
Q7 o t) =0, QZ(,r)-— 0, (18.17) 
Wij(£g, T) 20, Wy (1,7) = bre", c0, (18.18) 
Wi; 6,0) = Ujj (6,0) = ou (&, 0) — 0. (18.19) 
As the additional data on the pipe’s outer surface we consider: 
1. Temperature for the Problem 1 
Wr, t) = fit), t € [a, bi], (18.20) 
2. Heat flux for the Problem 2 
Qi (l, T) = fu), t € [ap, b2]. (18.21) 


The direct thermoelasticity problem is to find the stress-strain state of the pipe from 
(18.8)-(18.13), (18.14)-(18.19) with the known thermomechanical characteristics À, 
L,Y, k, c. In the inverse problem, it is required to restore two thermomechanical 
characteristics with the rest known from (18.8)-(18.13) and (18.14)-(18.19) using 
the additional data (18.20), (18.21). 


18.3 Solution of the Direct Thermoelasticity Problem 


Direct thermoelasticity problem for the pipe (18.8)—(18.13) and (18.14)-(18.19) after 
applying the Laplace transform in time t with arbitrary laws of change in thermome- 
chanical characteristics can only be solved numerically, for example, by the shooting 
method, similarly as in [21, 23]. After applying some standard transformations, we 
pass to the canonical system of 4 ordinary differential equations of the 1st order with 
variable coefficients: 
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Ma ÕE, p) (18.22) 
di ko 
40 L4 (ces y Jee Yo 
Sa E eR [4 - - rr 
jee PET ET 
+ô z (i A )o (18.23) 
PE Mon] 7 l 
dr 10 A IE X-c2ü j Zi A )w 
dí & R42) T g K- Xr2R E +2) 
(18.24) 
dU 1l x à > y 


= = Eo 7 - = - (18.25) 
dé  X-c2ü (A + 24)& A+ 2p 
Next, we consider two auxiliary Cauchy problem statements for the canonical 
system of differential equations (18.22)-(18.25) and two sets of conditions for: 


1. Wi (£o, p) = 0, Q1(£o. p) = 0, Ui Eo, p) = 1, Qi(&o, p) = 0; 
2. Wo(Eo, p) = 0, Q2(&, p) = 0, U2(Eo, p) = 0, Q(&o. p) = 1. 


For any value of the Laplace transform parameter, the Cauchy problems are solved 
numerically by the 4th order Runge-Kutta method. Next, two groups of solutions 
are composed i in the form: U; = aU; + aU», Q! _— = ai +.02Q2, W; = a Wi + 
aW, Or = a1 Q1 +0200; Upp = 030; + o Uo, QU = 03.2) + 4 Qo, Wis = ors 
W, + a4 Wo, Qu = 05 Qi Toa Qs. The unknown constants a, ..., 0/4 are determined 
by satisfying 4 conditions in a transforms for £ = 1: Q,(1, p= D QI (L, p)= 
QML, p) =0, Wir, p) = ces. 

Since the temperature, displacement and stress transforms are known in the set 
of values of the Laplace transform parameter, the inversion of the Laplace transform 
can only be performed numerically. We use the numerical inversion of the Laplace 
transform based on the technique of expanding the actual space into a series in terms 
of shifted Legendre polynomials; the latter ( P7) differ from the common Legendre 
polynomials P, by the fact that their domain of definition is reduced to the segment 
[0, 1] instead of common [—1, 1], i.e., P7 (x) = P,Qx — 1). 

The shifted Legendre polynomials have the form: 


P*(x) = (— pc v( ) £2 (18.26) 


ns! 
s=0 


According to [24], the expansion of the function F(t) with respect to the shifted 
Legendre polynomials takes the form: 
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oo 


F(t) = s + Da, P; (e 7). (18.27) 
s=0 


In [24], an expression was obtained for the expansion coefficients a; through the 
known coefficients p of the polynomials P* and the Laplace transform values F(p) 
at integer points p = 1,2, ... in the formas = $5; e? F(i). The accuracy of solving 
the direct problems (18.8)-(18.13) and (18.14)-(18.19) was verified by comparing 
the approximate solution for a homogeneous cylinder with the finite element method 
(FEM) solution obtained in the FlexPDE package. 

Table 18.1 gives a comparative analysis of the dimensionless temperature values 
on the pipe's outer surface, € = 1, calculated by the FEM and the shooting method 
when solving the problem (18.8)-(18.13) with the parameters 69 = 0.05, 81 = 1, 
&o = 0.6 and different values of the parameter s in the series (18.27). 

Table 18.2 gives a comparative analysis of the dimensionless temperature values 
for = 0.9, obtained by the FEM and the shooting method when solving the problem 
(18.14)-(18.19) with the parameters ôo = 0.05, 8; = 1 &y = 0.6 and different values 
of the parameter s in the series (18.27). 

From the analysis of Tables 18.1 and 18.2, it follows that in order for the error in 
calculating the temperature for the time t > 107° to not exceed 1%, it is sufficient 
to make a restriction to 45 terms in the expansion (18.27). 


Table 18.1 Comparison of the results of solving the direct problem (18.8)-(18.13) for £ = 1 


Moment of time FEM Shooting method 

s — 20 s=45 
0.001 0.03619 0.04988 0.03628 
0.01 0.11814 0.11901 0.11819 
0.1 0.38639 0.385446 0.38643 
0.2 0.47512 0.47467 0.475165 
0.5 0.50997 0.50828 0.50998 


Table 18.2 Comparison of the results of solving the direct problem (18.14)-(18.19) for € = 0.9 


Moment of time FEM Shooting method 

s = 20 s=45 
0.001 0.02503 0.03649 0.02532 
0.01 0.40389 0.40435 0.40393 
0.1 0.63451 0.63534 0.63458 
0.2 0.75789 0.76035 0.75792 
0.5 0.76749 0.76759 0.76750 
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18.4 Iterative Scheme for Solving the Inverse 
Thermoelasticity Problem 


In this work, we solve the nonlinear thermoelasticity CIP on the identification of two 
characteristics of the pipe on the basis of the construction of an iterative process, at 
each stage of which a linear problem is to be solved. The scheme for solving the 
considered CIP for the pipe is constructed similarly to the scheme for reconstructing 
two thermophysical characteristics of a rod [16]. 

The iterative process of identifying two thermomechanical characteristics of the 
pipe consists of two stages. At the first stage, the initial approximation is determined 
in the class of positive bounded linear functions ki + bi, k2 + b» based on the 
residual functional minimization: 


bi bo 
J- f (fr(t) — Wed, t)) dt + I (frr(t) — OVP, t))°dt. (18.28) 


a 


At the second stage, the corrections of the two reconstructed functions are deter- 
mined by solving a system of the integral Fredholm equations of the 1st kind, and 
the current laws of change in thermomechanical characteristics are then corrected. 
In [21], to find corrections for thermomechanical characteristics, the operator equa- 
tions were obtained in the Laplace transform space, both for thermal and mechanical 
loading applied of the outer surface of the cylinder. Using only thermal loading, 
taking into account two types of thermal load on the outer surface of the pipe, we 
now obtain a system of the following two operator equations of the Ist kind: 


1 


1 - 2 
nd dwar) rn " 
p | se (4. ede + p? f oe DWED)? Ed 


& & 
1 ağ» ge) 
5 2 Spa) I I we» d 
+00p f Y dé b E I EdE 
& 
= Bi(fr(p) — Wy", p)), p € [0, 00), (18.29) 


1 1 


i 2 
_ aw’ FS Bun 
(+D? f sio (=E Ede + pp + 1)? [ scho yea 
£o £o 
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ry (n-1) m (n—1) 
-Fóop(p + 1? f ape” dUj;, dk Ur, We-Pgge 
dé E 
éo 
= Bol fi(p) - ÕP A, p). p € [0, 00). (18.30) 


The system of two Eqs. (18.29), (18.30) is written out to identify three correc- 
tions k(&£), c(&) and y (£), which is impossible to implement. Therefore, we confine 
ourselves to identifying two pairs of thermomechanical characteristics: (1) k(E ) and 
c(&£) when y (€) is known; (2) k(E) and y (£) when c(&) is known. 


1. Assumey (&)to be known. Required to restorek(£) and c(£). 
Here, putting à "— = 0 in (18.29), (18.30) , we get: 


1 


! dwt-» 2 
p J ago (= édé + p J act DQWy" Py'&dé 
&0 & 


= Bi(fr(p) — Wy", p)), p € [0, 00), (18.31) 


1 


1 = 2 
i awa) P — 
(p+ D? f se" (“ee d + p(p + D? f ae" DOE O EdE 


Eo £o 


= Bo fir(p) — QU P, py. (18.32) 


Inverting the Eqs. (18.31), (18.32), we obtain a system of operator equations in 
the actual space: 


1 
f (sk? Ri, t) +5E"Y Rin (E, 5) édé = f)(t) - Wj "D (1, t), t € [a], bil. 
£o 
(18.33) 
1 


I (8k? Rai (E, T) + 86" R(E, T)) EdE = frr) - OF, (1,7), 
£o 
(18.34) 
T € [a», b2]. Here, the kernels of (18.33), (18.34) have the form: 


^ 92497 (nl) (n—1) _ 
Aiea 1 j Ə Wr (6, 1) OW, (6, t TD dn, 
Bi J d§0T ðE 
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(n—1) (n—1) = 
Hobo jJ" (6, 11) OW, (6, v n). í 
By QT, Qt, 
Ro (E, 1) = 
1 [ (20778: 5»), 49 Wut 6n) | ƏWrr P(E, v1) 
Bo dé dt? dé dT, 8E 
OW" (E, c — v1) 
x dt, 
Ry (E, t) = 
1 a? Wy" YE, n) AW", v1) 
: 2 ? Wr VE, 
zl 9d RE 2m + Wii (6, T1) 
OW, VE, Emm. 
Chal 


2. Assume c(&) to be known. Required to restore kE) and y (&). this case, putting in 
(18.29), (18.30) 5A“—)) = 0, after inversion, we obtain a system of the operator 
equations in the actual space allowing to find the system of corrections ok" P 
and 5y"—): 


(KO? My E, T) + 37 7 Mia, 0) EdE = fi) - WY, 0) 


M 


(18.35) 
t € [ai, bi], 


(8k"-P My, t) + 8p" MaE, D) édé = fir(t) — OW (0, 1), 


san 


(18.36) 
t € [a2, b2], where the kernels of the Eqs. (18.35), (18.36) have the form: 


Mu (g, t) = Ru, Tt), Mai, 1) = Ra ($, t), 


eye) IET — 
Miz, 1) = (5 G, t1) ; 1 U; 2) OW; (&,T 1 in 
» agati E Fa = 


T 


ô 
€ 


0 
277(n-1) (n—1) 
1 
AES 9^Uj, En) NN QU;, (É, Tı) l 
0&0T E chal 
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32W (n—1) , aw (n—1) ; 
II uc 5) 9 II (§, T1) + 
OT; OT] 


Ao(§, 11) = ( Wr” ME, r) . 


The iterative process is repeated until the stopping condition is fulfilled: reaching 
the threshold value of the residual functional (18.28), equal to 1074, or reaching the 
limit number of iterations equal to 20. Since solving systems of the integral Fredholm 
equations of the Ist kind (18.33), (18.34) and (18.35), (18.36) represents an ill-posed 
problem, the method of A.N. Tikhonov [25] was employed. 


18.5 Results of Two Thermomechanical Characteristics 
Reconstruction 


Computational experiments were carried out to reconstruct two thermophysical char- 
acteristics in the classes of power and exponential functions, which are most often 
used to model FGM. When carrying out computational experiments, it was accepted: 
Bi = Bo = 1, ĉo = 0.05, & = 0.8. 

The influence of the inhomogeneity laws for the variable characteristics on the 
simulated input data values gained in the experiment is analyzed. It is found that 
the laws of change in the thermal conductivity coefficient and specific heat capacity 
proportionally affect the boundary physical fields—temperature and heat flux, while 
the influence of the thermal stress coefficient is proportional to the value of the 
coupling parameter. 

For each inhomogeneity law, the most informative intervals for measuring the 
input data are determined in which the boundary temperature and heat flux change 
most rapidly. 

During the first series of computational experiments, the thermal conductivity 
coefficient k ) and specific heat capacity c(€) were restored. The residual func- 
tional (18.28) reached the threshold value in no more than 12 iterations. A pair of 
dimensionless characteristics was reconstructed with sufficient accuracy: the maxi- 
mum error in the reconstruction of two monotonic functions did not exceed 5%. 

The figures below reveal the results of recovering the thermophysical charac- 
teristics; the solid line shows the exact law of inhomogeneity, the dots show the 
reconstructed law. Figure 18.1 presents the results of reconstructing the following 
decreasing functions: (a) k(£) = 4e-96—59; (b) c(£) = 2e76E-80 

The additional data was collected at 6 equally spaced points inside the selected 
informative segments [a;, b1] = [0.05, 0.35], [a2, b2] = [0.01, 0.18]. It took 7 itera- 
tions to reach the threshold value of the functional (18.28), while the maximum error 
in the reconstruction of two functions did not exceed 4%. 
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Fig. 18.2 Reconstruction of increasing functions: a k ) 20.8 4- 0.5 (= 
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Figure 18.2 shows the results of reconstructing the increasing functions: 
2 2 
(a) ke) =0.8 +05 (5:8) ; 
2 
(b) ZE) = 0.6 + 0.3 (=) 


The input data was measured at 6 equally spaced points inside the selected infor- 
mative segments [a;, bı] = [0.04, 0.28], [a», b2] = [0.02, 0.14]. This time it took 6 
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Table 18.3 Values of residual functional and maximum relatiye reconstruction error for the func- 


tions kG) = 0.8 + 0.5 (1-8 p) and Z) = 0.6 + 0.3 (1-8 By 


Iteration # Functional J Relative reconstruction error, % 
1 0.007123 15.64 

2 0.003612 12.32 

3 0.00095 1 10.71 

4 0.000711 9.02 

5 0.000294 8.43 

6 0.000089 6.78 


iterations to reach the threshold value of the functional (18.28), and the maximum 
error in the reconstruction of two functions did not exceed 3%. 

The convergence of the iterative process was also investigated. Table 18.3 gives 
the residual values and the maximum relative reconstruction error depending on the 
iteration number when restoring functions 


KE) = 0.8 + 0.5 (£ 3 and 


"T (i = 3 
clé) = 0.6 + 0.3 (18.37) 
1 — £o 


The effect of the input data noise on the reconstruction accuracy was also inves- 
tigated; the former was modeled by using the relations: 


FET) = fre). + 8B), fir) = fii + 5B), (18.38) 


where s is the noise level and £ is random variable with a uniform distribution law 
on the interval [—1, 1]. It was found that in the presence of noise, the reconstruction 
error increased with the growth of s, but even with 2% noise (s = 0.02) it did not 
exceed 11%. 


Table 18.4 gives the values of the function k \= 0.8 + 0.5 (= p) and its recon- 


struction in the absence of input data noise and for 2% noise. 

From Table 18.4, it follows that the maximum reconstruction error for 2% noise 
does not exceed 9%. 

In the course of the second series of computational experiments, the thermal 
conductivity coefficient k(É ) and thermal stress coefficient y (£) were restored. It 
is found out that the accuracy of the reconstruction of this pair increases with an 
increase in the value of the coupling parameter do. In this way, with 59 = 0.1 and 
in the absence of the input noise, the maximum error in the reconstruction of two 
monotonic functions was 16%, and with 59 = 0.4, it did not exceed 5%. 

Figure 18.3 presents the reconstruction results for the decreasing functions: 
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= 2 

Table 18.4 Reconstruction of the function k(£) = 0.8 + 0.5 (=) 

Radial coordinate é | Exact value k€ ) | Recovered value k€) Relative reconstruction error 

s= s=0.02 | s= s = 0.02 

0.8 0.80 0.792 0.771 1.19 3.63 

0.82 0.805 0.801 0.762 0.49 5.34 

0.84 0.82 0.822 0.791 0.24 3.54 

0.86 0.845 0.841 0.821 0.47 2.84 

0.88 0.880 0.861 0.832 2.27 5.46 

0.9 0.925 0.927 0.891 0.21 3.68 

0.92 0.980 0.994 0.903 1.43 7.86 

0.94 1.045 1.051 1.021 0.57 2.30 

0.96 1.120 1.098 1.18 1.96 5.36 

0.98 1.205 1.192 1.310 1.07 8.71 

1 1.30 1.310 1.393 0.77 6.34 

k gu 
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Fig. 18.3 Reconstruction of monotonically decreasing functions: a kE) = —8E? + 124 — 3; b 


FE) = —4€? +64 — 1 


(a) k(£) = —8§? + 126 — 3; 
(b) PE) = -4£^ + 66 — 1 


for 59 = 0.4. The input data was gained at 8 equally spaced points inside the segments 
[a1, bı] = [0.01, 0.17], [a2, b2] = [0.02, 0.26]. To reach the threshold value of the 
functional (18.28), it took 7 iterations, while the maximum error in the reconstruction 
of two functions did not exceed 4%. 
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Fig.18.4 Reconstruction of monotonically increasing functions: a k(£) = 0.9 + e25- D; p p(£) = 
1.5 — el 5 


In the same way, Fig. 18.4 shows the results of the increasing functions recon- 
struction: 


(a) K(E) = 0.9 + e5-153; 
(b) y(&) => 1.5 = e! 73E 


for ôo = 0.4. 

The additional data was collected at 8 equally spaced points inside the selected 
informative segments [a;, bı] = [0.03, 0.27], [a2, b2] = [0.05, 0.13]. It took 9 iter- 
ations to reach the threshold value of the functional (18.28), and the maximum error 
in the reconstruction of two functions did not exceed 4%. 


18.6 Conclusion 


e The inverse coefficient thermoelasticity problem on the identification of thermo- 
mechanical characteristics of a functionally graded pipe has been studied. 

e The solution of the nonlinear inverse problem is built on the basis of the iterative 
process, at each stage of which the system of the Fredholm integral equations of 
the Ist kind is solved. 

e Computational experiments on reconstructing two pairs of characteristics (“ther- 
mal conductivity coefficient + specific heat capacity", and “thermal conductivity 
coefficient + thermal stress coefficient") were conducted. 

e Successful reconstruction of the pair “thermal conductivity coefficient + thermal 
stress coefficient" is possible only with a large coupling parameter. A pair of 
dimensionless characteristics “thermal conductivity + specific heat capacity" was 
reconstructed with sufficient accuracy for any coupling parameter. 

e The computational reconstruction scheme proposed is resistant to 2% input noise. 
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Chapter 19 A) 
Regularities of Technological Residual S 
Stress Fields Formation in Cylindrical 

Products Manufactured by Additive 

Methods 


Dmitry A. Parshin 


Abstract The regularities of the development of residual stress fields in deformable 
solids formed in layers of viscoelastic aging materials are investigated by the exam- 
ple of the technological problem on additive manufacturing of a hollow cylindrical 
product of arbitrary thickness on a rapidly rotating substrate, with arbitrarily varying 
initial circumferential stress in the added material. Quasi-static processes of defor- 
mation of such products during and after their manufacture, which are accompanied 
by small strains, have been studied. An effective procedure for calculating the dis- 
tributions of the mentioned stresses is constructed. 


Keywords Additive manufacturing * Technological stresses * Residual stresses - 
Viscoelasticity * Aging * Quasi-static deformation + Prestress - Centrifugal inertia 
forces - Hollow cylindrical product * Layered product 


19.1 Introduction 


In this paper, the process of additive manufacturing of a product is considered from 
the standpoint of mechanics of deformable solids. Classical for mechanics are solids 
of constant material composition, which have already acquired their final appearance 
by the beginning of the deformation process. This appearance is represented in the 
configuration of the solid, which is called natural and which the displacements 
of the solid points, causing its deformation under the action of applied loads, are 
then referred to. The main difference between any classical solid and an additively 
manufactured one is that the latter still continues to be replenished with new material 
elements during the deformation process and, thus, is basically devoid of a natural 
configuration. This feature is the reason for, among other things, the emergence of 
residual stress fields in additively manufactured solids after their manufacture is 
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completed and the loads accompanying the manufacturing process are removed. The 
presented work is devoted to the analysis of these stresses on the example of one 
specific technological problem—the problem of additive forming a cylindrical layer 
of material with mechanical properties of viscoelasticity and aging on the surface of 
an axisymmetric substrate. The need for such an analysis is dictated by the urgency of 
solving various engineering problems on contact, wear and destruction of structural 
elements and machine parts layered with coatings having complex properties [4, 
5, 7, 11]. It is obvious that the results of the corresponding calculations should be 
influenced in a decisive way by the stress distributions in the considered products 
that have arisen as a result of the technological features of their manufacture. 

It is obvious that an adequate mechanical study of additive processes requires 
correct consideration of kinematic and power features of the manufactured solid 
replenishment with a new material. Such consideration cannot take place within 
the scope of classical equations and boundary conditions of solid mechanics, even 
when they are formulated for the time variable region of space associated with the 
growing Solid. This is easy to understand if we pay attention to the fact, native for 
growing solids, that while some of material elements are only included in the mate- 
rial composition of the solid, others have been already deformed compatibly with it 
for some time. This foundational fact is expressed in strain incompatibility (in the 
classical sense of the term) inside any growing solid and generates a special class 
of problems in solid mechanics—the problems of mechanics of growing solids. The 
mathematical approach to the formulation and research of this class of problems is 
dynamically developed in the framework of the Russian scientific school founded by 
Academician N.Kh. Arutyunyan and his disciple Professor A.V. Manzhirov. Some of 
the results of this school can be found, for instance, by Arutyunyan et al. [3], Manzhi- 
rov and Chernysh [10], Manzhirov [8], Arutyunyan and Manzhirov [2], Manzhirov 
[9], Manzhirov and Mikhin [11], Manzhirov and Parshin [13], Parshin [14], Parshin 
[15], Kazakov and Parshin [6]. 


19.2 Basic Relations for the Problem Under Consideration 


In Parshin [14], a mathematical model for the process of manufacturing axisymmet- 
ric cylindrical products with an arbitrary wall thickness by additive methods using 
viscoelastic aging isotropic materials [1] was formulated. As mechanical factors 
causing deformation of the manufactured product, and already in the process of its 
manufacture, the model takes into account: 


1. centrifugal inertia forces caused by the rapid rotation of the (absolutely) rigid 
substrate used around its axis with an arbitrary (variable) angular velocity c(t); 
2. arbitrary initial circumferential stresses o% o(p) arising in the (infinitely thin) 
material layers sequentially deposited onto the (inner) surface of this substrate. 
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Here t, p and ¢ indicate respectively the time, radial and circumferential coordinates 
in the rotating frame of reference associated with the substrate. 

Let us be interested in two, generally speaking, different programs of the substrate 
rotation during the manufacture of the product in question: w; (t) and c» (t). For these 
programs, we shall have the following initial boundary value problem [14]. 


V-Si2tepfi2(e.t) 20 as a(t) «p «ao, t» to; 


= S 1 transp . 
Sı2 22Di;-0101[Di5], Di» = 30 + Vv1,2); (19.1) 


ep: Si2=epgi2(t) as p=alt);  vi2—0 as p=ap; 
Ti 2 = eyeyoy.0(P) as t = to(p). 
In this problem, we use the notation consistent with the notation adopted in the 


paper by Parshin [14], index i = 1, 2 for all the variables corresponds to the i-th 
rotation program: 


a(t) is the current radius of the inner surface of the manufactured product; 
to(o) function inverse to a(t) in all intervals of strict monotony of the latter, 


a(vo(p)) = p; 
to initial moment of the manufacturing process; 
ao initial radius of the inner surface of the manufactured product, ao = a (tọ); 
S; tensor of operator stress velocities, S; — dT;/dt, where 
Ti tensor of operator stress, T; = Q,,(p)T;, where 
Qn viscoelasticity operator, 
t 
Y(t) Y(t) 
Qaya) = ——-— K (t, 1) dr, 
d G(t) G(T) 


To 


K (t, t) = G(T) -- Ec + Cshear (f, v|; where 


K kernel of creep, 
Cshear measure of creep, 
G(t) elastic modulus of pure shear; 


Ti stress tensor; 
D; tensor of strain rates; 
Vi velocity vector; 


fi.gi  arethe known functions determined by the program of replenishment of the 
product with additional material and the program of rotation of the substrate 
during manufacture, and also by the density of the material used and its 
viscoelastic and aging properties, 
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Fi, DÐ = UP Wry (pj (t), 
t 


Wa (t) 2 Y (r9) =e To) $ 1 dy (t) +f dy (1) OCshear (t, t) dr, 


G(t) dt dt ot 
To 
(19.2) 
1 da(r)| op o(a(r)) 2 
i(t) = “(t)a(t)|, wh 19.3 
gilt) GO d | a) a; (t) a(r) |, where (19.3) 
u is the material density; 
e;(q) ort of a coordinate direction, 
or or h 
e, = — — S=p,, where 
Qs ðs iod 
r radius-vector of an arbitrary point of the manufactured product referred to 
the rotating frame; 
1 tensor unit; 
ó material constant depending only on the Poisson ratio; 


I,[A] linear invariant of the tensor A. 


Note that at each point of the additively manufactured solid under consideration, 
the stress-strain state begins to develop from the moment this point is included in the 
composition of the solid, that is, from the moment of time t = To(p) 


A-A(r,D, A-S,T,T,D,  vi-vi(r.t, t2 T(P). 


Remark also that problem (19.1) describes the mechanical behavior of the product 
in question not only during the process (including possible pauses in it), but also 
for an arbitrarily long time after the moment t = tfn of final completion of additive 
application of the material to the inner surface of this product, unless in those time 
intervals when the product is not replenished with new material, its inner surface is 
not being loaded [8]. 


19.3 Calculating Residual Stresses After Stopping Rotation 


Suppose now that the first rotation program o (t) corresponds to the true change in 
angular velocity during the manufacture of the product, i.e., for t € tan, and then is 
arbitrary. In particular, it can be c (f) = œ = const for any t € (fo, +00) (note that 
the constancy of œw; for all t > to, including for t > tfn, noticeably simplifies the 
solution of corresponding problem (19.1)—see formula (19.2)). 

Let the second rotation program oc» (t) coincide with the first one at to < t < fetop, 
where fstop > tin is some arbitrarily fixed moment in time. Herewith c»(t) Æ c(t) 
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at t > tsp and 
@2(t) — 0 as t — +00. (19.4) 


It is clear that in the above assigned case, the residual technological stresses in 
the finished product under consideration, caused by the manufacturing process in 
itself and acting indefinitely at the points r of this product after the manufacturing 


completion and stopping rotation, will be equal to 


Tres (1) = jim Tae, t). (19.5) 


We set the task to calculate these residual stresses under the assumptions that 


J lim @,(t) = w% (19.6) 
1— 400 


and we have found the limit values 


Too(r) = lim Ti(r, t) (19.7) 


of the stresses corresponding to the solution of the problem (19.1),. 
Define the following functions 


AS-S8,;-S, AD =D, —D,, AV =Vv2-V, 
AT =T, —-T,, AT-T;-Ti; Af — fo— fi Ag = g5— gi. 


Looking at (19.3), we can see that Ag(t) = 0 for all t > to. Indeed, for t < tstop, 
there is the identical match of the both rotation programs, i.e., 


A(t) = oX(t) — a(t) =0 as t< tiop (19.8) 


and for any t > fg, there will be da(t)/dt = 0. By virtue of (19.2) and (19.8) we 
can also declare that 


Af (o, t) = up Wucht) 2 0 as t< fap. (19.9) 
For t > fstop, we have obviously to use the general expression 


ot 


t 
| dh(r) [> OCshear(Es T) 4 
T 
G(t) dt dt ot 


Wro oy h(t) = h(to(P)) 


(19.10) 


To(p) 
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where the first term on the right-hand side vanishes by virtue of (19.8) because 
T0(P) € tin < stop at any point of the considered solid and consequently A(19(p)) = 
0. 

For further transformations, let us fix an arbitrary time instant f € (tan, fstop). Then 
we can transform (19.10) into 


t 
1 dht) dh(t) OCshear(t, T) 
Cech cr —— ——— d 
Wap) G(t) dt +f dr at 


i 


inasmuch h(t) = 0 as t € (to(p), f]. With use of the rule for differentiating an 
integral with respect to a parameter and of partial integration procedure (considering 
that A(f) = 0) we can write 


We aye SP. L. TEES poo (a 
T = — Cshear V ; p shear (2, T U 
ae) a (GO * a} dc ? 


i 


B wor 1 


d 
ls E z s | MO cast. / h(t) 


î 


Pesel (t, Da d 


Here we have Cshear(t, f) = O since the creeping strain is equal to zero at the time 
of load application. And so far as 


dh(t) 1 d h(t) d 1 d [ h(t) 
Pede 


= h(t) = ar| 
d GO dt Gi) drG() dtl CO m 


we get thereupon 


- nity = SO P af 1 aL] I&O 
To(p) (t) = slo xj Oa teneat | “| = ^ dt | 


(19.11) 
for any t > f (fort € (f, tstop) formula (19.11) remains true because of (19.8)). 
Subtract (19.1); from (19.1)2. For the time interval (to, fstop), we will have the 
problem 


V-.AS —0 as a(r) « p <a, fo <t « fsop; 
1 : 
AS =2AD+¢1/,[AD], AD = 3(vavem + VAv); 


e: AS=0 as p=a(t); Av=0 as p= ay; 
AT=0 as t= vo(p). 
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which obviously has the only trivial solution. Hereby 
AT(r,t)=90 as t €[tH(p), fstop) (19.12) 


including t = f. So we can formulate the following initial boundary value problem 
for the A-variables in the time interval (f, +00) 


^ 


V. AS te, Af(o,t) 20 as agp «p «ao, tt; 


1 
AS =2AD+¢1/,[AD], AD = —(VAv™*? + V Ay); 
TFOLALABI Jc AME (19.13) 


ep: AS — 0 as p—ag;; AvV=O0 as p= ao; 
AT=0 as t—f. 


where afin = 4 (tfn) and (considering (19.9), (19.11), and (19.8)) 


dQ; h(t) 


hÒ 
dt ^C B 


OQ;h(t) = GO 


Af (p.t) = up 0. (19.14) 


Taking into account (19.12) we find for t > f 


AT(r, f) 2 Qa) AT (r, t) = 


AT(r, t) j AT(r, D ka dide 


G(t) G(t) 
To(p) 


_ AT(r. 1) f AT(r, T) 


K (t, t)dt = Q; AT (r, t), 


c) J GŒ 
2 _ ATC, t) B 
AT(r, f) = “ea. = 
Therefore, 


f t 
AT(r, t) = J AS(r,t)dt, ATC, t) = o'f AS(r, t) dt. 
f f 
At the same time, it follows from (19.14) that 


t t 


noQ; = f Aft. Dde, upto = o; [ Afo, nat. 


i D 
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Thus, from the differential equation of problem (19.13), we obtain the equation 
V.AT-e,nuph(t) 20 as ag, « p «ao, t> f. (19.15) 


Let us introduce the following tensor- and vector-function on the entire spatial 
domain which the finally manufactured cylindrical product under consideration occu- 
pies 

t t 
Au(r, t) = i Av(r,t)dt, AK(r,t) = i AD cr, t) dt. 


f ? 


Then we get the relations 


1 
AT = Q7 '(2AE + ¢1 [AE]), AE = zV Aun + VAu) (19.16) 
from the corresponding relations of problem (19.13). And we do similarly for bound- 
ary conditions in (19.13) 


ep: AT=0 as p—ag; Au=O0 as p- ag. (19.17) 


Boundary value problem (19.15), (19.16), (19.17) represents a classical problem 
(for the fixed composition deformable cylindrical solid of inner radius ag, and outer 
radius ag) of the viscoelasticity theory for aging solids, with the stress tensor AT, 
small strain tensor AE, and displacement vector Au, with homogeneous boundary 
conditions and with the point- and time-dependent bulk forces. The correspondence 
principle is well known [2] according to which the stresses AT(r, f) in this problem 
coincide with the stresses in the corresponding classical problem of the elasticity 
theory for the finally manufactured product 


A 


V.AT-e,uph(t) 20 as ag «p «ao, tt; 


el 


1 
AT/G(t) = 2AE,+ ¢11),[AEg], AEa = jV Aui" +VAu,); (19.18) 


e,-AT=0 as p—ag;; — Aug — 0 as p= a. 


The time variable t in boundary value problem (19.18) is considered as a param- 
eter. 

Subject to the definition of h(t) and to conditions (19.4), (19.6), we can pass in 
(19.18) to the limit when the parameter f tends to +00 
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V . AT% = e, ppc, as din < p < ao; 
AT5/ Goo = 2AE 1,00 T $1 I [AE goo], 
(19.19) 


el,oo 


1 um 
AE aco = 5(V Au + V Aua, o); 


ep: AT. =0 as p= añn; AUelo — 0 as p = ap. 


Here AT, (r) = lim; +% AT(r, t) and G5, = lim;_.4. G (t). 

Now we are ready to formulate the following result (on the basis of formula (19.5), 
(19.7) and the definition of the tensor AT) the resulting residual stress field in the 
technological problem in question is to be calculated as 


Ties) = To (8) + AT (r) 


where the tensor field T(r) can be found by formula (19.7) using the solution of 
nonclassical initial boundary value problem of mechanics of growing solids (19.1), 
and the tensor field AT,.(r) is known after solving classical elasticity problem 
(19.19). 


19.4 Conclusions 


In the additive manufacture of products using rapidly rotating substrates, signifi- 
cant technological stresses develop in these products. After stopping the rotation 
of a fully manufactured product, these stresses cannot disappear. This is due to the 
incompatibility of strains in a solid made by additive growth. The resulting tech- 
nological stresses in the finished product are re-formed into residual stresses. The 
regularities of the stress occurrence and re-formation under specific conditions of the 
technological process organization and specific rheological features of the material 
mechanical behavior considered in this paper are described by the above formulated 
initial boundary value problems. As a result of the conducted research, an effective 
procedure has been developed for predicting the distribution of final residual stresses 
that will persist indefinitely in the finished cylindrical product made of aging vis- 
coelastic material after the termination of rotation, when no external influences are 
acting on this product. 
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Chapter 20 A) 
Two-Point Rotations in Geometry get 
of Finite Deformations 


Yuri N. Radayev 


Abstract The paper is devoted to a study of deformed states of continuous medium. 
The study is restricted to the case when a deformed state admits a comparison to the 
referential state. The latter are considered to be immersed in the three-dimensional 
Euclidean space. A derivation of the two-point tensor of finite rotation and its uncon- 
ventional orthogonality are discussed. One-point rotation tensors are introduced. 
Both of the two one-point rotation tensors are orthogonal in the conventional sense 
thus allowing to determine all geometrical characteristics related to a rotation in a 
three-dimensional space. Priority in the paper is given to simple algorithmic proce- 
dures for obtaining natural components of measures and tensors of finite deforma- 
tions, as well as transformations of the fundamental equations of continuum mechan- 
ics realized by the rotation tensors and corresponding vectors of finite rotations. The 
two pseudovectors of finite rotations are defined and are to be employed, along with 
the pseudovectors of the “extra” rotations, as the principal kinematic parameters in 
mathematical models of micropolar elastic continuum. 


Keywords Finite deformation * Distortion * Two-point rotation tensor - 
Conventional orthogonality + Unconventional orthogonality * Finite rotation 
pseudovector * Micropolar continuum 


20.1 Requisite Notions and Equations 


Deformation of continuous media is recognized by the change in the mutual dis- 
tances between the spatial positions of the material points, chosen for observation, 
measured in the referential and the actual (deformed) states. The spatial positions 
of these points are characterized by coordinates (generally speaking, curvilinear): 
X* in the reference position and x? in the actual one. Therefore, the deformation is 
a differentiable transformation of variables (the Lagrangian referential to the Eule- 
rian spatial): 
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X* —. x. (20.1) 


Since deformation manifests itself as a change in the metric characteristics of 
continuum, in the theory of finite deformations, it is then necessary to compare the 
referential ‘gwo and the convective gwo metrics. The spatial metric is denoted by 
gks- We systematically employ Latin indices in order to refer to spatial components 
of geometrical objects, whereas Greek indices to point on convective components 
(only a few instances can be found in the present study) or referential components 
(additionally, root symbol is sometimes supplied by backprime). 

In the following, tensors (including two-point tensors, see [1]) will always be 
considered with respect to one of two tensor bases (or a suitable combination of 
them in the case of a two-point tensor): referential or spatial. 

We proceed to the notion of the reciprocal description of finite deformation. It is 
now well established that also acceptable to describe the deformation by the inverse 
with respect to (20.1) transformation: 


X* «— xi. (20.2) 


In such a case, we talk about the inverse description of finite deformation. Both 
descriptions of deformation are absolutely equivalent although the first of them is 
given a priority. In order to emphasize the equivalence of the two mathematical 
descriptions of finite deformation, we write 


X* <> x’. (20.3) 


In nonlinear continuum mechanics, the two-point distortion tensor is determined 
by partial differentiations of the Eulerian coordinates by the Lagrangian coordinates. 
Denoting by 0, operators of partial differentiations by variables X”, we define the 
components of the distortion tensor according to 


J | (a, s = 1, 2, 3). (20.4) 
For the distortion tensor (20.4), we will also employ a more compact notation: 
x? = 0x (o, s = 1,2, 3). 
In the inverse description of deformation, operating with the inverse distortion 
tensor 
9,X"^ = (a, s = 12,3). (20.5) 
is required. For the inverse distortion tensor, in turn, the notation 
X? —0,X"* (a,s = 1,2, 3). 


is introduced. 
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The polar Cauchy decomposition of the two-point distortion tensor (20.4) has 
two reciprocal forms. This fact is of crucial importance for the entire theory of finite 
deformations since it is based on the principle of reciprocity: any tensor field with 
referential Lagrangian indices can always be correlated with a reciprocal (dual) tensor 
field with Eulerian spatial indices. The principle of reciprocity is then applied to the 
straightforward classification of strain measures and strain tensors. 

At first, let us consider the polar decomposition of distortion in the form 


Qo x? = [xac es (20.6) 


where |x|as is the distortion modulus, °° is the tensor of finite rotation (or rotation 
tensor). 

The distortion modulus is a one-point absolute second rank symmetric tensor. It 
is positive, i.e., the eigenvalues |x|(q) (v = 1, 2, 3) are positive. 

The rotation tensor is a two-point second rank tensor. It can be characterized by 
the following equations of “two-point orthogonality": 


A? Ako = Ô}, AP A = bs (20.7) 
The reciprocal to (20.6) variant of polar decomposition reads 
Dux" = Ix Ass (20.8) 


wherein |x |'* is the reciprocal distortion modulus. 
It is not difficult to notice that the reciprocal distortion modulus is obtained from 
the original one by raising the lower Greek indices by means of finite rotation tensors 


ieee = e AAt. (20.9) 


In fact, the rotation tensor A??^ acts in nonlinear continuum mechanics as a simple 
mean for transforming Greek indices into Latin ones. A remarkable Eq. (20.9) just 
reflects such an opportunity provided by the two-point rotation tensor A??. 


20.2 Pairs of Reciprocal Deformation and Strain Tensors 


The geometry of finite deformations is thoroughly described in a number of classical 
monographs (see, for example, [1—5]). Now, we proceed to discussion of the based 
on the principle of reciprocity classification of measures and tensors known from 
the theory of finite deformations. All tensors related to measurements of finite defor- 
mations are one-point, have the second rank, and are determined by their natural 
components in tensor bases formed by dyadic products of local vectors of referential 
or spatial coordinate trihedra. 
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For measures of finite deformation, we have the following three pairs of recip- 
rocal tensors (the algebraic powers of a tensor are situated above the root symbol; 
conventional symbols and terminology are used): 


The 1st pair: 


Uap = |xlog the right Biot stretch tensor 
vik = |x|* the left Biot stretch tensor 


The 2nd pair: 


2 ; 
Cap = Uap = gop = Xy xB Sik the right Cauchy-Green deformation tensor 


: 2. : 
Bik — pik — yl ay err the left Cauchy—Green deformation tensor 
or the Finger deformation tensor 


The 3rd pair: 


-1 

ceb = gks X i X P the Finger deformation tensor 

-1 

Bik = Cik = ‘Sop X? x? the Cauchy (Finger, Piola) deformation tensor 


The three most widely used pairs of reciprocal finite strain tensors of continuum 
mechanics are given below: 


The 1st pair: 


Yap = Uag — ‘op the Biot strain tensor 


pik = Vik — git the Almansi-Hamel strain tensor 
The 2nd pair: 
1 A i 
faf = 5 (Cog — ap) the Green-Lagrange (Green-St-Venant) strain tensor 
A ls ; 
bik = » (Bi* — git) no known conventional terminology 


The 3rd pair: 


1 -1 
AW — zC gP — CB) the Almansi strain tensor 


1 
aik = 5 (Sik — Bix) the Euler-Almansi strain tensor 


Note that the components of strain and deformation tensors with Greek indices 
are invariant under rotations of local spatial coordinate trihedra (and in this sense 
they are objective); in turn, the components of strain tensors with Latin indices are 
invariant under rotations of local referential coordinate trihedra. It is clear that the 
two-point finite rotation tensor A^? does not have any of these properties. 
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It should be noted that the covariant components of the right Cauchy—Green 
deformation tensor are the same that the components of the convective metric tensor. 
Simple reasoning allows us to demonstrate that 


dk 
Sap = X4 X5 Bik = 8? |xloy xpo; 
and to come to the reciprocal equation 


dk il k 
xixa g? = gila ups 


20.3 Unconventional Orthogonality of the Two-point 
Rotation Tensor 


In view of (20.9) the two-point tensor of the finite rotation A^? determines the rota- 
tion of the principal axes of deformation in the referential state to their new spatial 
orientations. In the referential state, the corresponding trihedron consists of mutually 
orthogonal eigenvectors of the tensor |x|,g. The new spatial orientations are deter- 
mined by mutually orthogonal eigenvectors of the reciprocal distortion modulus |x|'*. 
Translations of the spatial and referential coordinates do not affect the distortion. The 
same is true for the distortion modulus and reciprocal distortion modulus. However, 
rotations of the local coordinate frame (referential or spatial) affect the distortion. 

We proceed to discussion of the metric properties of the rotation tensor A°’. As 
in the case of transformation (20.9), the rotation tensor A"? allows us to transform 
Latin indices into Greek ones for components of the referential and spatial metrics. 
Namely, it is not difficult to see that the following equation is valid 


gijA P AY = `gh (20.10) 
along with the reciprocal equation 
'ggy APAY = gil, (20.11) 


The pair of Eqs. (20.10) and (20.11) establishes that an arbitrary referential vector 
‘pp is transformed into the spatial vector p! determined by 


p! 2 MP p, (20.12) 


and having exactly the same length as ' pg, while the lengths of the corresponding 
vectors are measured based on the referential and spatial metrics, respectively. The 
formulated property leads to the following conclusions: The rotation tensor A? can be 
called as unconventionally orthogonal; the transformation (20.12) can be interpreted 
as a rotation in three-dimensional space. 
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In applications of continuum mechanics to micropolar elasticity, the two-point 
unconventionally orthogonal tensor of finite rotation A?? is not convenient since the 
rich arsenal of the linear algebra techniques cannot be directly applied to it. Therefore, 
there is a need to pass from A? to a one-point orthogonal rotation tensor. 

An orthogonal second rank tensor o is conventionally defined by the fundamental 
relation 


or the equivalent pair of equations 
ij i ij J 
o" oj = p, a" gi, = à. 


In a three-dimensional space, a proper orthogonal tensor o‘/ is completely deter- 
mined by the spatial axis of rotation (directed along the unit vector cg, c^c, = 1) and 
the angle of rotation 0. In geometric terms of c and 0, a proper orthogonal tensor 
can be represented as follows: 

at = cos0g" + (1 — cos0)c/c/ — sinGe//*c,, (20.13) 
where e//* is the discriminant tensor. In (20.13) the first and the second terms give 
the symmetric part of o, whereas the third term—the skewsymmetric part: 


a = cos8g/ + (1 — cos8)cic?, al! = — singe/*c,. 


The unit spatial director c; is the eigenvector of œ} corresponding to the real 
eigenvalue 4-1: 


alc; = c. 
It can be obtained in the form 
1 - 
= [ij] 
C= - CR ja . 
2sin@ -” 


The rotation angle 0 can be found from the equation 


2cos0 = ga", 


demonstrating that this angle is determined by the symmetric part of the in general 
asymmetric conventional orthogonal tensor o. 

In micropolar theories of continuum mechanics, it is much more convenient to 
operate with the modulated rotation vector 


C, = sin O cx. 
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20.4 Conventionally Orthogonal Finite Rotation Tensors. 
Finite Rotation Pseudovectors 


Taking into consideration the discussion of Sect.20.3, we now define two conven- 
tionally orthogonal tensors determined by the rotation of the principal axes of defor- 
mation. 

At this aim, it is convenient to start from the two- -point g- symbols introduced as 


the scalar products of the local base vectors ` l (or ` 1) and t (or 1) of the referential 
and spatial coordinate frames. As an example, we write down two of them: 
a yo -k k 


\ 
S; =l bl, gy = Lt. 
s a 


The g-symbols have a number of remarkable properties. For example, it is easily 
verified that 
gge =o gi. (20.14) 


In addition, the following reciprocal relations are valid 


\ 


g% = guslgJ. 
Su = ‘Zong gi". 


The reciprocal one-point rotation tensors can be introduced in continuum mechan- 
ics by the aid of g-symbols according to 


NO = gE, AË = gia, (20.15) 


First of them is called as Lagrangian rotation tensor, while the second—Eulerian. 

Both of the one-point tensors (20.15) satisfy the conventional orthogonality con- 
ditions. Both are characterized by the same rotation angle since their first principal 
invariants are the same: 


'gagM Ë = ‘gape X^ = "gapgis 8 ^ 8; = Bigg AP = Bish. 


The spatial modulated rotation vector A; can be obtained from the one-point 


rotation tensor A** as i 
A= = erik (20.16) 


The following two new rotation pseudovectors (of weights — 1 and +1 are derived 
from the modulated rotation vector (20.16): 


[-1] 1 k 
A; = -3% Al, (20.17) 
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L3 
A = -5€ Mig). (20.18) 
where €g, €"* are the alternating symbols (the covariant alternating symbol is of 
weight —1, the contravariant alternating symbol is of weight +1). 
Thus, the absolute vector and the two pseudovectors can be associated with a 
finite instantaneous rotation of the deformation principal axes trihedron: 


[-1 [+1] 
Ari, Aor AD, Al. 


We conclude this section by relations among the rotation vector and pseudovec- 
tors. The most remarkable relations are as follows: 


where E is the fundamental orienting pseudoscalar, defined as the triple product of 
the covariant base vectors 


20.5 Final Remarks and Conclusions 


The vector and pseudovectors of rotation and “extra” rotation can be considered as 
the most important kinematic parameters of mathematical models of micropolar elas- 
ticity (see [6]). The micropolar continuum theories are still rapidly developing due to 
their numerous applications to mechanics of granular media, fibrous materials, and 
honeycomb structures. Hemitropic micropolar mechanical properties are inherent in 
biomaterials sensitive to mirror reflections of their physical states. 

The equations of the micropolar theory of elasticity are known from numerous pre- 
vious discussions. A derivation of the covariant linear theory of micropolar elasticity, 
based on the principle of virtual displacements and virtual microrotations combined 
with the Lagrange multipliers rule, is given in the paper [7]. 

In micropolar continuum, rotation of an elementary volume consists of a rota- 
tion of principal axes of deformation and an "extra" rotation, which is determined 
by a kinematically “independent” rotation vector. The “extra” rotation reflects the 
presence of a microstructure. In simple models of the micropolar elasticity, the 
microstructure manifests itself by a characteristic microlength and the three other 
physically dimensionless constitutive constants. In pseudotensor formulations of the 
micropolar elasticity, the characteristic microlength can be treated as a pseudoscalar 
of the negative weight —1. 

Introduced in Sect. 20.4 the modulated rotation pseudovectors do not change their 
components after reflections of the local coordinate frame. They are associated in 
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the simplest way with skewsymmetric parts of conventionally orthogonal absolute 
rotation tensor. 

The final conclusion we give as the following statement: In developments of 
micropolar continuum theories, the absolute microrotation vector is conventionally 
used (see [6] as an example); developments of micropolar continuum models sensitive 
to mirror reflections of physical states (as for hemitropic elastic continuum) require 
operating with modulated microrotation pseudovectors: covariant pseudovector of 
weight —1 or contravariant pseudovector of weight 4-1. 
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Chapter 21 A) 
Quadrature Formulas for Integrals get 
with a Weak Singularity in the Kernel 

and a Weight Function of Jacobi 

Polynomials with Complex Exponents 


Avetik V. Sahakyan and Harutyun A. Amirjanyan 


Abstract Quadrature formulas are presented for integrals with a logarithmic singu- 
larity and with a sign function, containing the weight function of Jacobi orthogonal 
polynomials, the exponents of which can be complex numbers with a real part greater 
than minus one. The latter are remarkable in that they have the same structure as 
the quadrature formulas for singular and regular integrals and can be used to solve 
singular integral equations that also contain terms with a weak singularity. Formulas 
for calculating the integral with a logarithm at an arbitrary point of the complex 
plane are also presented, and by numerical analysis, the area around the interval is 
outlined, outside of which this integral, with a certain degree of accuracy, can also 
be calculated using the quadrature formula for smooth functions. 


Keywords Quadrature formula * Weight function * Jacobi polynomials + Complex 
exponents * Logarithmic singularity - Signum function 


21.1 Introduction 


It is known that many problems of mathematical physics and, in particular, of 
continuum mechanics are reduced to solving singular integral equations. The most 
effective methods for solving such equations are direct integration methods, among 
which the mechanical quadrature method occupies a special place, since it takes into 
account the behavior of the solution at the ends of the integration interval. There 
are a huge number of works devoted to the development of methods for calculating 
singular integrals and solving singular integral equations. Among them, we note only 
the following monographs [1—10]. Most of the papers refer to the case when the expo- 
nents of the weight function are equal to +0.5. The number of papers in which the 
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exponents of the weight function are real numbers different from +0.5, or they are 
complex numbers, is significantly smaller. Among such works, the following works 
[11-21] can be noted. Much less attention has been paid to integrals and integral 
equations with a weak singularity, for example, a logarithmic one [22-27]. Perhaps 
this is a consequence of the fact that in plane problems of elasticity theory, equations 
with a logarithmic singularity, as a rule, are reduced to singular integral equations. 
However, in axisymmetric problems of the theory of elasticity, there are singular 
integral equations that also contain integrals with a logarithm and a signum function. 

In this paper, we derive quadrature formulas for integrals containing a weak singu- 
larity of the type of a logarithmic function or a signum function together with the 
weight function of Jacobi polynomials. 


21.2 Quadrature Formula for an Integral 
with a Logarithmic Singularity 


Let us consider the integral 


1 
ne) = [m : Q(x)o(x)dx (21.1.1) 
x—Z 


-1 


Here, g(x) is a function that satisfies the Holder condition along the interval [—1, 1], 
and w(x) is a weight function describing the behavior of the integrand at the ends of 
the integration interval and defined by the formula 


w(x) = (1 — x)*(1 + x) (Reo, Ref > —1) 


Integral Jz (z) is a single-valued function in the complex plane cut along the ray 
(—1, oo). At the points of the specified ray, the integral is assigned a value equal to 
half the sum of the values above and below, i.e., we have: 


1 

J In e@)o(x)dx z€C, z¢ (-1,00) 
J)-17 | 
fin eG)e(x)dx = 202907410—9» y & (-1, 00) 
-1 


Ix — yl 


(21.1.2) 


We replace the function g(x) by the Lagrange interpolation polynomial whose 
nodes are the roots of the Jacobi polynomial pre (x): 


s uc ae 
n(x) = - , P*P(&) =0 (21.1.3) 
Geary ne) 
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In the case of complex exponents, the polynomial (21.1.3) is not an interpolation 
polynomial in the classical sense, since the nodes of the polynomial are not in the 
interval (—1, 1). But, obviously, if g(x) will be a polynomial of order m < n, we 
will have o, (x) = g(x). Note that the complex nodes £; ( j=l, n) are located on 
an ellipse-like curve covering the interval (—1, 1) on one side and approach it with 
n increasing. Since the departure of the roots from the interval (—1, 1) is due to 
the imaginary parts of the exponents œ and £, the larger the imaginary part, the 
farther the roots are located. A change in the real parts of these exponents leads to a 
displacement of the roots along the indicated ellipse-like curve. 

In the considered integral (21.1.1) function, g(x) can only be defined on the 
segment [—1, 1] and, therefore, the question may arise about the legitimacy of using 
the interpolation polynomial (21.1.3). In the case when this integral is a part of an 
integral equation with respect to a function g(x), , such a question cannot arise, 
since the unknown function is sought in the form of a polynomial with unknown 
coefficients. And in the case when it is necessary to calculate the integral (21.1.1) 
for a given function g(x), we can at first replace this function with an interpolation 
polynomial of the same order with respect to Chebyshev nodes and instead of o(& i) 
use the values of this polynomial at complex roots £; . Alternatively, if g(x) can be 
analytically extended to the complex plane, then o (£ i) can be the values g(x) in roots 
€; . However, it should be noted that in this case, the accuracy of the approximation 
will essentially depend on the magnitude of the imaginary parts of the exponents a 
and p. 

The polynomial g, (x) in the form (21.1.3) is inconvenient for further actions, so 
we present it in a different form. To do this, we use the Christoffel-Darboux formula 
for Jacobi polynomials [28] and some results on Gauss-Jacobi mechanical quadrature 
[29]. If in the Christoffel-Darboux formula, one of the variables is replaced by the 
roots P/^P (£) = 0, we will have: 


Pye? (x) Py Ei) 


PP OPP ED — kel, D 1 
x — £j k, 
where 


"T lm -- o 4 B - 10) 
” 2"T(m-ra-4d- B4 DP --D' 


2**P*lP(m +a 4- 1)P (m 4- B 4- 1) 


hy = . 
(2m 4- a -- B 4- D)P (m 4- DE (n 4 a 4 8 4 1) 


Substituting this representation into (21.1.3), we obtain 


n n—i 


kn+1ħn 1 
Pax) = — e(&)- = us PEP ps 
DE) SEPT) 225 
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According to the results of [29] for the Cotes—Christoffel coefficients, we have 


kn hn 
wj = = (21.1.4) 


Ky Prat (55) Pro” (55) 


Here, wj ( j= T,n) are the weight coefficients of the well-known Gauss—Jacobi 
quadrature formula [29]: 


1 


fewa =x)" (1 +x)fdx ~ ) wiol) (21.1.5) 
-1 j=l 
"E 20-- B--3 T (a +n + Dr " 1) 1 2 
! 1-8T@ cT DI(o ---cn-4l) (a 4-B n4 PETAD E) 


The same weight coefficients are present in quadrature formulas for Cauchy-type 
integrals and other integrals [26]. 

As a result, representation (21.1.3) of the interpolation polynomial can be written 
as 


n(x) = Yn £j) JE EREE) mre (21.1.6) 


m=0 


After substituting (21.1.6) into (21.1.1), we will have 
n—-1 
JL) © 2 wiQ(&) Doe. -pe P (&) foo In —— "nd ÜPG)e(x)dx (21.1.7) 


nx n 


Integrating over ¢ the known spectral relation [28] 


1 (o, B) n+l 
f Pr ODD. 7 = ( z ) 2** B(n Fa - 1n - B 4 1) 
x—ié fl 


(21.1.8) 


2 
Flntintath 2nt+a+64+2; | 


we obtain: 
forn = 0 
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1 à ; 
a pina sign(Imz) 1+B 
E Siew E oen) r| «leere ~Z4] 
x—t (1+ B) sinza 2 

-1 

iil | =a 
F2 TY (1 — ¢)B(a, 1+ B)3F2| 1, -a — p, 1; 1 — a, 2; 5 
—2°+B+1 B1 +a, 1 + B)[rctgro +1n2 + Wl +a)—w2+a+ £)] 

(21.1.9) 


forn > 1 


r 1 2 Ve 
fh — — P&P (x)w(x)dx = (=) 
x—t ¢-1 


n 


2 
XB ba tint Be DPn +a + as 2n+a+ 6 + 2; —| 
(21.1.10) 
Special functions are used here: hypergeometric series F and 3 F5, beta function 


B, and psi function y. 
After substituting (21.1.9) and (21.1.10) into formula (21.1.7), we will have: 


n n—1 
JLG) > «e e^ (Y pengea] (21.1.11) 
i=l m=1 
where 
d 1I--a--B1— 1—2z 
pea ete x a — B, 1; 1— o2; =] 
ima sign(Imz) 7 1+8 A 
' = l (3) r| a+ p24 A LE 
Bui +a,1+ 8)(1 + B)sinza 2 2 
mctena — In2 — y(1-- o) - V (2.-- a 4 f) (21.1.12) 
i^o = ( 2 ) 2n+a+B+1 
z—1 m 
x Bim + Im Lea Fn bat lm Im o e Be 2 1 
= 
(21.1.13) 


It is easy to see that in the case a = 0, formula (21.1.12) cannot be used. 

However, considering the equivalence of the roles of the exponents œ and f in 
the integral (21.1.1), it is obvious that it is possible to obtain another equivalent 
representation for pe (z) that can be used for œ = 0, but will be unacceptable for 
the case 6B = 0. 

The relationship between these two representations is as follows: 
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LO (2) = L99 (— + insign(Imz) (21.1.14) 


In the case œ = $ = 0, we have: 


1+z l-z 
LO”) = g In(—1 — z) 7 In(1—2)41 (21.1.15) 


The function LC B (z) can be calculated for any values of œ and 8. The quadrature 
formula (21.1.11) is more important from the point of view of its use for solving 
integral equations containing an integral of type (21.1.1): 


1 


1 
wol = fm 
Ix — yl 


Qe)o(x)dx (—1 < y < D) (21.1.16) 


Since in integral equations the range of variation of parameter z is limited by 
the integration interval, expressions of functions Lee ) (z) and Le (z) can be 
simplified. 

Indeed, if instead of the spectral relation (21.1.8), we use the equivalent relation 
that holds for the points of the interval (—1, 1): 


1 


(o. ) oa B 
J EO as Lagen oth - AE pcnc) qr en 
X t Sın QIT 


-1 


for functions pes F(z) m L&P (z), we obtain: 


Ba-y2(a + 1,8 + 1) 
Lem = (1-y t 2 
o0 Q) B(o 1.841 zctgro + ya + B + 2) 
1 — 1 i = 
V dod DTP nce 6:21- a; y 
o 
(21.1.17) 
LEP (y) = LP (—y) (21.1.18) 
(0,0) l+y 1—y 
Lj) = -— ny - Inl— y)+ 1 (21.1.19) 
i T CZAT al. 
Leges co ey n 
20 Blu i i 
ee pi md 21.1.20 
mh, sinoz "e*t! (y) ( ) 
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zeer 


Dy a wy) - y) Pc) 
M pt B Ime) (21.1.21) 
mh,, sin mB CREE y ss 


2 "2 1 
L?” Q) = (4) E Bon dm 1) 
y-1 m 


2 
x Ref r(n + 1,m; 2m +2; —)| (21.1.22) 
-y 


It should be noted that for arbitrary admissible values of the exponents œ and 
B, «polynomial» B za Eng A) (y) in (21.1.16), like similar “polynomials” in other 
formulas, are understood in a generalized sense, i.e., are calculated using the hyper- 
geometric series, which, when œ + f is equal to an integer, turns into an ordinary 
Jacobi polynomial. 

Thus, we have obtained quadrature formulas of the type (21.1.11) for calculating 
the integral Jz (z), (z € C) and replacing the integral I, (y), (—1 < y < 1) in the 
integral equation with a quadrature sum. In the first case, the functions pr (z) 
and Le A (z) are determined by formulas (21.1.12)-(21.1.15), and in the second 
case—by formulas (21.1.17)-(21.1.22). 


21.3 Numerical Analysis 


The quadrature formula (21.1.11), taking into account (21.1.2), allows one to calcu- 
late the integral Jz (z) at an arbitrary point of the complex plane. At first glance, it 
seems obvious that standard software packages can be used to calculate the integral 
Jr (z), and there is no need for a quadrature formula. However, standard programs 
cannot cope with this task if at least one of the exponents o and £ has a value close 
to —1 or has a relatively large imaginary part. 

Table 21.1 shows the values of the integral 


1 
cos6x (1 — x)“ (1 + x)Pdx 
ze 


at the point zo = 0.6 + 0.5i for different values of the exponents o and £ calculated 
by the quadrature formula (21.1.11), and, if possible, by the standard program. For 
the sake of compactness, the table does not give the values of the integral J (zo) itself, 
but it's absolute value |J (zo)]. 

The data in the table clearly indicate that the convergence of the quadrature formula 
to the true value of the integral does not depend on the exponents œ and f, while the 
standard programs essentially depend on them. 
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Table 21.1 The absolute value |J (zo)| for different o and f 


zo = 0.6 + 0.5i n=6 n=8 n= 10 Wolf. Math 
aœ = —0.34 +i; ß = —0.81 — 0.3i 4.1019 4.08954 4.08975 4.08976 

aœ = —0.34 +i; B= —0.81-— 5i 1.37259 1.36349 1.36344 1.34871*) 
aœ = —0.95; 8 = —0.41 12.5901 12.6159 12.6153 12.6097*) 
aœ = —0.999 +i; B=-—0.81—5i 1.71926 1.70941 1.70935 17.9344*) 
a = —0.999; f = —0.999 1789.35 1789.39 1789.39 190.133*) 


* : H 
) An error message is issued 


On the other hand, if the point z does not belong to the interval of integration, then 
the logarithmic kernel ceases to have a singularity, and the question arises of how 
expedient is it to use a special quadrature formula to calculate the integral Jz (z). To 
study this issue, a numerical analysis of the integral J; (z) was carried out, calculated 
by the quadrature formula for smooth functions: 


PPP()-0. (2121) 


M 
1G) © Que) = ) w f (5) n — 
j=l i 


in the area around the interval (—1, 1). In order to find out the degree of approximation 
of the logarithmic kernel, we take f (x) = 1. Itis obvious that the quadrature formula 
(21.1.11) already forn = 1 gives the exact value of the integral Jz (z). To estimate the 
rate of convergence of formula (21.2.1), we calculate the relative standard deviation 
of the functions J; (z) and Q; (z) on the interval [1, 3], calculated on a uniform grid 


of 40 points: 
40 " 
D (QL) — JrGa) 
i=l 
ó-— ; x; = 1 + (i — 1)0.05 


40 7 
X Jp) | 
= 


Figure 21.1 shows graphs of the dependence of quantity 6 on the order of 
approximation M of formula (21.2.1) for different values of the exponents œ and 


Figure 21.2 shows the level lines of the modulus of the difference e(z) = 
|JL(z)— Qr (z)| between the exact and approximate value of the integral outside 
the segment [—1, 1] for two pairs of exponents o and $ values. Function Qz (z) is 
calculated by the formula (21.2.1) for M = 10. Level lines corresponds to values 
e(z) = 2x 107°, 1.25 x 107?, 7.5 x 1073, solid lines corresponds to exponents 
values a = —0.5 + 0.04i, 6 = —0.7 — 0.03i, and dashed lines corresponds to 
values a = —0.2 + 0.1i, 6 = —0.4 — 0.031. 
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Fig. 21.2. Level lines of in a complex plane 
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From Fig. 21.2, we notice that the level lines at large values of e(z) have the shape 
of an oval and significantly depend on the values of the exponents œ and £, and at 
small values they tend to circles with different radii. 

Obviously, with increasing of level lines will cover a smaller area, i.e., approach the 
interval (—1, 1). According to the graphs in Fig. 21.1, this approaching is significant 
only for M < 30. 


21.4 Quadrature Formula for an Integral with a Signum 
Function 


Let us consider integral 


1 
Js(y) = J sign(x — y)p(x)w(x)dx (-1«y«1) (21.3.1) 


-1 


where the functions g(x) and w(x) are the same as in the previous paragraph. 

Itis easy to see that the calculation of the integral (21.3.1) reduces to the calculation 
of an integral with a variable limit of integration. Indeed, by representing the signum 
function in the form: 

sign(x — y) = 1 — 2H(y — x), 

the considered integral can be represented as the sum of two integrals: 


1 y 


Js(y) = [ ecowenax -2 f ecoocoax. (21.3.2) 


-1 =l 


For the first integral, we have the quadrature formula (21.1.5), but for the second 
integral, it must be constructed. We substitute representation (21.1.6) into this integral 
and use the values of the integrals: 


j 
J (1 —x)*(1+x)Pdx 2 2*9 Bus (1+ B, 1 +a) 
-1 

y 


1 a " 
| (1 =x)" + x) PEP dx = — Pei OA - yd + yf 


-1 


where B,(a, b) is an incomplete beta function. 
As a result, for an integral with a variable upper limit of integration, we will have 
the following quadrature formula: 
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y : n Bis (B +1,a+1) 
[ «e» xA Ym) RRILIIT 
=i ig (21.3.3) 
n—1 pe p) M B+1) 
Pm (i) Pn- (y) 
a+l +1 m 
-0-ta +y) 2, 2 5 | 


Combining formulas (21.1.5) and (21.3.2) for the integral with the signum 
function, we will have: 


Is(y) A Yon) [so 3 pe Peso (-1« y < 1) (21.3.4) 


where 


2 
S0) =1- zgr rrp? Bt aD 
ping ) (21.3.5) 
Suy) E (1 s yoy qma 0) 


m hy, 


Thus, we have obtained the quadrature formula (21.3.4) for the integral with the 
signum function, as well as formula (21.3.3), which is no less useful for applications, 
for the integral with a variable upper limit. 

Note that all obtained quadrature formulas are fulfilled exactly if the function 
Q(x) is a polynomial of order m < n. Therefore, the accuracy of the calculation of 
the integral by the quadrature formula is determined solely by how well the function 
g(x) is approximated by the polynomial. When solving integral equations, the rate 
of convergence of an approximate solution to an exact one depends essentially on the 
regular kernels included in the integral equation. Therefore, when solving a specific 
equation, a numerical analysis of convergence should be carried out by comparing 
the results of calculations performed at different orders of approximation n. 


21.5 Quadrature Formulas for Particular Values 
of the Exponents « and f 


In contact and mixed boundary value problems of solid mechanics, the most common 
cases are when the features of the behavior of the desired functions at the ends of the 
integration interval are described by a root function. 

Since for such particular values of the exponents o and £ the functions i ) (z), 
LC? : (z), So(z), and S, (z) are significantly simplified, it is advisable to write out the 
quadrature formulas (21.1.11), when the variable y changes within the integration 
interval (C1 « y « 1) and (21.3.4) for these cases in explicit form. 
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Let o, = 8 = —0.5. Then, the roots of the Chebyshev polynomial of the first kind 
T, (x) will act as nodes x; of the quadrature formulas and the corresponding weights 
w; will be: 


Qi — lx x 
x; = cos —— ——, wj = — 
n 


2m (i=1,n 


Formulas (21.1.11) and (21.3.4) themselves take the form: 


1 


1 g(x) Tm SnO) 
l nao) es 
| reggae 2x |in + Y | (21.4.1) 


m=1 


(-l<y<l) 
and 
n—1 


J sign(x — y) e dx : viles | seis +) Tn zl 


m=1 


(21.4.2) 


4/1- y? 
Rn(y) = Uni) 


Let now a = f = 0.5. The nodes &; of the quadrature formulas will be the roots 
of the Chebyshev polynomial of the second kind U, (x), and the quadrature formulas 
(21.1.11) and (21.3.4) will be written as: 


1 
ae Pap Mev = Fae = eo [io + »» Um (5i) Li, ole l<y< 


i=l m=1 


(21.4.3) 


1 


n—-1 
f sign(x — y)eQ)v 1 — x?dx ~ 2 wig (Xi) si +) Un) S% o| 


2] m=1 


(21.4.4) 


where 
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Tuy) | Tn42() 
m+2` 


* 1 2 * 
Eqn ee ey , Lp O) = 


So(”) = 1 — x + arccos y — yy 1 — y? 


24/1 — y? U, iy) Um+1 (y) 
* — 
Sn) = m | m m + 2 


Formulas (21.4.1)-(21.4.4) have a fairly simple form and are convenient for solving 
a singular integral equation with kernels with a weak singularity, when its solution 
at the ends of the integration interval has a root behavior. 


21.6 Conclusion 


We have obtained quadrature formulas for integrals with a logarithmic singularity 
and with a sign function, containing the weight function of Jacobi orthogonal polyno- 
mials, the exponents of which can be complex numbers with a real part greater than 
minus one. Formulas are presented for calculating the integral Jz (z) at an arbitrary 
point of the complex plane, as well as formulas necessary for solving integral equa- 
tions by the method of mechanical quadrature. The latter are remarkable in that they 
have the same structure as the quadrature formulas for singular and regular integrals 
and can be used to solve singular integral equations that also contain terms of the 


type /7 (y) and Js(y). 
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Chapter 22 A) 
Bending and Contact Problem ENS 
for a Graphene Sheet Within 

the Framework of the Model of Bending 
Deformation of Elastic Thin Plates Based 

on Cosserat Theory 


Samvel H. Sargsyan 


Abstract Inthis paper, basic system of equations, boundary conditions and Lagrange 
variational principle of bending deformation of elastic thin plates are presented, con- 
structed on the basis of Cosserat theory, as a continual model of graphene sheet bend- 
ing. The values of elastic constants of the moment theory of elasticity for graphene 
material are presented. Based on this continuum model, the problem of bending of 
a rectangular graphene sheet is considered, when all its sides are hinged supported. 
Further, a contact problem is studied, when the graphene sheet is bent under the 
action of a rigid stamp. The contact pressure between the stamp and the graphene 
sheet, the size of the contact zone and the stamp deposit are determined depending 
on the magnitude of the applied load. 


Keywords Thin plate bending model - Built on the basis of Cosserat theory + 
Continual model of bending of a graphene sheet - Bending problem and contact 
problem for a graphene sheet 


22.1 Introduction 


Methods of mechanics of a deformable solid body are widely used in modeling 
of nanostructures. The construction of continuous models of deformations of two- 
dimensional nanomaterials, in particular that of a graphene, is one of the topical 
problems of applied mechanics of solid deformable bodies. The statement is also 
substantiated that when studying the deformations of two-dimensional nanomaterials 
according to the continuous theory (graphene, nanotubes, fullerene), it is necessary 
to use the three-dimensional moment theory of elasticity with independent fields of 
displacements and rotations [1—5]. 
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It should be noted that there have been obtained significant results based on the 
studies of the construction of the discrete (or discrete-continuous) models of two- 
dimensional nanomaterials considering non-central force and moment interaction 
between their atoms [1—5]. However, it should be also noted that the problem of 
development of an approach, that allows to connect discrete (or discrete-continuous) 
description of the lattice of a two-dimensional nanomaterial with a continuous theory 
of elastic thin shells and plates, constructed on the basis of the moment theory of 
elasticity, is still topical. 

In paper [6], first, a continuous one-dimensional beam model of a linear atomic 
chain is constructed (in the general case of its deformation), when in its discrete 
model the interaction between atoms is force non-central and momental. Using the 
constructed continuous-moment beam model, replacing the interaction between the 
atoms of a two-dimensional nanomaterial with the beam system according to this 
model, its discrete-continuous model is constructed (in particular, also for graphene). 
On the example of a graphene, further, two continuous models of its deformation are 
constructed by passing to the limit: (1) a model of a plane stress state of a graphene 
sheet and (2) a model of its bending deformation. It has been established that these 
models of graphene are identical to the corresponding models of elastic thin plates 
[7—9] constructed on the basis of Cosserat theory. Based on a comparison of the 
corresponding two similar models, all six elastic constants of the moment theory of 
elasticity for the graphene material are determined through the physical parameters 
of the atomic structure of this material. 

Summarizing the above-mentioned observations, it can be stated that the models 
of the plane stress state and bending deformation of elastic thin plates [7—9], built on 
the basis of Cosserat theory, with already known elastic constants, can be interpreted 
as continuous models for the corresponding deformations of the graphene sheet. It is 
clear that this opens up new opportunities for studying various problems of statics, 
dynamics and stability of a graphene sheet based on these continuous models. 

In this paper, the main system of equations, boundary conditions and Lagrange- 
type variational principle for the bending deformations of elastic plates, built on the 
basis of Cosserat theory, are introduced, and on the basis of this model, two applied 
problems of the bending of a graphene sheet are formulated and studied (it is clear 
that these problems relate specifically to the graphene sheet): 


1. static bending of a rectangular graphene sheet, when all its sides are hinged, under 
the action of a distributed normal load, 

2. cylindrical bending of a graphene sheet under the action of a rigid stamp (contact 
problem). 
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22.) Basic System of Equations, Boundary Conditions 
and Variational Lagrange Principle of Bending 
Deformation of an Elastic Plate Based on Cosserat 
Theory 


If we consider the equations and boundary conditions of elastic shells [8], constructed 
on the basis of the Cosserat theory, taken into account, then when passing to the plate, 
two models will be obtained: (a) a system of equations and boundary conditions 
for the plane stress state of the plate and (b) a system of equations and boundary 
conditions for plate bending. 

The system of equations and the boundary conditions for the bending of an elastic 
plate (Fig. 22.1) are considered, based on Cosserat theory: 


e Equilibrium equations 


a Nı3 0 N53 _ + = 
ax Sh dy = (p3 P3 ) ? 
OL; ð Lai = 
T m + N3--(mi-m;), (22.1) 
OL5 dL = 
ax T dy nu ve "as 


e Elasticity relations 


4ua 


Niz = 2G,h1 3, Nig = 2G,hT 3, Gy = ] 
"EY 


1 
Ly — 2h(y +e) |o + jm ku + kn) ; 


Fig. 22.1 Bending of the 
plate 


Pe N 


pd m,dxdy 
i m,dxdy V 
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1 
Ly = 2h(y t€) E + jm QK» + k ; (22.2) 


1 
Lig — 2h(y +8) [os F Jka , 


1 y-t 
Lj =2h(y +6) | koa + 5 nha Vn = 2 : 


e Geometric relations 


dw 
Di = ~~ +, [3 = — -Q), 
dy 
AQ dQ dQ AQ 
ku = ——, ko = —, in = ——, kn = F; (22.3) 
Ox dy Ox oy 


e Boundary conditions 


Ni = NY, Li = Lj, Liz = Li, when x = const, 
or (22.4) 
w = w*, Qi = Qf, Q2 = Q3, when x = const. 


Here w is the displacement (bending); €2;, (22—free rotations; I"}3, L'3—shear 
deformations; k11, k22, k12, ko1 —bending-torsions; N15, N23—crosscutting forces; 
Lii, Lo», L12, L2;—torques and bending moments (from moment stresses). 

e Variational principle of Lagrange type 


Uo = Ao or ô(Uo-— Ao) = 0, (22.5) 


where 


Uo = Jl Wodxdy, (22.6) 
S 


Ao |f (t - a5) w+ [nt = m) =h (aè ay] e 
(S) 
* [(mi — m7) +h (af + qr )] 22} dxdy+ 
" ` , (22.7) 
+ / (Nw + L3 Q4 + Ly2Q2)dx 
ri 


-f (Nisw + Li + Ly2Q2)dy; 
r; 


22 Bending and Contact Problem for a Graphene Sheet Within the Framework ... 303 


4y(B+y) 


4yB 
Beep (kt) + 155) + 2h-——— ky kao + 


= 5 [26 h (Ti - T5) - 2h 
* 13 23 B+2y 


2 


+ 2h(y + e£) (kip + à) +4h(y — Zo 


(22.8) 
Here Wo is the surface density of the potential energy of the deformation of the 
plate; Up—total potential energy of the plate; Ag—the work of external forces and 
moments; (Uo — Ao)—total energy of the system; I"; and I'5—external contours 
of the middle plane of the plate, where external forces and moments are given; 
region of the median plane of the plate. It is shown in [8] that the total energy of 
the system takes on a minimum value. 


Paying attention to the geometric model (22.3) of the bending of the plate, built on the 
basis of Cosserat theory, we note that in the aggregate, the deformations (T13, L'?3) of 
the shear type and the type of bending-torsion (k11, k22, k12, k21, that are associated 
with independent rotations €2; , Q5), from this point of view, we can say that the model 
(22.3) represents the formation in a continuum form of deformation manifestations 
of crystalline nanomaterials, which were experimentally detected in [10—12]. 


22.3 Bending of a Hinged Supported Rectangular Plate 
Under the Action of a Distributed Normal Load 


Let us reduce the initial equations and relations (22.1)-(22.3) of the bending model 
of the elastic thin plates, constructed on the basis of Cosserat theory, to resolving 
equations. Substituting (22.3) into (22.2) and then into the equilibrium Eq. (22.1), 
a system of differential equations for the functions w(x, y), Qı (x, y), Q5(x, y) will 
be obtained: 


AQ dQ 
aw +( 2 ') = p3 


Ox dy D, 
0 OQ 05 D, ðw 
AQ m Q = 0, 22.9 
dc a (G+ S42 (F i) id 
ð (dR dQ D, (0 
AQ + Vm ( : z) (em =0, 
dy \ Ox dy D’ \ ox 
where 
8?() 8 
DICK, Dyes, Ae ut moa, 
Ox y 


(22.10) 
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It should be noted that when obtaining the system of resolving equations for the 
bending model of the elastic thin plates, the formula [6, 9] was considered: 


VS 


P= pe 


2y. (22.11) 


It is easy to see that the system of equations for the bending model of the moment- 
membrane theory of elastic thin plates is identical with the system of equations for 
the bending deformation of elastic thin plates of Timoshenko type [13]. 
Sometimes, it is convenient to reduce the system of Eq. (22.9) of the bending 
model of the elastic thin plates to a system of two equations—to a biharmonic prob- 
9€, _ 21 
Ox dy 
will be eliminated from the last two equations of system (22.9), for which we will 
differentiate the second equation from (22.9) by y, and the third by x and subtract 


the obtained ones: 


lem and to the Helmholtz equation. For this purpose, the combination 


Iù aa 
(kA 1) = L) = Aw, (22.12) 
Ox dy 
where 
D' 
pe, 22.13 
D. ( ) 


Using the first equation from the system (22.9), as well as Eq. (22.12), the fol- 
lowing equation will be obtained for the bending w(x, y) 


ine SEN (22.14) 
D' D, p3. . 


Following [13], functions y and o will be introduced with the help of the formulas: 
Q)=-—4+—, Q-—-4-——, (22.15) 
D' D' 


Q-—-—w mou pi^ (22.16) 


The last two equations from (22.9) will be satisfied if the function w satisfies the 
Helmholtz equation: : 
Ay — Ky =0, (22.17) 


where 
g Ps 


Saa (22.18) 
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Thus, the system of resolving equations for the model of bending of the elastic 
thin plates, in this case, graphene sheet bending from its plane, will have the form: 


D'AAw = py —kAps, Ay — ky — 0. (22.19) 


Forces and moments will be expressed by functions w, v, considering (22.2), (22.3) 
and (22.15), (22.16). It can be shown that if the plate is hinged supported along the 
entire outer contour, then yy = 0. 


22.4 Elastic Constants of the Plane Stress State 
and Bending Deformation of Plates for the Graphene 
Material 


In [6], after determination of the potential energy of a graphene deformation under 
a plane stress state and under bending deformation, these expressions are compared 
with the corresponding expressions of continuous theory of elastic plates, constructed 
on the basis of Cosserat theory. As a result, the elastic constants of continuous theory 
of plates, are determined (for the two specified deformations) through the physical 
parameters of graphene in its discrete model. 

Thus, in the plane stress state of theory of elastic plates, for the elastic constants 
of the graphene material we have [6]: 


N N N 
E, = 2Eh = 287—; pu. = 2uh = 116—; a, = 2ah = 42—; v = 024; 
m m m 


B, = 2Bh = 5.05 - 10 ?N . nm. (22.20) 


In the case of bending deformation, the elastic constants of the moment-membrane 
theory of plates for the graphene material are [6]: 


N / * * —10 
D, =2G,h = 86—, D=2h(y+e)=y +e —4,15-10 —N-nm, 
m 


D" = 2h(y — £) = y* — & = —0,91- 107 N . nm, (22.21) 


n 


Vm = 2— = —0, 41, v=0. 
D' 
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22.5 An Example of Calculating the Bending 
of a Graphene Sheet 


An example of bending of a graphene sheet, when the sheet occupies the region of 
a rectangle 0 € x < a,,0 < y < a is considered. It is assumed that the contour of 
graphene is hinged supported. For the boundary conditions, we have: 


x=0,aq,;: w=0, Ly 20, Q1 =0 


(22.22) 
y=0,am: w=0, La 20, Q = 0. 
Let us consider a graphene under a load of: 
pa(x, y) = posin — sin =. (22.23) 
a1 a» 
The solution of the system of Eq. (22.9) is set as follows: 
_ TX , TY 
w(x, y) = wo sin — - sin —, 
a1 a» 
_ TX TY 
Qı = Qjo sin — : cos —, (22.24) 
ay a2 


Ux 
Q2 = Q29 cos — - sin —. 
aj 


Here, the multipliers wo, 0219, Q20 are to be determined. It should be noted that with 
the help of (22.24) the set boundary conditions (22.22) will be satisfied. 

To determine wo, €2;9 and Q29, (22.24) should be substituted into the system of 
Eq. (22.9). As a result, to determine the indicated factors, we come to the solution of 
an algebraic linear inhomogeneous system. If po — 10°, a, = a = 20 nm, then 
for the maximum bending of a graphene, we obtain: 


Ty 


2 
D 
wo = Poa (1 + =) = ], 17 nm. 
T D, 


In this formula D' = D - 227. 
22.6 Cylindrical Bending of a Plate (Graphene Sheet) 
with a Rigid Stamp 


Papers [14—20] are devoted to the development of contact problems for thin beams, 
plates and shells within the framework of the classical theory of elasticity. The 
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Fig. 22.2 Cylindrical 
bending of a plate by a rigid 
stamp 


same problems are of direct practical interest for two-dimensional nanomaterials 
(in particular, for a graphene), and their results can be used in modern engineering 
computational practice, in this case, in nanotechnology. 

A hinged supported plate (under conditions of cylindrical bending) of length 2/ 
is considered when a symmetrical smooth rigid stamp acts on it, pressed down by 
a force P (Fig.22.2). The stamp base is described by the equation y = f(x), the 
contact line is assumed equal to 2a. In the contact zone (—a < x < a), the plate 
bending w(x) will be expressed by the formula: 


w = -—[6 — f (x)]. (22.25) 


where ô is the translational movement of the stamp. 

As an initial system of equations for the bending of a hinged supported plate, Eq. 
(22.9) for the bending of the plate, constructed on the basis of Cosserat theory, is 
considered in case of cylindrical bending. As a result, we will have: 


dPR dw 
Ta Di — D% = 0. (22.26) 


d^w dQ, 
i dx2 + D. = Ps 


/ 


Here, p3(x) is the intensity of the external force, normal to the middle plane of 
the plate, which will represent the contact force stress g(x) between the stamp and 
the plate under the stamp: 


q(x), —a < x <a, 


p3(x) = rn c et (22.27) 


The boundary conditions for hinged support at the edges x = +/ of the plate will 
be expressed as follows: 


P 
w — 0, Macs L5? — 0. (22.28) 
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From the system of Eq. (22.26), for the case when |x| < a, differential equation 
will be obtained to determine the contact pressure 


dq(x) D, d^v 
dx? p105 D,, dx^' 


(22.29) 


where w is expressed by formula (22.25). 

Further, we will study the case when f/” (x) = 0 (with the help of the way 
described below, similar problems can be solved for the case when f! (x) 4 0). In 
that case, to determine the contact stress q(x), we come to the solution of a second- 
order homogeneous ordinary differential equation with constant coefficients: 


Pq) D, 
— — —. 22.30 
iz i) (22.30) 


The general solution of this equation can be introduced as follows (we mean that 
the problem is symmetric by x): 


D 
q(x) =C: chy yix, —a*€x-u, (22.31) 


where C is the integration constant. 
To determine the constant C, the stamp equilibrium condition will be used 


J q(x)dx = P. (22.32) 


Finally, for the contact pressure the following formula will be obtained: 


1 D, ch,/ Dex 
q(x) = =P. . : (22.33) 
2 D' sh ,/ Zsa 


Outside the contact areaa < x < l (using the symmetry of the problem), we have 
p3(x) = 0. Therefore, to determine the displacement w(x), we obtain the following 
differential equation from the system of Eq. (22.26) 


Ew (22.34) 
dxt — ^" : 
Its general solution has the form 
1 4 1 5 
w= eo + 55 + cax + c4, (22.35) 
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where c1, C2, C3, c4 are integration constants. 
For the function €22(x), we will obtain the following equation from the same 
system of equations (22.26): 


dQ dw 
—— =, 22.36 
dx dx? ( ) 
If relation (22.35) is used for the function w(x), we will have for Q2 
C1 2 
Qz = —3* — Cox + C5, (22.37) 


where cs is integration constant. 

The total number of unknowns are: c1, C2, C3, C4, C5, a, ô, for which we have seven 
conditions: three conditions of hinged support (22.28) at x = L, which can be written 
as follows 


2 


, 


dw?! P agi! 
II II 2 
w = 0, D, | —— +2 =— 

x- ( dx z ) dx 


=0, (22.38) 


x-l 


as well as four conditions for the continuity of quantities, when x =a: 


"Ne MM T 
= e dx desa — dx hos (22.39) 
I II dQ, dR 
|, 5^ uae = 
2| x=a 2 Ix=a’ dx _ dx _ 


It should be noted that with the help of the three conditions of hinged support 
(22.38), as well as from the second and third conditions from (22.39), the integration 
constants c1, C2, C3, C4, C5 are completely determined. Based on the last condition 
from (22.39), we obtain a transcendental equation for determination the contact 
zone a; from the first condition of (22.39) we define 6-translational movement of 
the stamp. As we have seen, when using the model of bending of a plate (graphene 
sheet), built on the basis of Cosserat theory, the contact pressure is expressed as a 
continuous function (formula (22.33)). 


22.7 Conclusion 


A model of bending deformation of a graphene sheet is introduced as a continuous 
model of bending deformation of an elastic plate, constructed on the basis of Cosserat 
theory. The values of the elastic constants of this model for the graphene material are 
given. A specific problem of bending of a graphene sheet is considered on the basis 
of the indicated continuous model of bending of an elastic plate, and the numerical 
results of this calculation are presented. Further, on the basis of the same theory, 
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the problem of cylindrical bending of a plate with a rigid stamp is considered, the 
contact pressure between the stamp and the plate, the size of the contact zone and 
the translation of the stamp are determined. 
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Chapter 23 A) 
Non-axisymmetric Vibration of Tuned ENS 
Thin Functionally Graded Planar 

Structures 


Getachew T. Sedebo, Michael Y. Shatalov, and Stephan V. Joubert 


Abstract We consider a functionally graded plate (FGP) composed of an arbitrary 
number of concentric sections of various radii and thicknesses. This structure is sup- 
ported at the centre by a rigid stem. The FGP is described in terms of the Novozhilov- 
Goldenveizer theory of thin isotropic linear shells. This system vibrates both in-plane 
as well as out-of-plane. Hamilton's variational principle is used to derive equations 
of motion and boundary-continuity conditions. A fixed boundary at the inner edge 
and a free boundary on the outer edge of the plate are considered. The in-plane and 
out-of-plane vibrations of the plates are studied in the frame of thin plate models and 
analytical solutions in terms of Bessel’s functions and modified Bessel’s functions 
for the system are determined. To verify our assumptions, we consider an example 
consisting of two concentric plates, where the inner component is made of an alu- 
minium alloy and the outer component is made of titanium. The eigenvalues and the 
associated eigenfunctions of the plate are illustrated graphically. For this FGP, both 
in-plane and out-of-plane vibrations are excited with different circumferential wave 
numbers, where an elliptical in-plane wave form is considered for in-plane vibrations 
and a threefold symmetry wave form is considered for out-of-plane vibrations. In 
order to consider an application of the planar structure as a three-dimensional iner- 
tial navigation vibratory gyroscope, it is necessary to tune the eigenvalues of both 
in-plane and out-of-plane vibrations. The desired tuning between the two modes is 
achieved by means of a variation of radius and/or thickness of the functionally graded 
plate. 
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23.1 Introduction 


A plate and its vibration properties subject to classical boundaries have been widely 
studied and are well-documented. Substantial amounts of information on the nature 
of both in-plane and out-of-plane vibrations can be found in literature. Fundamental 
methods of solution of elastic problems were developed in [1, 2]. Circular plates 
are used and applied in widely different areas, amongst others, in nozzle covers, 
pressure vessels, pump diaphragms, turbine discs, submarines, airplanes, railway 
wheels, brakes, hard drive discs and as sensors (see [3]). For a thin circular disc with 
a free edge, the equations of motion as well as an analytical solution were obtained 
in [4]. The bending of circular plates with various boundary conditions is thoroughly 
discussed by Timoshenko and Woinowsky-Krieger [5]. Bashmal et al. [3] investigated 
and analysed the in-plane free vibration of an annular disc with an elastic support 
at a point. An accurate algorithm for numerically determining eigenvalues for the 
fundamental and first few overtones in an eigenvalue problem were discussed in [6] 
where the Rayleigh-Ritz method was used to determine good initial values. Leissa 
[7] and Leissa and Qatu [8] presented analytical solutions for both solid and annular 
plates in terms of Bessel functions of the first and second kinds subjected to various 
boundary conditions. Furthermore, they provided theoretical as well as experimental 
results for frequencies and ratios of radii for nodal circles were calculated. 

Analytical solutions for a rotor consisting of multiple flexible circular plates were 
obtained in [9]. The authors also investigated the effect of a flexible disc on the cou- 
pled longitudinal vibrations that link the disc and shaft. A car brake disc, regarded 
as an annular plate, was investigated in [10] and its equation of motion was derived 
using the theory of thin plates. The equations of motion were purely of those of 
a thin circular plate because the authors intentionally dropped the dynamics of the 
in-plane vibrations that involve gyroscopic effects. Burdess and Wren [11] investi- 
gated a Piezoelectric disc that was used as a gyroscope. The authors proposed a thin 
piezoelectric disc gyroscope that utilises its in-plane vibration properties to detect 
the rotation rate. The authors neglected the stresses in the transverse direction of the 
disc to derive both constitutive and field equations. 

Sedebo et al. in [12] detailed the operation principle, investigated Bryan’s factor 
and obtained eigenvalues and eigenfrequencies numerically for a thick-disc and thin- 
plate which was used as 3D gyroscope. More detailed work with a similar approach 
can be found in [13]. Rourke et al. [14] assumed that the in-plane and out-of-plane 
vibrations are independent, and hence, the strain energies of both modes can be 
separated. It is worth consulting [15, 16] with regard to the theoretical foundations 
of solid-state vibratory gyroscopes. 

The present work deals with the development of a mathematical model that 
describes the dynamics of a system which consists of arbitrary concentric sections of 
a functionally graded plate (FGP). The FGP consists of a central rigid stem and con- 
centric plates of various radii and thicknesses which are made of the same or different 
isotropic materials that obey the principles of linear elasticity (see Fig. 23.1). 

It is also assumed that all the concentric (coaxial) plates are “thin” and can be 
described in terms of Novozhilov-Goldenveizer theory of elastic thin shells. The FGP 
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E E 


x 7) 


Fig.23.1 Thick disc and thin plate three-dimensional vibratory plate showing the three orthogonal 
axes. For simplicity (so that the sketch does not become cluttered with detail), only the central thin 
vertical stem and the j-th disc are shown, j = 1,2,...,J 


under consideration is subject to both in-plane and out-of-plane nonaxisymmetric 
vibrations. We assumed that the circumferential wave number of in-plane vibrations 
(m) is not equal to the circumferential wave number of out-of-plane vibrations (n). 
The eigenvalues of both in-plane and out-of-plane vibrations were tuned. We say that 
the FGP is tuned if one of the eigenvalues of the in-plane vibrations at circumferential 
wave number m is equal to one of the eigenvalues of the out-of-plane vibrations at 
circumferential wave number n. For realisation of a 3D rotational rate gyroscope 
(sensor) on the planar FGP, it is necessary to ensure that n = m + 1 see [12]. In 
thin-walled plates, eigenvalues of the in-plane vibrations are normally higher than 
eigenvalues of the out-of-plane vibrations. Hence, it is reasonable to consider the 
situation n = m + 1, for example, m = 2, n = 3. 

We present equations of motion for the system in Sect. 23.2 while a derivation 
(using Hamiltonian variational principle) is provided in Appendix A. Sections 23.3 
and 23.5 discuss implicit and explicit boundary-continuity conditions of the system. 
In Sect. 23.4, we obtained analytical solutions for the system in terms of Bessel's 
functions by introducing potentials and a change of variables. Numerical results for 
the eigenvalues and eigenfunctions of both in-plane and out-of-plane vibrations are 
obtained, and these are graphically presented in Sect. 23.6. Tuning between the two 
modes was achieved by means of variation of radial and/or axial sizes. Frequency 
spectra are shown in Figs. 23.3 and 23.7. Conclusions are drawn in Sect. 23.7. 


23.2 Equations of Motion 


In order to calculate the strain energy (the potential energy), it is assumed that 
the in-plane displacements u and v and their derivatives do not influence the mid- 
plane curvatures and torsion. This assumption corresponds to the simplification of 
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Novozhilov’s theory of thin shells to the Novozhilov-Goldenveizer theory of shallow 
shells as can be seen in Leissa [17], Novozhilov [18] and Goldenveizer [19]. 

Systems of equations describing the dynamics of a thin plate vibrating in both 
radial-tangential (in-plane) and out-of-plane direction in the frame of the linear 
Novozhilov-Goldenveizer theory are given as follows: 


Qu UD Ln Pud WW 


py = 1;) 9240 " 9r? + rar 2r? 7 r2 . (23.1) 
E; at? 1l+nj v0  3— nj dv i 
2r ddr 2r) ðr 
1-g; (8:90 O yO 1 ay 
p; (0 — m» a2yO 2 2 2 352 
J nj UN 2 or ror r r^ ðo : 
Ej ar? B 1 4 0; du 3-nj au) , 
2r ddr 2r? ap 
(23.2) 
120;1— 73) WD wD WWD Pw — 1 aw!) 
E;h? 0t? or^ rðr? ror? r’? ðr _ 0: 
20^. — 2038w) 4 wD) ]129*w? ub 
+ + 
r?0r20g9? | r?0g?0r | r^ 0g? r^ dg* 
(23.3) 
for j 2 1,2,..., J and with uw) =u (r, o, t) , v® =v (r, o, t) and w® = 


w) (r, o, t), respectively, being the radial, tangential and out-of-plane (axial) dis- 
placements. Here f is time, r is the radius of the plate and ¢ is the polar angle. Further- 
more, for the jth component of the plate, p; stands for mass density, E; for modulus 
of elasticity, n; for Poisson’s ratio and h; for thickness. The radius of the junction 
consisting of a thin stem and the first component of the structure is ag. The radius 
of junction of the jth and (j + 1)st components is a; where, j = 1,2,...,J — 1. 
The radius of outer rim of the structure is R. 

It follows from Eqs. (23.1), (23.2) and (23.3) that there are 2J equations that 
describe in-plane dynamics of the plate and J -equations of the out-of-plane motion 
ofthe plate. According to the Novozhilov-Goldenveizer theory of shells, it is possible 
to separate in-plane and out-of-plane vibrations. It is further assumed that the inner 
rim of the first component is fixed to the stem and the outer rim of the plate is free. 
Intermediate neighbouring components are connected in accordance with conditions 
of continuity-smoothness, which are derived from the Hamiltonian variational prin- 
ciple (see Appendix A). 


23.3 Implicit Boundary Conditions 


Given the above assumptions in Sect. 23.2, the following boundary-continuity con- 
ditions are derived 
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For r = ao: 
M E (23.4) 
r=do r=do 
dw) 
w®| s — 0, — 0. (23.5) 
^ or r=do 
For r = aj: 
«|, — inne ? Ds = aaa ee ; (23.6) 
=a; =a; = = 
ips. = wer cx 3 = 5 (23.7) 
j j r r=a; r raj 


The radial stresses at r = aj: 


Ejhj au) . av) 
r +n; yu) eee ME 
l-n | ge. ue ay ||. 


; . : (23.8) 
Euh; aut) i Qv U*D 
c c pt Pis | u due (wens m) 
1— "jai or dy - 
and sheer stresses at r — aj: 
Ejhj Es yO. | 
2 (1 + nj) or dg "A 
: PSAL : (23.9) 
2 Epahjyi | QyG*D VD 4 | 
2 (14- nj) ðr ay 


r=aj; 


The boundary-continuity conditions for shear forces of the out-of-plane vibrations 
of the plate components at r = a; are as follows 


Bw) gw? Law? 2— nj Bw) 


E 
Ejh ðr? ðr? r ðr r  0g?ür 
12(1=1?) 3— n; Pw) 
ro 0g? =i 
3,5, G+) 2,9 +D (+1) 
ro’ w y% o w ðw (23.10) 
0r? 9r? ror 
Eja BwUtD 
= = | Q-ma 5 
12(1=n3,1) rüg?àr 
í j FENTERY 
aeg ec. 
POE egy? e 


j 
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The boundary-continuity conditions for torques of the out-of-plane vibrations of 
the plate components at r = a; are as follows 


Eh l 32w) " = E y 
r Ni\ >, t Faq? 
12 (1 - ") or or rap 


Era 92 wt) awit a2 wtdD 
= 2 r ə +F LEES! ð + 0 2 
12 (1 _ a) r r rào 


where j = 1,2,...J — 1. 
The boundary-continuity conditions for the free outer rim at r — R is obtained as 
follows 


r= 


'Q3.10) 


E;h; au” () av) 
—— = 0; 23.12 
1— NG | or i d ud $ dg r=R 
E;h av) du” 
< | egi E | - 0; (23.13) 
2 (1-F nj) or dp |. 
Bw”) aw) low” =H) By”) 
Esh} Tap T ðr? r or r | 0g?0r = 
12(1— $2) 3— 95, Pw”) ; 
r2 ay? = 
(23.14) 
E;h), aw) aw) aw) 
= 0. 23.15 
Bü-mX a "Vw 59e), 2 


It can be seen from the boundary-continuity conditions in (23.4)-(23.15) that 
there are 8J boundary-continuity conditions that can be separated as 4J for in-plane 
vibrations and 4J for out-of-plane vibrations. 


23.4 Exact Solutions to the Boundary Value Problems 


From the boundary-continuity conditions given in Eqs. (23.4)-(23.15), one can see 
that the boundary value problem can be solved in terms of exact solutions by, as is 
usual, introducing potential functions ® (w, r, o) and V (c, r, 9) and by making a 
change of variables such that 
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9$ wrp) 19V (or 9) | 
uD (t, e, r, 9) = Sh (0,7) | ios. (23.16) 
or r dp 
j 1 EV) ahs aw ay i 
v (t,0@,7, 9) = l On Wr, P) | pior, (23.17) 
r dp or 
wP (t,0,7,9) = WO (ow, r, pel, (23.18) 
where i? = —1 and c is a parameter which has the physical dimensions of angular 


frequency. Substitution of Eqs. (23.16), (23.17) and (23.18), respectively, into Eqs. 
(23.1),( 23.2) and (23.3), respectively, yields 


9240 18$ O 1 3240 PIU 
+ — . 


= ; 23.19 
or? r Or r 9g? e ( ) 
2O zap” 10209 pO 
2 2 X = ; (23.20) 
or r or r^ dp C2; 
aw 292 WO aw) 1awW 2 aww 
or^ ror? r?9r? r? ðr r? dr2dg? | | g4 20 
2 PWO 4 ZWO 1 WO = Bj (o) W; 
r? dg20r T r^ ag? T r^ ðt 
(23.21) 


where 


E, Ej — I2pj(1 — npo? 


j 4 
aj = ——.. haj = L—————-, f o= 7 
0j (1 i n?) 2e; (Le nj). ^ Ejh; 


We further investigate particular modes of in-plane and out-of-plane vibrations 
of the FGP with integer values of circumferential wave numbers m and n such that 


Pm) — Gm) cos (mọ) Y. 
dp U^? (w, r, p) = d" (a, p) bs Pile ) (23.22) 
jy (im) — ym) sin (mq) Y. 
V (0,r,q) = (c, r) fn a) ! (23.23) 


WO? (o, 7,9) = WU? (o, r,) (s d (23.24) 
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cos (mq) and sin (mq) 
sin (mq) cos (mq) 
are orthogonal combinations of cos (mq) and sin (mq) and similarly for ( ee ae ) 


Substituting Eqs. (23.22), (23.23) and (23.24), respectively, into Eqs. (23.19), 
(23.20) and (23.21), respectively, (because of the periodicity of g for non-trivial 
cases) yields the following ordinary differential equations 


Note that 


GM 1doun wo m l 
+ oo” = 0; 23.25 
dr2 r dr (= r2 ) ( ) 
Cwm 1dwG "no m dos 
+ + we = 0; 23.26 
dr? r dr (£ r? ) ( ) 
d^wm 2g?wGm (= + S) win 
drt dr? 2 dr2 
Dk 1 2m i nt — an?) = 0; (23.27) 
B (o) — ———* | wom 
r3 dr j 4 


where d» = qm (w, r), YOM = q Um» (o. r) and WEP = WS) (o, r). 
Solving Eqs. (23.25), (23.26) and (23.27), respectively, yields 


Qnm (o,r) = e "y. (2 r) T co "y , (2 r) : (23.28) 
Cj Cij 
wim (c, r) 5 QE, (25) + cP "y. (27) ; (23.29) 
C2j C2j 
WO» (r) = CS Jn (8; (v) r) + Cg? Y, (B5 (9) r) + (23.30) 
CF” In (Bj (@) r) + C$" Kn (Bj (0) 
where p com, a p pu po s CY are arbitrary constants that 


can be determined from the boundary conditions and which determine the mode 
shapes. Here JU or JU and Yo” or YU? are Bessel functions of the first 
and second kind, respectively, of order m and n. The functions Z^" and K” are 
modified Bessel functions of the first and second kind, respectively, of order n. 

Substituting Eqs. (23.28) and (23.29), respectively, into Eqs. (23.16), (23.17), 
respectively, yields 


ce my m) (c r) de 


ci myt ™ wr) + | [cos (mp) Y jer. 

c "ul. m) (e, r) 4- sin (mq) f 
(jm) p Cm) 

co U9 


u” (t, œ,r, 9) = (23.31) 


(w, r) 
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ce ii m) (o, r) + 
ci my ™ (o, r) + ipe (mo) \ i 
G) = HS 
v" (f, o, r,q) = m) yy Gm € 23.32 
( p) cu yu ) (o, r) + cos (mq) ( 
co ic vo ™ (tp, r) 
where 
UU? (o, r) = sy ( = r) = Jn4l (27) ; 
r ej ej ej 
(j.m) m @ w ud 
U; (c, r) = Yin r Yon ud E 
r Cj Cj cij 
yL (@,r) = ES (2) : ue (o,r) = zy. (2) 
r C2j r C2; 
and 
VU? (o, r) =E Jm (27) ; VIP (o, r) = —— Y, (27) ; 
r Cij C2j 
ym (c, r) = m Jn ( w r) + (2) Toad (2) ; 
x r C2j C2j C2j 
Gi m w w w 
V4 (o, r) = Yin rj-c Ym+1 —r]. 
r C2j C2j C2j 
Substituting Eqs. (23.30), into Eqs. (23.18), yields 
CI Wl” (s, p) + 
f cU Dyt n) (o, r) + cos (ng) , 
win t, 0,1, 2 F n . glor 23.33 
( p) cu wi ) (p, DES sin (ng) ( ) 


(in) gy Gm 
pP "Wi" (œ, r) 


where 
WO” (œr) = J, (Bj œr); WY” (B5 @)r) = Y, (Bj (97) ; 
wee (c, r) I. (B; (c) r) $ "T (c, r) = K W9” (Œw, r) * 
23.5 Explicit Boundary Conditions 


For boundary-continuity conditions of the out-of-plane vibrations, we need to dif- 
ferentiate the out-of-plane displacement with respect to r. Thus, it follows that 
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dW” (t, 0,1, 9) 
dr 
cl” pw” (w r)+ 
J 1. , 
Cz ^ DWy^ (o. r)- | ( cosng) | jiu 
cy” Dw!” (o, r)-- | \ sin (ng) 
Cen ye (c, r) 


DW” (t, , r, 9) = (23.34) 


where 


DWE” (o, r) = —J, (Bj (@) r) — Bj (9) Ji (Bj (0) ) ; 
Y, (B; (0) r) — Bj (9) Yi (B; (0) r) ; 
In (Bj (o) r) + Inst (Bj (0) r); 


K, (Bj (v) r) — Bj (v) Kayı (Bj Co) r) . 


DW"? (o, r) = 
DWY” (o, r) = 


DW? (o, r) = 


Jl] 


For boundary-continuity conditions of in-plane vibrations, radial and shear 
stresses are obtained by substituting Eqs. (23.31) and (23.32) into Eqs. (23.8) and 
(23.9) after performing the indicated differentiations. Consequently 


er a ae (w,r)+ 
Ej prO (o, r) 4- D. (mq) 


Cj,m) = 
0, (t, o,T, p) Lr j j ` 
i l-n} Cg 07 (wr) + | \ sin (me) 


) e€; (23.35) 


Ca (o, r) 
j. j.m) 
OU T (aur) 
(jm) |. Cj,m) : 
(j,m) — Ej C5 0,6, (w, r) + sın (mg) iot, 
Org (t, 0. T, 9) = Ts | im) Gm) ui 
2(1+ nj) Cz 0,93 (ar) + cos (mq) 


PIT (c, r) 


(23.36) 


where, 


(2) mi -D(1-»), (27) 
I RT MN CU 
» De (Er): 
(2) min -D(-n), (27) 
m (o, r) = C1j r2 i Cij 


o! ; 
rr,2 1—mj o w , 
— Pauci 
m+1 , 
r C1j Cij 
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. — 1 
gi (o, r)-— (1 nj) pum ) p, 2 rj-c a em Jai 2 rjj: 
> r2 C2j r cj C2; 
( w 


Sonat eee 


2 
m 2m (m = 1) (a) 2m w (a) 
eT Ot r)= = 2 Jin r) Jm+1 (=) ; 
r Clj r C|j Cj 


i 2m (m — 1) w 
on (or) = | ; Ym ( r 


2m (m — 1) (=) 
2 
c Om r C2j 
ma (sr) = 2@ (2 ) 
= Jm441 pend 
r Cj C2; 


2m (m — 1) ( w 
Tias r? C2j 


For boundary-continuity conditions of the out-of-plane vibrations of the plate, 
we need expressions for shear forces and torques. The shear forces and torques are 
obtained by substituting Eq. (23.33) into Eqs. (23.10) and (23.11), respectively. After 
performing the indicated differentiations one obtains 


co (a, r) + 
Ejh CP? QU (e, p) + | f'cos(ng) Y ir. 
12(1- 1) E Cj" Q^ (n.r) (en )* | 
p pom (o, r) 


QU? (t, w, r, g) = 


(23.37) 


Comm (o, r) 2p 
Ejh CE? MY” (o, r) + | ( cos(np) \ jer. 
(1-5) z 5 Cj? My? (m, r)4- [s (ng) ) 
Cy" My” (œr) 


MO» (t, €, Fr, Q)-— 


(23.38) 
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where 


Qi" (vr) = 


ee 


Qi" (œr) = 


Qi" (vr) = 
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2(1— p, 
po (ro EE) (8,000 


— 1 
ZEE ii A om a (Bj (or) + 


B; (o) (v Qe 4 


(neo = 


Dj (w) pe (v) — 1 Ia (B; (v) r) 


(ge - ** a tes 


Yayı (Bj (0) r) 


Bj (v) (ov (ydp e 


Mo (o,r) = lá (o) — - em "s (B; (e) r) ; . 


Bj (v) (1 — j Jija (B; @)r) 


A T in d 


MÝ” (o, r) = ( 
mi” (@,r) = | (- 


Bj (w) (1 — nj) Ya (8; (œ) r) 


—1)(1— 
o- E2) " 
Bj (v) (1 — nj) d 


n (n — s nj) 


rB; (o) d 
8,6) (1 — n) Kcu (B; G0). 
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Consequently, the boundary-continuity conditions in Eqs. (23.4)-(23.15) can now 
be summarised and rewritten as: 


Uam (o, |, ay — 0, yam) (o, r).. Las =0; (23.39) 
aw” (o, 
wh”) (w, r)| — 0, owe" (er) = 0; (23.40) 
r-ao or = 

r (pe (w, r) = U Gx* bm) (c, r)] M = 0, (23.41) 
[vow (e, r) — VET (gy, r)] „=a, = 0, (23.42) 
[wo (o, r) — WOITLA (o, r)] „=a, = 0, (23.43) 

(j.n) (i+1,n) 
|^" (or) aw s Sh ug (23.44) 

or r—aj 
hja; [09 (o) = od (o, P], a = 0. (23.45) 
ja; [o1 (o r) - o (o. n]. = 0 (23.46) 
[0% (o, r) - QU**9 (o, r)]], 4, = 0, eo) 
[Mo (o, r) - MÓ* P (o, r)]| | = 0. (23.48) 
For r = R, we have 

hy Ra ur) | = 0; (23.49) 
h,R [ow (jm) (c, r)]l.. RT 0; (23.50) 
[Um (co £s = 0; (23.51) 
(men (a, r)] her = 0. (23.52) 


Observing the in-plane and out-of-plane boundary-continuity conditions, it can 
be clearly seen that the spectra of the in-plane and out-of-plane vibrations can be 
plotted independently. In the next section, we will show that these spectra can be 
tuned, so that particular eigenvalues may be matched. 


23.6 Numerical Results 


For a numerical simulation, we take two sections of the functionally graded plate 
(J =2, j =1,2). The inner thin section is made from an aluminium alloy with 
mass density o; = 2.7 x 10?kg/m?, modulus of elasticity Ej = 7 x 10*MPa and 
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Fig. 23.3 Frequency spectra of in-plane (solid red curve) and out-of-plane (dotted blue curve) 
vibrations illustrating tuned first eigenvalues 


Poisson's ratio nı = 0.33. Here the geometrical dimensions are ag = 2 x 10m, 
a, — 7 x 107m, A, = 1.85 x 107m (see Figs. 23.1 and 23.2). 

A relatively thicker outer disc made of a titanium alloy has physical parameters 
02 = 4.5 x I0? kg/m?, E; = 1.2 x 10°MPa and m = 0.34. The geometrical dimen- 
sions of the outer disc are a; = R = 3.8 x 10-?m and h2 = 5.55 x 10-?m. With 
these values, a tuning between the first mode of in-plane motion at circumferential 
wave number m = 2 and the first mode of the out-of-plane vibrations of the disc at 
circumferential wave number n = 3 was obtained. This tuning is demonstrated in 
Fig.23.3 where the function Disc(o) is the natural logarithm applied to the absolute 
value of a determinant function (with its roots being the eigenvalues) and similarly 
for the plate (see [6] Sect. 8.1). 

The corresponding eigenfunctions of the in-plane vibrations are shown in 
Figs. 23.4 and 23.5 (for the radial and tangential motions independently). 

In Fig. 23.6 the eigenfunctions of the out-of-plane motion which corresponds to 
the first eigenvalue is shown. 

Numerical simulations show that eigenfrequency of the in-plane vibration for the 
first mode is approximately 45913.67 Hz and that of out-of-plane vibration is approx- 
imately 45967.40 Hz, with an approximate frequency split of |45913.67 — 45967.40| 
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Fig. 23.4 Eigenfunction of 15 
the radial mode for the first us: 
eigenvalue 
1 
AMD Lu 
0.5 
0 
0 
-05 
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Fig. 23.5 Eigenfunction of 
the tangential mode for the 
first eigenvalue 
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EN I 
-1 
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Fig. 23.6 Eigenfunction of 15 
the axial mode for the first iğ 
eigenvalue 
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& 42.73 Hz. Note that the above results were obtained in the frame of the Novozhilov- 
Goldenveizer theory of shells. In this particular case, the ratio of maximum diameter 


of the plate to its thickness is — = 6.85 which is not large enough to consider our 


2 
plate as a thin shell. Consequently, our example for the first mode is provided here 
merely in order to illustrate that it is possible to tune the frequencies using a theory 
not necessarily based on the above thin shell theory. 
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Fig. 23.7 Frequency spectra of in-plane (solid red curve) and out-of-plane (dotted blue curve) 
vibrations at tuned first and second eigenvalues 


In our second simulation, we tuned the first eigenvalue of the in-plane vibration 
mode at m = 2 and the second eigenvalue of the out-of-plane vibration at n = 3. 
Selection of the physical parameters of the functionally graded plate is exactly the 
same as before. We also kept the same ao and aj, but the thicknesses hı and h2 
were varied to achieve tuning of both modes. The new values for hı and ^; were 
respectively, hı = 4.45 x 1074m and A; = 1.335 x 10?m. Our new selection of 


2R 
parameters results in the ratio: P" = 28.46, which indicates our plate is "thin". The 


corresponding frequency spectra are displayed in Fig. 23.7 as sharp negative spikes. 

Eigenfrequency of the first mode of the in-plane vibration is approximately 
45913.67 Hz and the eigenfrequency of the second mode of out-of-plane vibration 
is approximately 45903.35 Hz, with a frequency split of |45913.67 — 45903.35| = 
10.32 Hz, which shows that it is possible to tune the first eigenvalue of in-plane 
vibration with a second eigenvalue of the out-of-plane vibration so that an optimal 
sensing capability would be achieved by the sensor (see [12]). We have observed that 
the in-plane eigenfunctions in both examples appear to be similar and consequently 
we do not repeat the figures here but merely refer the reader to Figs. 23.4 and 23.5. 
The eigenfunction of the second mode for the out-of-plane vibration is shown in 
Fig.23.8. 


23.7 Conclusions and Discussions 


Exact solutions of vibration of the FGP composed of arbitrary number of concentric 
sections were derived in the frame of the Novozhilov-Goldenveizer theory of shells. 
These solutions were obtained in terms of the Bessel, Neumann and modified Bessel 
functions for both in-plane and out-of-plane vibrations of the FGP. For applications 
of the considered planar structures as a three-dimensional vibrational gyroscopes 
(an inertial navigation angular rate sensor), it is necessary to tune the plate so that 
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Fig. 23.8 Eigenfunction of 
axial mode for the second 


eigenvalue 1 
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one of the eigenvalues of the in-plane mode with circumferential wave number m 
is approximately equal to one of eigenvalues of the out-of-plane mode with circum- 
ferential wave number n — m 4- 1.Relatively thin plates are normally much stiffer 
in the radial direction than in the out-of-plane direction. Consequently, this is true 
with respect to their eigenvalues. Hence, it is necessary to take m < n, for instance 
n =m + 1. For numerical simulations, we selected m = 2 (an elliptical in-plane 
wave form for the in-plane vibrations) and n = 3 (a three fold symmetry wave form 
for the out-of-plane vibrations). It can be seen from our numerical experiment that 
a decrease in the outer radius of the FGP increases the eigenvalues of the in-plane 
vibrations and vice versa, whereas a decrease in thickness of the FGP decreases the 
eigenvalues of the out-of-plane vibrations and vice versa. 

Initially numerical simulations were performed, and a tuning of the first modes of 
in-plane and out-of-plane vibrations was done. The result was obtained for a relatively 
thick plate. This reduces the accuracy of calculations because they were done assum- 
ing the theory of thin shells. Nevertheless, it is clear from a qualitative viewpoint that 
tuning may be achieved in principle. Future work involving a relatively thick plate 
will involve a more complicated theory such as the Mindlin-Timoshenko plate the- 
ory in ([20]). In order to substantially improve calculations, we observed a relatively 
"thin" plate to perform further numerical simulations. These simulations showed that 
it is possible to achieve tuning between the first eigenvalue of the in-plane mode and 
the second eigenvalue of the out-of-plane mode. Tuning between eigenvalues of dif- 
ferent modes of in-plane and out-of-plane vibrations can be achieved by the variation 
of the radial and thickness parameters of the materials of the components of the func- 
tionally graded plates. The effectiveness of the tuning has to be investigated further 
from the viewpoint of the sensitivity of sensors of angular rates and accelerations. 
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Appendix A 


The Lagrangian of the functionally graded plate (see Fig. 23.1) is give by 


2x J aj 
L xil y / (a? 3 Ag) dr | dg, (23.53) 
0 | Flair 
where, ao is radius of junction of the j^" and (j + 1)" sections (j = 1,2,..., J), and 


a; = R. Furthermore AY is the Lagrangian density of the jth thin plate vibrations 
which are characterised by the in-plane displacements uU? and v\).The Lagrangian 
density of the thin plate vibrations that is characterized by the out-of-plane displace- 
ments w) is designated by Ay. The Lagrangian density of the in-plane vibrations 
AT can be written as 


Pihi a 4 gon. 


j 2 
AT = Eh; ; AN ; . ; r; 
POET G) Q) G) G) vo» 
———~- |e; +e ) —2(1- mj (s Tee — x2) 
20 — i ( 1 2 ( ni) 1 2 4 
(23.54) 
similarly the Lagrangian density of the out-of-plane vibration AC is given by 
Pihi n. 
j 2 
A = E:h3 2 r. 
J] ( G) P) = mE ( (i) _ di 
ad + 2(1 T: 
24 (1 — 1) | xi X2 (1 = n;) (X1 x2 j 


(23.55) 


Take note of the dot and prime notations used for derivatives elsewhere in this 
chapter. Below we use the following notation 


G) G) . G) (j) , G) G) 
_ ðu ius Qv l u P E ðu „OY = ðu yd s Qv "m Qv . 


u GO l | 
is 9 ar * ay ür ^ 9 Jy 

a) — zu) ii" = g2yW) i" = Iu) "n auld 
0n C rr Ir2 ^ 9e 8g? > Uro are H 
240) : 2.) a2.) . 2.0) 

VÉ = CALAM g _ 9 v7 Gyn 2 in and v)" = pue ; (23.56) 


9D 7 ar2 ' PP ag?’ dd ürg 
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Strains are given as follows (see Soedel [21]) 


: du) ; 1 : av f 1 fou” . av 
QD _ GL. Q) Do G) ] 
& = ——, & =- =), YTV = -| —— -v 4 

: (« ae) zs jee 


or r 
MZ _ Pw x z 1 /3ð3w 18w , 
! ar ^o r or r dg? J' 
: 1 /law” 92wO 
TW) = : (23.57) 
rir OQ ardo 


The implicit form of the governing equations of motion are obtained from Hamil- 
ton’s variational principle see Goldstein et al. [22]. It follows that 


a aay aaa” , 8 aay aay 


- - — = 0; 23.58 
ar AD Ar u” BY oud” Pu) 23-988) 
saa adat a aa® an 

D D D D.—0; (23.58b) 


at 900 — Orgy dp vY 
Q o o ru 
a [9^3 " ad [9^7 " a [8Ag a? [ 8^7 
at \ Ow) ar \ aw” dy aw” or? V awh)” 
2 (i) 2 G) =N 
a (aap a? ( aAp 
drag \ awil” 0g? V awl?” 


It follows from Eqs. (23.53)-(23.57) that Eqs. (23.582) and (23.58b) which charac- 
terise in-plane motion are separated from the Eq. (23.58c), which characterises the 
out-of-plane motion. Note that systems of explicit equations of motion are given in 
Eqs. (23.1), (23.2) and (23.3). 

Itis possible to derive the boundary-continuity conditions from Hamiltonian Prin- 
ciple, which can be given as follows 


(23.58c) 


9A 
u®| M =0 or dy = 0; (23.59) 
= Qu; | _ 
r=do 
JAS 
v®| _ =0, or —2 = 0; (23.60) 
r=do ov y 
r=dao 


The conditions on the left hand side of Eqs. (23.59) and (23.60) are used for fixed 
inner rim and the derivatives in (23.59) and (23.60) are used for free inner rim. For 
jth and (j + 1) st component of the plate we have, 
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f f 9 AUC 9 AUT) 
im. i uU? Loe = 0, oy Kn; = (23.61) 
=a; —aj 
du; r—aj du; r—aj 
. l 9 AC 9 AGUTD 
v _ yt) _ =0, D D =0. (23.62) 
r—aj raj aul” au” 
r—aj r—aj 


The conditions on the left hand side of Eqs. (23.61) and (23.62) characterise 
the continuity of the displacements in the radial and tangential directions, while the 
conditions on the right hand side characterise the equality of action-reaction forces in 
the radial and tangential directions on junctions of the j^" and (j + 1)* components 
of the functionally graded plate (j = 1,2,...,J — 1). 

For the outer rim of the plate, we have 


9ACO 
O) = —(0 
ELE: Pam 0; (23.63) 
aA) 
O) = — 0 
v| =O, or aala 0; (23.64) 


the left hand side of Eqs. (23.63) and (23.64) are used for fixed outer rim of the 
plate and the right hand side are used for the free outer rim. In our case the inner 
rim of the first component of the plate is fixed in the stem and the outer rim is free. 
Hence, we used the following boundary-continuity conditions for inner and outer 
rims, respectively 


| =v] = 0; (23.65) 
9 AC? 9 AC? 

oy| =p =o (23.66) 
Qu; r—R Qv; r=R 


Q) G) 


Note that the partial derivatives —2- and —2- used in the boundary-continuity 
Qu" ao 
conditions are given by 
9 AC Eh; Tau MEETS) 
De euin (23.67) 
au” 1— n; L ðr r ag 
9 AC Eh; av) 1 /98u? 
D Pu GE A PLE 3M (23.68) 
av” 2 (14- nj) or r dy 


The boundary-continuity conditions for out-of-plane vibration of the functionally 
graded plate is obtained from Hamilton’s variational Principle as follows 


wh =0 or po. ed (23.69) 


r=do =do 
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w™'| l 
r=do 


=0, or MO| |, =0. (23.70) 

The left hand side of Eqs. (23.69) and (23.70) corresponds to the fixed inner rim 
of the first component of the plate and the right-hand side corresponds to the free 
rim of the plate. 


w| m wet» —0 we» _ up —(: (23.71) 
r—aj r=a; r r=a; r r—aj ? i 
= gv 


QP], =0 MY?|_ -—M9*»| _ =0. (23.72) 


r—aj 


—daj r—aj 


Eq. (23.71) corresponds to the continuity of the out-of-plane displacements and 
continuity of their first derivatives (angles of slopes) at the junctions of the (j)'" and 
(j + 1)" components of the plate. Equation (23.72) shows the equalities between 
action-reaction of the shear forces (Q) and torques (M) at junctions of the compo- 
nents. Finally at r = R 


w| p=0 or Q”|_ et (23.73) 


w| ved, or M| oO (23.74) 


As above the left hand side of Eqs. (23.69) and (23.70) correspond to the fixed 
outer rim of the plate and the right hand side corresponds to the free conditions of 
the outer rim of the plate. Note that the shear forces Q and torques M“ are given 


by 
5 OA . Sd aAP a (aay V. 
O = aul? ar Vou?) * ae awe) 


ew) PwD 1 aw 2-5 Bw 


3 
0 Ej or? rðr?  r? ðr " 0g?ür 
B 2 3— nj 0^wV i 
m (1 B uj) 3 2 
r 0g 
(23.75) 
aptis 9A — Ej; [Pw LU aw) " 135.0 Gin 
ETT PIU " n) ar? r \ Or r ar? l 
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Chapter 24 A) 
Adhesive Contact Problems geit 
of the Theory of Viscoelasticity 


Nugzar Shavlakadze 


Abstract The approximate solutions of singular integro-differential equations 
related to the problems of interaction of an elastic thin finite non-homogeneous patch 
with a plate are considered, provided that the materials of plate and patch possess the 
creep property. Using the method of orthogonal polynomials, the problem reduced 
to the infinite system of Volterra integral equations. The asymptotic analysis is also 
performed. The quasi-completely regularity of the obtained system is proved. 


Keywords Viscoelasticity - Contact problems - Singular integro-differential 
equation * Method of orthogonal polynomials 


24.1 Introduction 


The considerable development of the hereditary theory of Bolzano- Volterra mechan- 
ics has been defined by various technical applications in the theory of metals, plastics 
and concrete and in the mining engineering. The fundamentals of the theory of vis- 
coelasticity, the methods for solving linear and nonlinear problems of the theory of 
creep, the problems of mechanics of inhomogeneous aging viscoelastic materials, 
some boundary value problems of the theory of growing solids, the contact and mixed 
problems of the theory of viscoelasticity for composite inhomogeneous aging and 
nonlinearly aging bodies are considered in [1—4]. 

The full investigation of various possible forms of viscoelastic relations and some 
aspects of the general theory of viscoelasticity is studied in [5-8]. Research on the 
field of creep materials can be found in [9-12]. 

Contact and mixed boundary value problems on the transfer of the load from 
elastic thin-walled elements (stringers, inclusions, patches) to massive deformable 
(including aging viscoelastic) bodies, as well as on the indentation of a rigid stamp 
on the surface of a viscoelastic body, represent an urgent problem both in theoretical 
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and applied aspect. Problems of this type are often encountered in engineering appli- 
cations and lend themselves to rigorous mathematical research due to their applied 
significance. 

Exact and approximate solutions of static contact problems for different domains 
reinforced with non-homogeneous elastic thin inclusions and patches were obtained, 
and the behavior of the contact stresses at the ends of the contact line has been 
investigated [13—16]. One type of analysis assumes continuous interaction and the 
other the adhesive contact of thin-shared elements (stringers or inclusions) with 
massive deformable bodies. As is known, stringers, patches and inclusions, such as 
rigid punch and cuts, are areas of stress concentration. Therefore, the study of the 
problems of stress concentration and the development of various methods for their 
reduction is of great importance in engineering practice. 

In work [17], we consider integro-differential equations with a variable coefficient 
relating to interaction of an elastic thin finite inclusion and plate, when the inclusion 
and plate materials possess the creep property. Here, continuous contact between 
inclusion and plate is considered. The solutions of the integro-differential equations 
of first order are obtained on the basis of investigations of different boundary value 
problems of the theory of analytic functions. The asymptotic behavior of unknown 
contact stresses is established. 

In this paper, contact with a thin layer of glue is studied when the patch, plate and 
adhesive materials have the property of creep. A two-dimensional singular integro- 
differential equation was obtained. Here, the asymptotic analysis was also carried 
out, and the approximate solutions were obtained for various cases. 


24.2 Formulation of the Problems and Reduction 
to the Integral Equations 


Let a finite non-homogeneous patch with modulus of elasticity Ej, thickness /1 (x) 
and Poisson’s coefficient v, be attached to the plate (E2, v2), which occupies the 
entire complex plane and is in the condition of a plane deformation. It is assumed 
that the patch, as a thin element, is glued to the plate along the real axis, has no 
bending rigidity, is in the uniaxial stressed state and is subject only to tension with 
the tangential stress qo(x)H (t — to) (H (t) is the unit Heaviside function). The one- 
dimensional contact between the plate and patch is realized by a thin glue layer with 
thickness / and modulus of shear Go. 

Itis assumed that the plate, patch and glue layer materials have the creep property 
which is characterized by the non-homogeneity of the aging process and has differ- 
ent creep measures C;(t, t) = y;(t)[1 — e^" ?], where g;(1) is the functions that 
defining the aging process of the plate, patch and glue layer materials; the age of 
different materials is z;(x) = v; = const, y = const > 0, i = 1,2,3. 

Besides, the plate Poisson's coefficients for elastic-instant deformation v5 (t) and 
creep deformation v» (ft, t) are the same and constant: v2 (t) = v2(t, T) = v» = const. 
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Assuming that every element of the glue layer is under condition of pure shear, 
the contact condition has the form [18] 


uj (t, x) — u(t, x, 0) = koll —L3)q(t, x), |x| < 1 (24.1) 


where u(t, x, y) is displacement of the plate points along the ox-axis and u(t, x) is 
displacement of the patch points along the ox-axis, J is the unit operator, ko :— ho/ Go. 
We have to define the law of distribution of tangential contact stresses q(t, x) on 
the line of contact and the asymptotic behavior of these stresses at the end of the 
patch. 
To define the unknown contact stresses, we obtain the following integral equation 
(see [1—4]) 


c Da L JE q(t, 2» 


; 
-ggü-i) i [att.») — POHG — 8)]dy — Kod — Ld (t... [xl <1 


1 


f lalt, y) — go(y)H (t — to) |dy = 0 (24.2) 


-1 


where the time operators L;, i = 1, 2, 3 act on an arbitrary function in the following 
manner 


 — Lv (t) = v) — J see Prt + pdy(rdt, p=- i=1,2,3 


p 


p, 2€ 90 Cs(t, 
Kugc-pj5 1-45 eee 
OT OT 
Ey hy (x) 
E = ; 
w= 


24 = tọ is the instant of load application. 
Introducing the notation 


x 


et. = f [att.») - WOHE = tolay, A= 


-1 


2(1 — v3) 
E ^C 
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from (24.2), we obtain the following two-dimensional integro-differential equation 


d iy f Ao 
VIA 


1 
= Eat — L)e(t, x) — koll — Ls)" (t,x) + g, xX), |x| <1 (24.3) 
(x) 
À 
g(t, x) = =z(1 = Eng 2(t)(1 = gH mn) 


[22a kod'oGO(1 — Gogs((1 — e7€79)). 


-1 


with the conditions 
g(t, 1) = 0, t > fo. (24.4) 


(In the sequel, the dot means a derivative with respect to the first variable t, and the 
prime means a derivative with respect to the second variable x). 

Thus, the above posed boundary contact problem reduced to the solution of singu- 
lar integro-differential equation (SIDE) with the condition (24.4). From the symmetry 
of the problem, we assume, that E(x) and qo(x)are even and odd functions, respec- 
tively. The solution of problem (24.3) under condition (24.4) with respect variable x 
can be sought in the class of even functions. Moreover, we assume that the function 
qo(x) is continuous in the Hólder's sense and is a continuous up to the first-order 
derivative on an interval [—1.1], i.e., qo € C'([—1, 1]). 


24.3 The Asymptotic Investigation 


Under the assumption that 


E(x) = (1 — x°)’ bo), (24.5) 
co = const > 0, bo(x) = bo(—x), bo € C([-1, 1]), bo(x) > co = const > 0, 


the solution of problem (24.3) and (24.4) will be sought in the class of even functions 
whose derivative with respect of variable x can be are represented as follows 


q' (t, x) — (1 = Xx y oat, x), a  —l, (24.6) 


where go(t, x) = —go(t, —x), go € C'([-1, 1), got, x) £0, x € [-1, 1]. g'(t, x) 
represents the unknown tangential contact stress. 
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Introducing the notation 


—: p= f Ceea “golt.5) 4, 


S—X 


by virtue of the well-known asymptotic formula [19] we have for —1 < œ <0 


Oo(x, f) = Factgrago(t, F12 (0 +x)” + ®-+(x, t), x Fl; 
$.(x,f) = D (x, HU +x), as = const > a 


and fora = 0 


Dol, f) = Feo(t, FD) nl tx + +(x, t), x— cl. 


The functions ®* (x, t) and $. (x, t) satisfy (H) condition in a neighborhood of the 
points x = +1 respectively. 

In case a > 0 the function ®o(x, t) belongs to the (H) class in a neighborhood of 
the points x = +1. 

In addition, we have [20] 


Xu _ ui: x) á 
(1 — s^)” go(t, s)ds = —a41 ES TIDF(a -1,—0o,2-4- o, (1 3 30/2) 


+ Ga(x, t), X — Tl, 
lim G+, (1x) **9 20 


x>Fl 


where F (a, b, c, x) is a hypergeometric Gaussian function. 

The case —1 < a < 0 of interest does not represent, since negative values of the 
indicator o contradict the physical meaning of the condition (24.1). 

Let 0 < o < 1, then in a neighborhood of the points x = —1 the equation (24.3) 
can be written in the following form 


2* (1 + x)?** — L1)g0(-1, t) heey 

(I — L)V( n + ON oD + 7 -L)G_%,)0 +x) 
—ko2* (1 + 39* (I — Ls) 80(-1, f) = g(-1, 00 43) t 
(24.7) 


Ago(—1, t) (1 2-3) * In(1 4-3) — 401 +x)'*b_(@, 1), fora =0, 


W(x, t) = 
wA) —À(1 +x) box, 1), for a £0 
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where e is an arbitrarily small positive number. When passing to the limit x — —1, 
the analysis of the obtained equations leads to the necessity of satisfying inequality 
24c£e-0,ie,o x 2. 

In case a > 1 from (24.7), it follows that œ = c — 1. 

An analogous result is obtained in the neighborhood of the point x — 1. 

The obtained results can be formulated as follows 


Theorem 1 Assume that (24.5) holds, if the problem (24.3), (24.4) has the solution 
in the form (24.6), then: 


e Ifw > 2then oa — o — 1, (a> 1) 
e lf x 2thenO0 x a x 1. 


Conclusion. If the patch rigidity varies by the law 


EQ) = (0 — x3)" 3 bo), 


where bo(x) > 0 for |x| < 1, bo(x) = bo(—x), n > 0 is integer, then from the above 
asymptotic analysis, we obtain: 


1 
a —n-—-, for n=2,3,... 


2 


and O0 <a < 1 forn = Oorz = 1 (the same result is obtained for E(x) = bo(x) > 0 
or E(x) = const, |x| < 1). 


24.4 An Approximate Solution of SIDE (3) 


From the relation 


ds = ctgz o (1— x)* (1 + PPEP (x) 


S—xXx 


1 f. — 3*0 + SP PE Ps) 
Al 
=] 


2°t+PD (a) (B +m+ 1) 
z T (o 4- 8 --m-4 1) 


F(m+ 1, —& — f — m, 1 — g, (1 — x)/2) 


obtained by Tricomi [21] for orthogonal Jacobi polynomials pe à (x) and from the 
well-known equality (see [22]) 


r 1 
mp e P(1— 2x) = UIS ! piane Tom Lena 
[04 
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we get the following spectral relation for the Hilbert singular operator 


a- s2)"7 1/2 pa 1/2,n— C 


os = (-1) 2" pU A), (24.8) 


where T (z) is the known Gamma function. 
1. On the basis of the above asymptotic analysis performed in the cases 


n=0; n=1; E(x)-—bo(x)»0; E(x) =const, |x| < l; 


a solution of equation (24.3) will be sought in the form 
[o] 
9 (tx) = V1—32 Y X (NPE), (24.9) 


where the function X; (t) have to be defined, k — 1,2, .... 
Using the relation (24.8) and the Rodrigues formula (see.[23]) for (24.9), we 
obtain 


~(1/2,-1/2) 
= InP, (x), 


j VTZ PPU "Podr _ 


olt,» = —( — x2) Y HO pl p823 (x, 
k=1 


oo 
9" (tx) = -20 =)? SOP). (24.10) 
k=1 


Substituting relation (24.9), (24.10) into Eq. (24.3), we have 


a E xy? 


X o oo T 
mM — Lı) 2 k Sepa) = aig — Lo) yx (nb 1/2 x) 


k=1 


+2ko(1 — 35)? q — Ls) 3 OP” eer. xs. 
k=1 


(24.11) 


Multiplying both part of equality (24.11) by pz a= (x) and integrating on the 


interval (—1, 1), we obtain an infinite system of Volterra’s linear integral equations 
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mk 


n G3 Y'a — L9x,o) — Y 890 La) X40) 


I'(m + 2) = 
œ p(l) 
-PEU -IDRO = Bm, m-1,2,... (24.12) 
k=l 
where 
-- 3/2 
(1) -a x’) /2.3/2) (-1/2,-1/2) 
Rink =; "BG Prey OP (x)dx, 


=] 
1 


2 —1/2,—1/2 —1/2,—1/2 
R® = -2a f egy SP Ghee 


-1 
1 


—1/2,—1/2 
gx (t) = | g, VPET ede 


-1 


Introducing the notation 


oo RO oo R® 
T,(0 = nf Xa Lr Dc». "x0. 
jp Ok jer E 


T(m+3/2) 
Tr(m+2) 


2 
where cy, = m( ) > 1, m — oo, system (24.12) will take the form 


ee RD 


T(t) — f Ks - Ade + Yat "nk “| Kit- X COdt 
k= 


oo R® 
T R mk : fea- T)X,(t)dt = -— gn (f) m=1,2,. (24.13) 


In condition Go¢g3(t) = E191 (t) = E»q»(t) system (24.13) reduces to the follow- 
ing ordinary differential equation of second order 
T(t) + YC + Gogs(0)T, (0) = B) + y à, (24.14) 


with the initial conditions: 


Tm(to) =0, Tm(to) = gy(to). 
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The solving of this differential equation gives an infinite system of linear algebraic 
equation with respect X,,(t), m = 1,2, .... 


oo a) oo D T,,(t) 
koXm(t mk X(t mk y(t) 2 ——-— 24.15 
oXm(t) D AO) 2 KD Q4.15) 


where 


. dt dt f . . 
T5) =n) | m atr) [E G) + y &m(s) ]oG)as, 


a(t) =exp f y (4 + Gogs(s))ds. 


to 


Let as investigate system (24.15) for regularity in the class of bounded sequences. 
Using the known relations for the Chebyshev first order polynomials and for the 
Gamma function [20] 


Tm + 1/2) 


PV 2 = ERA 
m A/n T (m+ 1) 


T(x), T4(cos0) = cos m0 


. bal (m+ a) 
lim m? "^ ———— = 
m— o0 r(m+ b) 


we have 
2Aa(k f 2aa(k) Blk 
j X 
RË = a (K) (m) cos(k + 1)8 cos(m + 1)0 sinód6 = aA) 
" z A/(k + Dm 4- 1) ny (k + 1)(m+ 1) 
0 
1 
L= Omt OMF’ k=, 
x (- Dm 1 + 1 k 
2 (k+m+3)(k+m+1) (k—m+1)(k—m—1) |' #m, 


i O(m- 3), k=m, m> oo, 
~ |0(m-92), O(k-9)/), k zm, m— oo, k— oo, 


where a(k), 8(m) — 1, when k, m — co. 


By virtue of the Darboux asymptotic formula (see [23]), we obtain analogous 
estimates for 


(1) O(m’), k =m, m — oo 
Rink = 5/2 -1/2 
O(m ?!^), O(k ) km maw, k— oco 


and the right-hand side =“ of equation (24.15) satisfies at least the estimate 


Om 
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Tn) 


m 


= O(m-?), m> œ. 


2. In case when n = 2, the solution of equation (24.3) will be sought in the form 


oo 
9,3) 2 0-3 ^Y nO 9, (24.16) 
k=1 


where the functions Y, (f) have to be defined, k = 1,2.... 
Using the relation arising from (24.8) and from the Rodrigues formula (see. [23]) 
for the orthogonal Jacobi polynomials, we get 


1 
a — qs PED wae i 


(—3/2,—3/2) 
c 2n PLA (x), 


g(t, x) = —(0 — xy? = up SP, 


9" (t,x) = —20 — x)? Yu (Der eg. (24.17) 
k=1 


Similarly as for system (24.15), we obtain 
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Rm 5 
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where 
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Using again the Darboux formula, and the well-known relation for the Chebyshev 
second-order polynomials (see [20, 23]) 


T(m + 3/2) sin(n + 1)0 


PUUD GY = Us. Us 0) = 
m (x) Jn T (mn 4 2) v) id 


sin 0 


we obtain the following estimates: 


ONE O(m, k=m, m-— oo, 
^*^ lo(m-52), OS) kzm, m- oo, k— oo, 


a O(m!), k=m, m> co, 
"*^ lo(m-V?, OK) k zm, m> oo, k— oo, 


Bm = O(m ^), m —> oo. 


Thus, systems (24.15) and (24.18) are quasi-completely regular for any positive 
values of parameters kọ and A in the class of bounded sequences. 

On the basis of the Hilbert alternatives [24, 25], if the determinants of the corre- 
sponding finite systems of linear algebraic equations are other than zero, then systems 
(24.15) and (24.18) will have unique solutions in the class of bounded sequences. 
Therefore, by the equivalence of system (24.15), (or (24.18)) and SIDE (24.3) the 
latter has a unique solution. 


24.5 Discussion and Numerical Results 


Asymptotic estimates for the solution of integro-differential equation (24.2) are 
obtained. A method of reduction for infinite regular systems of linear algebraic equa- 
tions is justified. For any law of variations of the stiffness of the patch, tangential 
contact stresses have finite values at the ends of patch. 

To obtain numerical results, specific values of the aging functions of the plate, 
patch and glue materials considered in the form 


gı (t) —0.009893 (t), 
p(t) =0.0012393(t), 
4, 82. 10-1? 


g(t) =0.09 - 10719 + : 
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The numerical values of the remaining parameters of the problem are taken as 
follows: 


Ej = 120 x 10° MPa, vı = 0,5, E2 = 95 x 10? MPa, v = 0,3, GÈP = 0.117 x 10? MPa, 
(GC? = 11.7 x 10° MPa), 

ho = 5 x 1074 M, hy (x) = hy = 5 x 107? M, y = 0.0261 /day, 

gs? œ = 10 /1— x2 H, (P œ = 10 V1—32H), pj = 0, (= 1,2,3), 

to = 45 days, t? = 2.5 x 10? days, (t? = 9 - 10? days). 


The shortened finite systems of linear algebraic equations corresponding to the 
systems (24.15) and (24.18) consisting of ten and twelve equations have been solved. 
The numerical results show that an increase in the number of equations in systems 
led to a change only in the seventh decimal place in the solutions. 

Increasing of the shear modulus of the glue causes the increase of the sought 
contact stresses, and the increase of the time value is corresponded a decrease of the 
values of these stresses. For comparison, the following should be noted: in contrast 
to a number of works in which a rigid contact between two interacting materials is 
considered and where unknown contact stresses have singularities at the ends of the 
contact line (i.e., stress concentrations arise); in this work, the contact between two 
bodies with viscoelastic (creep) properties is carried out using a thin layer of glue, 
and therefore the found contact stresses at the ends of the contact line turned out to 
be limited (finite). Obviously, the absence of stress concentration in the deformable 
body is extremely important from an engineering point of view. 
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Chapter 25 A) 
An Efficient Treatment of Sound ENS 
Diffraction by Arbitrary Obstacles 

with Angles 


Mezhlum Sumbatyan and Natalia Musatova 


Abstract The problem under consideration arises in ultrasonic evaluation of modern 
elastic materials, in the case when potential defects may contain sharp corners on their 
boundary. The paperis concerned with a two-dimensional diffraction of a point source 
acoustic wave by arbitrary defect containing a finite number of angles. By Boundary 
Element Method (BEM), the problem is reduced to the integral equation, over the 
boundary of the obstacle. We apply a numerical approach, with a discretization of 
the boundary curve. Then the main Boundary Integral Equation (BIE) is converted 
to the system of linear algebraic equations (SLAE). Two specific approaches are 
used to improve the precision of the solution. The first one is based on two different 
meshes—near and outside a small neighbourhood of the corners. The second one is 
to take into account the angles, which consists of explicit analytical representation 
for those matrix elements connected with the nodes closest to the angles. This idea 
based on a small argument asymptotics of the Hankel function, in a combination with 
the first advanced method, demonstrates good precision, including small vicinity of 
the angles as well. As an example, we test the proposed algorithm in the case of 
diffraction by a polygon with straight-line sides. 


Keywords Elastic materials * Ultrasonic evaluation * Acoustic waves * 
Diffraction - Boundary integral equation 


25.1 Introduction 


The evaluation of strength is a key problem in mechanics of modern solid materials, 
like composites, solar panels, plastics, fibre-optical materials, and others. One of 
efficient methods to evaluate the interior structure of such materials is the ultrasonic 
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scanning. The latter is based on diffraction of acoustic waves, generated by some 
sensors, and propagating inside the material or over its surface. The diffraction by 
defects of regular geometry is a classical problem of wave propagation and scattering 
[1]. In the case, when the boundary of a defect contains sharp corners, the numerical 
simulation of the diffraction faces difficulties, due to irregular behaviour of the wave 
structure around the angles. The main purpose of the present work is to propose some 
methods which can overcome this difficulty. 

In the two-dimensional problem, a particular case of defects with corners, is 
represented by polygons which may contain both acute and/or obtuse angles. The 
scattering of sound by a polygon is a classical problem of the diffraction theory. 
Chronologically, first approaches were based on analytical methods allied with the 
Geometrical Theory of Diffraction (GTD), see [2, 3]. Being based on the GTD, all 
methods are efficient only for high frequencies. In the meantime, the formulated 
problem admits a natural treatment by reducing it to a BIE, where the key trouble 
is given by a numerical instability of the solution near the corners of the polygon. 
For diffraction by infinite wedge with single arbitrary angle there are known some 
efficient solutions, both analytical and numerical (a good survey is presented in [4]). 
Recently, the present authors with a colleague applied the BIE technique to diffraction 
by an infinite wedge [5]. The main goal of the present work is to extend some results, 
obtained in [5], to defects whose boundary line contains a finite number of corners. 
Regarding diffraction by polygons, the SLAEs arising with a direct discretization of 
the respective BIE, leads to a specific matrix with irregular elements, corresponding 
to mesh nodes closest to the corners. This gives, as a rule, a significant error in a 
vicinity of the corners. To get over this difficulty, we propose an improved approach 
which modifies the basic matrix and provides numerical stability. 


25.22 Formulation of the Problem 


Let us consider the two-dimensional diffraction problem about a harmonic sound 
wave generated by a point source S located near an obstacle with a piecewise-smooth 
closed boundary contour with the finite number of angles, see Fig. 25.1. Within the 
frames of the BEM, the diffraction problem can be reduced to the Fredholm BIE of 
the second kind [6, 7]: 


Fig. 25.1 A defect with 
angles in a solid material 
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9G(É, ; 
p(n) -2f D ea =2p™ (n), mel, (25.1) 
l 


where p(£) is the total acoustic pressure over the boundary contour /, p!* is the 
acoustic pressure in the incident wave, G is the Green's function, n is the unit 
normal to the boundary contour / at point 4 directed towards the acoustic medium, 
dl is the length of the elementary arc over the boundary curve at point £. Both 
« «interior» — é = (&, £7) and « «exterior» » n = (71, n2) points are some two- 
dimensional points on the boundary. 

Equation (25.1) is indeed of the Fredholm type since for a piecewise-smooth 
boundary the kernel is piecewise-continuous, so the integral operator in the equation 
is compact in the space C (l). Therefore, various efficient theoretical and numerical 
methods can be applied to this equation. The coefficient in front of p(7) in the BIE 
(25.1) is the unity only in the case when point 7 does not coincide with any corner. 
Otherwise this factor depends on the value of respective interior angle 6 (see [6]): 


dG E, ; 
P on) 2 | om D (E) di —2p"(, (nel. (25.2) 
l 


In [5] an infinite wedge with a sharp angle is considered, and there is approved 
that the contribution of the small vicinity of the angle in the BIE is small. Therefore, 
there is no need to put a particular mesh node right at the corner with discretization, 
to obtain more accurate solution. The same property is also valid for any obstacle 
with a finite number of angles. This follows from the so-called Meixner conditon 
(see [4]), which claims that the behaviour of solution as r — 0 in any vicinity of the 
sharp angle is as follows: 


p~ D+0(rĉ), ê= min ( (25.3) 


T 
C 2), 
2(r — a) ) 
where r is the distance between the current point and the corner, D is a certain 
constant, and œ = 8/2 is the half of the interior angle. As can be seen, there is no 
singularity whilst 0 < o < 7r. For this reason we consider below the basic BIE only 
in the form (25.1), implying that both in the continuous and in the discrete form the 
location of point 7 is always outside the corners. 

The Green’s function in the two-dimensional case is the Hankel function of the 
first kind: : 
i 


GE, n) = Hj (kr), 7=E—n, r=|ř], (25.4) 


where k = w/c is the wave number, and the dependence on time in the harmonic 
regime is taken with the factor exp(—iwt), which is hidden in all formulas. The 
derivative of the Green’s function is easily calculated in the following form: 
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Ong E ðr ang’ ür | 4 | ' On; EN XN ` 
The pressure in the incident field is equal to 
inc Po 
p^ (ro) = 4 Po (kro), (25.6) 


where rọ is a distance between the exterior point 7 and the source S = (x°, y?). Any 
pair of coordinates in the parentheses means the pair of the Cartesian coordinates in 
the natural coordinate system (x1, x2), see Fig. 25.1. 

With so doing, one can rewrite the main BIE (25.1) in the simpler form: 


pon f H (kr) 9 79 sd SHSM (kr), (ED. 57 
l 


25.3 An Example of a Specific Geometry 


Generally, the approach described below is applicable to any obstacle of arbitrary 
complex geometry, containing a finite number of angles. In particular, this is applied 
to arbitrary polygon with curved sides. However, to test numerical efficiency of the 
proposed method, let us restrict the consideration by the simplest case of the isosceles 
triangle. Let us assume that the boundary curve consists of two lateral sides and the 
base. A point source S is located somewhere near the right sharp corner of the interior 
angle 20, see Fig. 25.2. Here L is the length of the lateral sides, H is the length of 
the base. 
For further discretization we rewrite the main BIE (25.7) as follows: 


py) + fke pear ay. KEM = S nan € 9, Gen, 


l 
(25.8) 
where p'" is given by Eq. (25.6). Let us divide the lateral sides of the isosceles triangle 
to N equal intervals with the step hı = L/N and the base—to M equal intervals with 


Fig. 25.2 Diffraction by the 
isosceles triangle 
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the step hy = H/M, and put respective nodes of the mesh at the central points of 
all elementary intervals. Then the total number of boundary nodes is K = 2N + M. 
Let us operate with the collocation technique, which implies the grids for variables 
€ and ņ to coincide, i.e. n; = j, Vj. The discretization is performed on the basis 
of the Simpson quadrature formula. For this aim, let us introduce the three points: 
the central point fo; coinciding with £; and nj, the beginning point tı; which is a 
half-step before and the endpoint t2; which is a half-step after the central point toj, 
if passing along the boundary contour anticlockwise. 
This implies for the upper lateral side: 


£j = toj = (—(j —0.5)hi cos 6; (j — 0.5)hı sin), j=1,...,N, 
tij = § + (hı cos0/2; —h, sin 0/2), (25.9) 
15; = €; + (—hı cos 0/2; hı sin 0/2). 


Analogous expressions are valid for the left basis: 


£j = (—Lcos0; H/2 — (J — 0.5)h2), J=j-N, j=N+l1,...,N+M, 
tij = §; + (0; h2/2), 
t2j = £j + (0; —h5/2), 


(25.10) 
and for the lower lateral side: 
£j = toj = — (VJ — 0.5)h, cos; (J — 0.5)h, sin@), 
J=K—-j, j=N+M+41,...,K, 
RP Pe RE TR (25.11) 
thy = &j + (=h cos 0/2; =h sin@/2), 
t; = &; + (hı cos 0/2; hı sin 0/2). 
The discretization reduces the BIE (25.8) to the SLAE, as follows: 
Ap=f, (25.12) 


where A is a matrix of dimension K x K; p, f are vectors of dimension K. The 
elements of matrix A = (an j) are of the following form: 


h; 
dmj = Ómj + Dinj , bmj = A [K (tij. Nm) + 4K (toj, Nm) F K (5j, nm)] , 


p= (p;i), pj-—pGj = Pn) = Poy), 


i 
f. fm = 5H" kro), 

(25.13) 

where ôm; is Kronecker's delta, A ; is either h, or h for respective side of the triangle. 
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25.4 Qualitative Algebraic Properties of the Basic Matrix 


From explicit expressions for the kernel (25.4)-(25.7), one can easily deduce the 
basic matrix (25.12)-(25.13) to possess some interesting algebraic properties. First 
of all, the scalar product of the unit normal to the boundary contour and the radius- 
vector r = € — n in Eq. (25.8) predetermines b,,; = 0 when boundary points £; and 
Nm both belong to the same side of the triangle. Therefore, the third part of all ele- 
ments are simply Kronecker's deltas, which are regular. Unfortunately, the elements 
of the matrix A become less regular when the grid nodes £; and nm approach simul- 
taneously any corner, being located over neighbour sides. Since the Hankel function 
is asymptotically H” (2) ~ 2/(miz), z — 0, then with r — 0 the argument of the 
Hankel function in (25.8) tends to zero and the kernel K (£, 7) tends to infinity. This 
results in catastrophic increase of respective matrix elements bm; in (25.9)-(25.11). 
Obviously, there is the most critical combination in this sense when variable £ turns 
into £j; which coincides with the right corner whilst variable ņ turns into the last 
mesh node 7x closest to the corner, when looking at a vicinity of the right acute 
angle. The same combination takes place, say for the isosceles triangle in a vicinity 
of two left corners, and obviously—for any obstacle with angles in small vicinities 
of every its corner. 

If speaking about continuous form of the basic BIE, under the condition that 
exterior variable n does not coincide with any corner, the integral in the BIE converges 
in the classical sense. This automatically implies that all elements b,,; of respective 
matrix are finite. However being finite, some of them may become too huge, not 
guaranteeing stable numerical calculations. In the general theoretical frame, this 
property requires a different investigation. However, in many concrete examples 
which were performed for some geometries with angles, we did observe that such 
specific geometries lead as a rule to irregular behaviour of the solution near the 
corners. It is surprisingly that in some particular cases the direct treatment, not taking 
into account the irregularity described above, leads to quite acceptable precision. One 
of such examples is demonstrated in Fig. 25.3 for the obstacle in the form of regular 
triangle, where both real and imaginary parts of the boundary function p($) are 
demonstrated over the boundary contour. 

It is obvious that in this case 0 = 77/6 for all three interior angles. One can see 
from this diagram that both the lines are very smooth over the boundary line, even 
in the neighbourhood of the corners. 

Let us vary the acute angles of the isosceles triangle, to see how the pressure 
behaves with such a variation. Figures 25.4 and 25.5 demonstrate this property when 
the half of the right angle, quantity 6, passes through the values 2/9, 2/12 and 
the sharpest one 77/18. Even a general diagram for real part of the solution shows 
extremely irregular behaviour in a small vicinity of the first node (recall that the 
enumeration of the mesh nodes starts from the right acute angle with an anticlockwise 
traversal along the boundary contour). This feature becomes more clear from the 
more detailed diagram, see Fig. 25.5, where it is clearly seen that wrong sharp bends 
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Fig. 25.3 Functions 0.25 
Re[ p(€)] (solid line) and j^ — (eai i 
Im[p(£)] (dashed line) 0.2 SE 


versus distance z along the 
boundary contour: 
0-—m/6k-lH-L 
10,5=(,0),M=N= 
1000, K = 3000.eps 


Fig. 25.4 Function 

Re[ p(&)] versus node's 
number for different 
isosceles triangles: k = 0.5, L 
= 10, S = (1,0), N = 
M=1000, K = 3000 
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take place for all three angles of the triangle. And the amplitude of the jumps in the 
diagram lines becomes greater with decreasing of the acute angle. 

Figure 25.6 shows that simple application of a denser mesh, by increasing its 
dimension, does not improve significantly the precision of the solution around the 
acute angles. This feature becomes apparent stronger near the sharpest right angle 
(Fig. 25.6a). The amplitude of the jump in the diagram exceeds 50%, keeping almost 
the same value with the increase of the mesh dimension even up to the value K = 
14,000. 
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Fig.25.5 Detailed fragments of Fig. 25.4, near the upper angle (a) and the right angle (b) 
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Fig. 25.6 Function Re[p(é)] versus distance z, near the right angle (a) and the upper angle (b): 
0 = x/18, k = 0.5, L = 10, S = (1, 0). Uniform meshes of different dimensions 


25.5 Two Methods to Improve the Structure 
of the Basic Matrix 


It is obvious that the irregularity of the solution, described in the final part of the 
previous section, is caused by a specific structure of the basic matrix A. Geomet- 
rically, this is connected with presence of the sharp angles. Algebraically, this is 
caused by the influence of elements b,,;, for which respective nodes £; and r,, are 
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located on neighbour sides of the boundary contour, being simultaneously closest to 
the same sharp angle. For such combinations of nodes kernel K (£, 7) in Eq. (25.8) is 
extremely large, and so are respective elements of the matrix. These large elements 
are located outside the principal diagonal, therefore they make worse the qualitative 
algebraic properties of the matrix and the convergence of any iterative scheme for 
respective SLAE as well. 

The first idea, to overcome this difficulty, is to apply a non-uniform mesh which 
becomes denser when the nodes approach any corner. Since we apply the Simpson 
quadrature formula with discretization of the basic integral operator in the BIE at 
hand, this is problematic because the Simpson rule requires equal steps over two 
neighbour elementary subintervals. However, this idea in the almost same way can 
be realized by choosing small but finite vicinities of every corner where significantly 
denser uniform mesh may be used than the mesh over the remaining smooth parts 
of the boundary contour. By accepting the abbreviation nbhd for the word neigh- 
bourhood, the indicated small intervals near the corners may be taken, say of length 
L,pna/ L = 1077 (good values for q are from 1.0 to 4.0), with a special relatively 
small step /;554 = Lnbha /Nnbha, Where the dimension N,5,4 may be accepted suf- 
ficiently large. With doing so, over the remaining smooth part of the boundary, for 
every such a smooth boundary intervals, relatively moderate number of respective 
nodes may be taken—say, N* nodes with the step A1 = (L — 2Lnpna)/N* for the 
upper and lower lateral sides (if we speak about the isosceles triangle), and M* 
nodes with the step h3 = (H — 2Lnbna)/M* for the left triangle's base. Then the 
total number of nodes for the full mesh is given as K = 6,4544 + 2N* + M*. The 
basic advance of this method is that, by keeping a moderate dimension K of the full 
mesh, the mesh-step near the corners becomes extremely small,—so that the critical 
elements corresponding to nodes near the corners, being multiplied with discretiza- 
tion of the basic integral by small values of these steps, are calculated with a higher 
precision, if compared with the standard ungraceful method described above. The 
scheme of this mesh is shown in Fig. 25.7. 

Figure 25.8 shows that typically this first modified method works well, even not 
removing the irregularity completely. Indeed, the modified method with the mesh 
dimension K — 670 (red points) demonstrates better precision than the standard 


Fig.25.7 Arefined 3 
discretization scheme with a 
non-uniform mesh, denser 
near the corners 
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Fig. 25.8 Function 0.12 
Re[ p(&)] versus distance z, 
with a dense mesh near the 
right corner and a normal 0.11 
mesh on the smooth part: 
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approach with the mesh dimension K = 2100 (blue line). For the first (improved) 
method we put here near the angle La abha = 0.5, Nnbna = 100, hence the step is 
Anpna = 0.5/100 = 0.005. For the standard method we put h ~ 0.01, uniformly over 
the entire boundary contour. It is seen that with the same order of the grids’ steps the 
improved method leads to a more regular solution. Nevertheless, as indicated above, 
this first improved method does not remove absolutely the irregularity in the vicinity 
of the sharp angle. Below we can see that a combination of this first improved method 
with the second advanced one described below leads to very stable solution, free of 
any irregular behaviour. 

Let us pass to an alternative improved method which is based on the idea that 
instead of constructing a quadrature formula near any corner with a certain dis- 
cretization, it is more preferable to calculate the integral over a small vicinity of 
the corner analytically. This idea is based on the asymptotic representation of the 
Hankel function for small argument (see the first paragraph of the previous section), 
and firstly was applied for diffraction by an infinite wedge in [5]. This idea can 
directly be extended to any polygon with a finite number of corners. Fortunately, 
the arising integral, taken over a small subinterval of length h adjoint with a cor- 
ner, can be calculated analytically indeed. Thus, on example of the right corner of 
the isosceles triangle, in the case when "exterior" point 7 turns to the last K -th 
mesh node: nx = {—(h/2) cos 0, —(h/2) sin 0}, and "interior" point € passes over 
the first subinterval S, of the grid, one easily derives the following relations: § = 
{—t cos 0, t sin 0}, t € (0, h), then r = & — ny = {(h/2 — t) cos0, (h/2 + t) sin 8}, 
ng = [sin0, cos0], (r, ng) = (h/2) sin 20). Therefore, the integral over subinterval 
Sı for the kernel in (25.8) can explicitly be calculated for small A, as follows: 
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1 2— cos 20 cos 20 (25.14) 
= — | arctan —————— + arctan — 

T sin 20 sin 20 

1 2— 20 

= — | arctan AT OORA + Tiz arccot(cot 20) 

T sin 20 2 

1 2—cos20 m—40 
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if the interior angle 20 is acute. For arbitrary angle, respective expression can be 
found in [5]. 

Figure 25.9 demonstrates that a combination of these two proposed methods 
results in an amazing improvement of the solution. There are compared three ways 
of numerical calculation of acoustic pressure on the boundary contour. The first 
one (green line) is based on a simple uniform mesh all over the contour, and this 
leads to the roughest result due to a jump of respective diagram line near the right 
corner. The blue line is related to the first improved method, with a non-uniform 
mesh denser near the corners. Here we can see a slight improvement in precision, 
with significantly less mesh dimension. And the red line is based upon a combination 
of two advanced methods proposed above: (1) a denser mesh near the corners, and 
(ii) explicit analytical expressions for certain matrix elements. One can see from 
Fig. 25.9 that red line is the best amongst three ones, and this requires a mesh of a 
smaller dimension. 
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Fig.25.9 Thesame as in Fig. 25.8, three different methods: a total diagram along the full boundary; 
b a detailed view near the right angle 
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It should finally be noted that once the boundary value of the acoustic pressure, 
function p(€), & € [is determined, the scattered wave field at arbitrary point in the 
acoustic medium can directly be calculated by the following formula: 


p” (R) = J a p(é)dl = = p(é) dl. (25.15 
Ong IFR| 


A clear way to convert this continuous expression to an algebraic form, after dis- 
cretization, is obvious. 


25.6 Conclusions 


1. This paper investigates a two-dimensional diffraction problem applied to defect 
evaluation in the modern elastic materials by ultrasonic methods, about a point 
source acoustic wave by arbitrary obstacle containing a finite number of angles. 
As a test example there is chosen an isosceles triangle. The Boundary Element 
Method is successfully implemented to this problem. The problem is reduces to 
the integral equation over the boundary of the obstacle. Then after discretization, 
the main BIE is converted to the SLAE, which is solved by a build-in Matlab 
instrument LSQR. The direct approach based on the uniform mesh does not 
provide the required precision, due to a certain irregularity of the basic matrix. 

2. The authors propose an advanced disretization method, which is based on the 
idea of small intervals around every corner, where the uniform mesh is taken 
significantly denser, compared to the remaining smooth parts of the boundary 
curve. Therefore the mesh structure is such that far from the corners its step 
is moderate, whilst inside the small intervals the step may be chosen extremely 
small. Some concrete examples show that this first method improves the precision 
but does not finally remove the irregularity near the angles. 

3. For the reason indicated in the previous paragraph, we propose the second method 
which is based upon an asymptotic behaviour of the Hankel function for small 
argument. This allows us to write out the most irregular elements of the basic 
matrix, associated with small intervals closest to the corners, in an explicit ana- 
lytical form, instead of to treat respective integrals over the small vicinity of the 
corners by a certain disretization scheme. This idea is taken from the authors’ 
recent work devoted to diffraction by an infinite wedge [5]. Such an approach 
demonstrates good precision and can be used for any geometry containing finite 
number of angles. 

4. The most impressive results are obtained by a combination of the two proposed 
methods in the unique algorithm. This demonstrates regular behaviour of the 
solution with variation of the interior angle, when passing to the very sharp angles, 
more precisely—for test values of the angle: 6 = 2/6, 7/9, 1/12, 7/18. 
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Chapter 26 A) 
Exact Solution of the Axisymmetric get 
Problem for Poroelastic Finite Cylinder 


Natalya Vaysfeld and Zinaida Zhuravlova 


Abstract The novelty of this paper is the application of the mathematical apparatus 
of boundary problems’ theory to solve poroelasticity problems. The new analytical 
method to solve a three-dimensional boundary problem of poroelasticity for a finite 
circular cylinder in terms of Biot’s model was worked out. With the help of this 
method, the explicit formulae for displacements, stress, and pore pressure inside the 
cylinder were derived. The construction of the solution required the use of matrix 
differential calculation apparatus. Derived explicit formulae that describe the cylin- 
der’s stress state can be used as etalons while applying various numerical methods 
to solve analogous problems of poroelasticity for finite circular cylinder and also for 
the clarification of important qualitative characteristics of the cylinder’s stress state 
regarding the load type and poroelastic parameters. The proposed analytical solving 
method allows to solve the problems in more complex statements in the presence of 
defects in the form of rigid inclusions and cracks inside the cylinder. 


Keywords Poroelastic cylinder * Integral transform - Matrix differential 
calculation * Vector boundary problem - Exact solution 


26.1 Introduction 


Poroelastic materials are widely used in engineering and medicine, which leads to 
the necessity of the investigation of their properties depending on the parameters of 
the certain poroelastic medium and different work regimes. For this purpose, various 
modeling methods are used. As it is known, there are many such models, which 
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were developed in [1-5]. The modeling of poroelastic problems can be based both 
on the application of pure numeric solving methods and to solve using analytical 
approaches. 

Among the papers dedicated to the numeric analysis of poroelasticity problems, 
one should indicate different applications of such numerical methods as: finite 
element method, stochastic methods, and pseudo-transient numerical method. An 
axisymmetric cylindrical model of fully coupled fluid flow was presented in [6], and 
elastic deformation solution was derived by a pseudo-transient numerical method. 
The development of a mechanobiological concept of reparative regeneration of bone 
tissue, controlled by the law of cell differentiation and the action of an external 
mechanical load of a periodic nature, was presented in [7]. A mathematical model 
had been developed there for bone reconstruction in the volume of a porous implant 
(scaffold) with a regular or chaotic internal structure based on the analysis of the 
stress-strain state of a poroelastic medium by the finite element method. The dis- 
persion equation for cylindrical poroelastic structures was solved numerically in [8] 
with the help of an algorithm based on the spectral method which solved the cor- 
responding equations as a generalized eigenvalue problem. The stochastic meshless 
local Petrov-Galerkin method was employed in [9] for dynamic analysis of cylin- 
ders made of fully saturated porous materials while considering uncertainties in the 
constitutive mechanical properties. 

It would be possible to represent a number more researches here, but this is not 
in the interest of this paper. This is due to the fact that with the help of numerical 
methods it is impossible to establish important qualitative characteristics of the stress 
and pore pressure in body, as, for example, in corner points of the body, and also in 
any areas of essential growth and concentration of stress and pore pressure. With this 
purpose, the effective analytical methods might be used as will be seen from further 
review. 

But, it should be emphasized that the quantity of papers dedicated to the applica- 
tion of analytical method for solving poroelasticity problems is significantly limited. 
Some of the papers propose the application of a combined approach based on the 
mutual use of analytical methods with the following application of various numeri- 
cal techniques. Among these problems, the problem of a cylinder under plane strain 
conditions after sudden application of a constant fluid pressure [10] should be men- 
tioned. There the solution was obtained explicitly for the Laplace transform of the 
various quantities, and the solution showing the dependence of parameters on time 
was then calculated using a numerical inversion technique. The formulation, based 
on the Biot model, was approximated by the equivalent elastic solid model in [11], 
and the problem of long bone-like or borehole sample specimen probed by low fre- 
quency sound was solved. The transient response of a poroelastic cylinder to sudden 
fluid injection was studied in [12]. The analytical solution was derived for a partial 
case, and numerical solutions were derived for different cases there. 

Generalized solutions for the differential equations of three-dimensional con- 
solidation were deduced with the aid of Laplace transformations for strains and 
stresses in cylindrical bodies in [13]. Acoustic scattering of spherical waves gener- 
ated by a monopole point source in a perfect compressible fluid by a fluid-saturated 
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porous cylinder of infinite length was studied theoretically in [14]. The phenomena 
of mechanical creep and deformation in rock formations, coupled with the hydraulic 
effects of fluid flow, was studied in [15]. The theory was based on Biot’s poroe- 
lasticity, generalized to encompass viscoelastic effects through the correspondence 
principle. Based on the resultant poroviscoelastic theory, stress and deformation 
analyses were performed. The axisymmetric non-stationary problem of propagation 
surface disturbances from the boundary of a semi-plane filled with elasticity-porous 
medium was solved with the help of Hankel and Laplace transforms in [16]. 

Among these methods, for example, the method proposed in [17] stands out, where 
the solution for hollow cylindrical body of arbitrary cross-section with a tunnel crack 
under conditions of antiplane deformation was proposed. Two elasticity problems 
for cylinders were solved in [18] with the help of Hankel integral transforms and 
matrix differential calculations, which allows us to get effective analytical solutions. 
The axisymmetric elasticity problem for a cylinder with conditions of the first main 
elasticity problem on the cylinder’s surface was solved in [19]. The methods devel- 
oped in [20, 21] seem to the authors to be very promising from the point of view of 
their application for problems in poroelastic formulation. 

It is noticeable that the number of analytical methods developed for solving poroe- 
lasticity problems is significantly less than solving with purely numerical approaches 
and requires further development. So, the authors of the paper proposed a new ana- 
lytical approach [20] resulting in the exact solution of axisymmetric poroelasticity 
problem for a circular finite cylinder under the conditions of Biot's model [2]. Accord- 
ingly, the initial problem is reduced to a one-dimensional problem with the help of 
finite Fourier integral transform. The one-dimensional problem is formulated as a 
vector boundary problem. Its solution is constructed via matrix differential calcula- 
tion apparatus. The derived formulae allow investigation of the cylinder's mechanical 
characteristics and pore pressure depending on the poroelasticity parameters and load 
types using the explicit formulae for stress, displacements, and pore pressure. 


26.2 Statement of the Problem 


The poroelastic cylinder, O < R «a,—z «9 < 2,0 < h (orin dimensionless form 
O«r«l,—m«goc«m0czce«d,d-h/a)is considered in the terms of Biot's 
model [2] (Fig. 26.1). 
At the boundary r — 1 the following conditions are fulfilled 
orla = tu-9 Pla = PQ), (26.1) 
where p(r, z) is dimensionless pore pressure, oF (r, z), TE (r, z) are dimensionless 
normal and shear full stress. 


AF xF 
" 6, (r, z) E T(r, z) 
O, C2) =, t; (r, Z) = =, 


P(r, z) 
, G G 


Dr, Z) = G 
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Fig. 26.1 Geometry and 
coordinate system of the 
poroelastic cylinder 


where p(r, z) is pore pressure, 6. A S zt. F (r, z) are normal and shear full stress, G 
is shear modulus. 

According to the relation between full and effective stress [4], the conditions 
(26.1) can be rewritten in the following form 


9,], 2i = —I(z) — a P (2), Trzl-=1 = 9, pli PG), (26.2) 
where o, (r, Z), t, (r, z) are dimensionless normal and shear effective stress. 


The conditions of ideal contact with undrained conditions are given at the bound- 
aries z = 0,z = d 


ap 
w|.—o = 0, Tzl--9 = 9, Oz = Ms 
ases (26.3) 
"wt ME NT Z = 
z=d , rzlz=d , az - , 
Here, u(r, z) — eed ,w(r,z) = % eod 2 are dimensionless displacements of the solid 
skeleton. 


The system of equilibrium and storage equations has the following dimensionless 
form [4, 22] 
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Here, « = 3 — 4p is Muskhelishvili's constant; jz is Poisson ratio; œ is Biot’s coef- 
ficient; S, is storativity of the pore space; k is permeability. K = c, Sp = SpG are 
dimensionless values. The stress state of the poroelastic cylinder, which satisfy the 
correspondences (26.2)-(26.4), should be found. 


26.3 Exact Solution of a One-Dimensional Problem 
in the Transform Domain and Its Analytical Inversion 


The boundary-valued problem (26.2)-(26.4) is reduced to a one-dimensional problem 
with the help of finite sin-, cos-Fourier transform applied regarding variable z 


ug(r) a | u(r, z) cos Bz 
wp(r) =f w(r, z) sin Bz | dz, B, = Fan = 0, 1,2,... 
pg(r) 9 | p(r,z cos Bz 


The one-dimensional problem in the transform space is formulated in a vector form 
[20] 

Loyg(r) =0,0<r <1, 
Apy's(1) + Bgyg(1) = gp n 
Here, L» is differential operator of the second order; yg (r) is the vector containing 
displacements and pore pressure transforms; Ag, Bg are known matrices, and gg is 
known vector shown in Appendix A. 

The solution of the boundary problem (26.5) is constructed with the help of the 
matrix differential calculation [23]. According to it, the solution of the corresponding 
matrix equation should be found L;Yg(r) = 0,0 <r < 1. Here, Yg(r) is the matrix 
3 x 3 order. The correspondence L2H (r, $) = —H (r, $) M (&) is used, where [19] 


Jér) 0 0 
H(r&)-| 0 Jér) O |, 
0 0 Jer) 


Jo(&r), Ji (Er) are Bessel functions, 


21 2 =l 
E+ eg B cat -a FE 
M) = ET E? + eng —ap 
BO Y sese 


According to [19], the solution of the matrix homogenous equation is constructed 
by the formula: 


1 
Yp(r) = L— f H(r,£)M- (£)dt 
C 
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where M~! (£) is the inverse matrix to the matrix M (£). The closed contour C covers 
all singularity points of the matrix M^! (£). 

The determinant of the matrix M (E) has 2 multiple poles of the second order 
€ = ip, € = —ip and 2 simple poles 


a? (x—1) a? (x—1) 
+s Pu D gs 
INE RUN E= if x. T + p. 


So, with the help of the residual theorem, the system of four fundamental matrix 
solutions is derived Y;(r),i = 1, 4. 

The solution of the boundary-valued problem (26.5) for the case when 6 4 0 has 
the following form 


yer) = Yi (lr) + ¥3(r)) | e (26.6) 


where constants c;, i = 1, 3 are found from the boundary conditions in (26.5). The 
case for 8 = Ois considered separately due to the fact that for this case the dimensions 
of the problem’s matrices change and will have a dimension of 2 by 2 (see Appendix 
B). 

So, the solution of the boundary-valued problem in transform space is found, and 
it can be defined by the formulae (26.6) and (26.9). The solutions (26.6), (26.9) are 
united, and the following inverse formula is used: 


u(r, Z) 1 uo(r) a 2 | "8. (r) COS nz FM 
w(r,z)}| =— | wo(r) |} + = > wp, (r) sin nz | , f, = u (26.7) 
P(r, z) po(r) n=! | pg, (r) | | cos Baz 


Here, wo(r) = 0, uo(r), po(r) are defined by the formula (26.9), and ug, (r), wg, (r), 
Pp, (r) are defined by the formula (26.6). 

The derived formula (26.7) presents the analytical solution of the boundary-valued 
problem for poroelastic cylinder (26.2)-(26.4). It should be taken into consideration 
that series in (26.7) are conditionally convergent series. Using an approach based on 
the summation of the weakly converging parts of the series [24] and the asymptotic 
representation of the Bessel functions for large values of the argument [25], the final 
expression is derived for analysis of displacements, stress, and pore pressure. 


26.4 Results and Discussion 


With the help of exact derived formulae, it is useful to investigate different mechanical 
characteristics depending on the size of the cylinder, poroelastic material, and applied 
load. Notice that conditions (26.2) can describe three different load types: 
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1. when /(z) Æ 0, P(z) = 0 the cylinder is loaded with the mechanical load /(z), 
and perfect drainage conditions are fulfilled. 

2. when /(z) = 0, P (z) Æ 0 the cylinder is loaded by fluid pressure P (z), and con- 
ditions of the first elasticity problem are fulfilled. 

3. when —/(z) = P(z) Æ Othe cylinder is in contact with a static fluid under pressure 
P(z) [3]. 


The authors conducted a study for 3 different types of load applied at the cylinder: 


1. concentrated mechanical load /(z) = à(z — d/2) when P(z) = 0; 
2. distributed mechanical load /(z) = sin(zz/d) when P(z) = 0; 
3. distributed fluid pressure P(z) = sin(ztz/d)/ G when /(z) = 0. 


Three different poroelastic materials [3] were investigated. Characteristics of poroe- 
lastic materials are presented in Table 26.1, and were used in the dimensionless form 
for numerical calculations. 

The numerical results corresponded to the case 1 for a concentrated mechanical 
load are presented at Figs. 26.2 and 26.3. The stress and pore pressure were inves- 
tigated for the different values of d at Fig.26.2. As it can be seen from the figures, 
the maximal absolute values of the normal stress and pore pressure are observed 
near the place of the point of load’s application z = d/2, and the highest absolute 


Table 26.1 Characteristics of poroelastic materials 


Material G, N/m? H a k, m*/N Sp, m? /N 

Ruhr 1.33 x 101? [0.12 0.637 2 x 10-5 2.604 x 

sandstone 10-H 

Boise 4.2 x 10? 0.15 0.853 8 x 10-13 2.075 x 

sandstone 10- P 

Hard sediment | 2.61 x 107 0.25 0.999 1x 10-10 2.237 x 
10719 

0, (1/2, 2) p(1/2. 2) 


00 02 04 06 08 10 00 02 04 06 08 10 


Fig. 26.2 The distributions of dimensionless effective stress o, (1/2, z) and pore pressure p(1/2, z) 
during the change of d for the concentrated mechanical load 
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Fig. 26.3 The distributions of dimensionless effective stress o, (1/2, z) and pore pressure p(1/2, z) 
during the change of the poroelastic material for the concentrated mechanical load 


o,(1/2, 2) p(12, z) 


Fig. 26.4 The distributions of dimensionless effective stress ø, (1/2, z) and pore pressure p(1/2, z) 
during the change of d for the distributed mechanical load 


values of the normal stress and pore pressure in this zone are reached when the 
radius of the cylinder is less than the cylinder’s length d > 1. When z is close to 
the edges 0 or d, the stretching stress is observed. The pore pressure is positive for 
all values of d. This is caused by the drainage, which starts at the boundary of the 
cylinder r = 1 and which produce a tendency for shrinkage of the cylinder’s bound- 
ary. Also, the graphics of normal stress and pore pressure are symmetric regarding 
the line z = d/2 where the concentrated load is applied. The numerical investigation 
of cylinder’s geometric proportions shown that the stretching stress arises when the 
cylinder’s radius is essentially smaller than the cylinder’s length for the case of the 
concentrated load. It means that for such ratios of cylinder’s sizes, the applicability 
of the proposed method is restricted. The stress and pore pressure were investigated 
for the different materials when d = 1 at Fig. 26.3. As it can be seen, the increasing 
of Biot's constant implies the reduction of stress and pore pressure. 

Figures 26.4 and 26.5 correspond to the case 2 with distributed mechanical load. 
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Fig.26.5 The distributions of dimensionless effective stress o, (1/2, z) and pore pressure p(1/2, z) 
during the change of the poroelastic material for the distributed mechanical load 


The load is symmetric, so the normal stress and pore pressure are also symmetric 
regarding the line z = d/2. The maximal absolute values of the normal stress and 
pore pressure are reached when the radius of the cylinder is less than the cylinder’s 
length d > 1 (Fig.26.4). The results are similar to the results derived for the case 
with the concentrated load, but in this case the stress and pore pressure values are 
smaller by their absolute values than in the previous case. The change of stress and 
pore pressure regarding the change of materials when d = 1 is shown at Fig. 26.5. 
The tendency observed for the concentrated load is preserved here. The stresses and 
pore pressure are greater for the material with the least Biot's constant. 

The case 3 with the distributed fluid pressure is shown in Figs. 26.6 and 26.7. 
The load is symmetric, so the normal stress and pore pressure are also symmetric 
regarding the line z = d/2. Comparing to the case with distributed mechanical load, 
the absolute values of the normal stress and pore pressure are significantly larger. 
The largest absolute values of the normal stress and pore pressure are observed when 
the radius of the cylinder is less than the cylinder's length (Fig. 26.6). In Fig. 26.7 the 
change of stress and pore pressure regarding the change of materials when d — 1 is 
shown. Here the highest values of pore pressure are derived for the material with the 
least Biot's constant, and the highest absolute values of the stress are presented for 
the material with the highest Biot's constant. 

With the aim to validate the derived results, the calculations for small values of a 
were done. The results when œ = 0 completely coincide with the classical elasticity 
problem under the same mechanical conditions. 


l. As it is seen from the numerical investigation the application of concentrated 
mechanical load to the poroelastic cylinder in comparison with the distributed 
mechanical load cause higher stress and pore pressure. The highest stress and 
pore pressure are reached for the distributed fluid pressure case. 
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Fig. 26.6 The distributions of dimensionless effective stress o, (1/2, z) and pore pressure p(1/2, z) 
during the change of d for the distributed fluid pressure 
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Fig.26.7 The distributions of dimensionless effective stress o; (1/2, z) and pore pressure p(1/2, z) 
during the change of the poroelastic material for the distributed fluid pressure 


2. The investigation regarding porous materials characteristics shown that the 
increasing of Biot's coefficient œ implies the decreasing of stress and pore pres- 
sure. 

3. The numerical calculation shown up the restriction of the proposed model under 
the ratio of cylinder's sizes for the case of the concentrated load. 


26.5 Conclusions 


The new analytical method for solving of axisymmetric poroelasticity problem for 
a finite circular cylinder is proposed by authors. The problem is formulated as 
three-dimensional boundary problem of poroelasticity in terms of Biot's model. The 
method is based on the application of integral transforms, reducing the problem in 
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transform domain, where the exact solution for the vector boundary problem is con- 
structed. It allowed derivation of the explicit formulae for the displacements, stress, 
and pore pressure for the poroelastic cylinder in the frame of Biot’s model. These 
explicit formulae made it possible to comprehensively investigate the dependence of 
stress and pressure of the cylinder on its size, the nature of poroelastic material and 
load. The proposed approach might be expanded to solve poroelasticity problems 
for bodies of canonic shape with defects in the form of cracks and rigid inclusions. 


Appendix A: The Form of Matrices and Vectors at Boundary Vector Problem 
(5) 


The matrices and vectors shown in (26.5) have the following form 


ro a) eee we ELE 
L= = aa ap 
SaO S ren 
ug(r) 15/2. 
ya(r)= | wer) |,86=] 0 |, 
pelr) Pg 
k+1 00 3-K (3-10 
Anh 206 D B= | 2€ —D 2€ —D 
P 0  10|' ^? - 0 
0 00 0 0 1 


Appendix B: The Particular Case of the Boundary Vector Problem (5) 


In the case when £8 = 0 the boundary-valued problem (5) transforms to the fol- 
lowing form 


Loyo(r) 20,0 <r <1, 
Aoyo(1) + Boyo(1) = go 


ld d 1 k—1ld 
r a 
[TE r dr V dr r2 k+1dr 
2 = 


ald ld d Sp |’ 
(r) r 
Krdr r dr dr K 


k+1 3—x. 
wo = [20 ao = [92] do = I=). |= sean © 
9 0 0 0 1 


(26.8) 


Here 


po(r) 


Analogically to the previous the corresponding matrix equation 


L Yo(r)=0,0 <r <1 
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is considered. The correspondence La Ho (r, €) = — Ho (r, £) Mo(&) is used, where 


=i 
£ —at E 

| pAGr) 0 _ +1 

Ho(r, &) — | 0 PA , Mo(é) — a ». Sp 
x55 ty 


The solution of the matrix homogenous equation is constructed by a formula 


1 
for) = 5 f Ho(r, &) Mo (dé 


Co 


where My I(E ) is the inverse matrix to the matrix Mo(&). The closed contour Co 
covers all singularity points of the matrix Mọ lg), 

The determinant of the matrix Mo(&) has 1 multiple pole of the second order 
& = 0 and 2 simple poles 


o? (x—1) a? (x—1) 
EN. k+l + Sp ee, k+l TUAE. 


K , K 


So, with the help of the residual theorem, the system of three fundamental matrix 
solutions is derived Yo ;(r), i = 1,3. 

The solution of the boundary-valued problem (26.8) which corresponds to the 
case when £ = 0 has the following form 


yo(r) = (Yo.1(r) + Yo3(7)) (24) (26.9) 


where constants co;;, i = 1, 2 are found from the boundary conditions in (26.8). 
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